Available online at http://scik.org
Adv. Fixed Point Theory, 7 (2017), No. 1, 155-161

ISSN: 1927-6303

COMMON FIXED POINT THEOREMS OF MULTIVALUED MAPPINGS

A K. DUBEY'", MANJULA TRIPATHI?
!Department of Mathematics, Bhilai Institute of Technology, Bhilai House, Durg, Chhattisgarh 491001, INDIA
2Department of Mathematics, U.P.U Govt. Polytechnic, Durg, Chhattisgarh 491001, INDIA

Copyright © 2017 Dubey and Tripathi. This is an open access article distributed under the Creative Commons Attribution License, which permits
unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Abstract: In the present paper, we prove the existence of the common fixed point for multivalued maps in cone
metric spaces. Our results generalize some recent results in the literature.
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1. Introduction
Recently, Huang and Zhang [1] have generalized the concept of a metric space, replacing the set
of real numbers by an ordered Banach space and obtained some fixed point theorems for
mapping satisfying different contractive conditions. Subsequently many authors have studied the
strong convergence to a fixed point with contractive constant in Cone metric space, see
[2].[8],[9].[10] and [11]. Seong Hoon Cho and Mi Sun Kim [6] have proved certain fixed point
theorems by using multivalued mapping in the setting of contractive constant in metric spaces. In
this paper, we obtain common fixed point for a pair of multivalued maps satisfying a generalized
contractive type conditions in Cone metric spaces.
Let E be a Banach space and a subset P of E is said to be a cone if it satisfies that following
conditions,

)] P is closed, non-empty and P # {0};

i) ax + by € P forall x,y € P and non-negative real numbers a, b;

iii) xePand—-xeP=x=0 Pn(—P)=1{0}.

“Corresponding author
Received July 16, 2015
155



156 A.K. DUBEY, MANJULA TRIPATHI

The partial ordering < with respect to the cone Pby x <y ifandonlyify—x € P.If y—x €
interior of P, then it is denoted by x << y. The cone P is said to be Normal if a number K > 0
such that for all x,y € E,0 <x <y implies [|x|| <K]||y|| .The cone P is called regular of
every increasing sequence which is bounded above is convergent and every decreasing sequence
which is bounded below is convergent.
Definition 1.1. Let X be a non-empty set of E. Suppose that the map d: XxX — E satisfies;

Q) 0<d(x,y)forallx,y € X andd(x,y) = 0ifandonly if x = y;

(i) d(x,y) =d(y,x) forall x,y € X;

@ii)y  d(x,y) <d(x,z) +d(zy) forall x,y,z € X.
Then d is called cone metric on X and (X, d) is called Cone metric space.
Example 1.2. Let E = R?,P = {(x,y) € E:x,y = 0}cR? X = Rand d: XxX - E defined by

d(x,y) = (Ix = yl, ox — yI)

where oc > 0 is a constant. Then (X, d) is a Cone metric space [1].
Definition 1.3. Let (X, d) be a Cone metric space, x € X and {x,,} a sequence in X. Then

Q) {x,} converges to x whenever for every ¢ € E with 0 < c there is a natural number

N such that d(x,,x) < cforalln > N.
(i)  {x,}is a Cauchy sequence whenever for every c € E with 0 < c there is a natural
number N such that d(x,, x,,) < c foralln,m > N.

Definition 1.4. Let (X, d) is said to be a complete cone metric space, if every Cauchy sequence
IS convergent in X.
Let (X,d) be a metric space. We denote by CB(X) the family of nonempty closed bounded
subset of X and let C(X) denote the set of all nonempty compact subsets of X. Let H(.,.) be the
Hausdorff distance on CB(X). That is, for A, B € CB(X),

H(A,B) = max{ Sup aeAd(a,B),Sup bEBd(A, b)}
where d(a, B) = inf{d(a, b): b € B} is the distance from the point a to the subset B.
Theorem 1.5[7]. A multivalued mapping T: X — CB(X) is called a contraction mapping if there

exists k € (0,1) such that
H(Tx,Ty) < kd(x,y)Vx,y € X and x € X is said to be a fixed point of T if x € T(X).

2. Fixed Point
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In this section, we shall give some results which generalizes the result of [3], [4], [5], [7], [12]
and [13].
Theorem 2.1. Let (X,d) be a complete cone metric space and let mapping Ty, T,: X = C(X)
satisfying the following conditions

Q) Foreach x € X, T;(x),T,(x) € CB(X).

(i)  HTX),T,(y) s« d(x,y) + pd(x,T1(x)) + vd(y, T2(y))
where «, 3,y are non negative real numbers and « +f8 +y < 1. Then there exists p €
X such thatp € T;(x) N T,(x).
Proof. Let x, € X, T,(x,) is a nonempty closed bounded subset of X. Choose x; € T;(x,),
for this x; by the same reason mentioned above T, (x;) is nonempty closed bounded subset of X.
Since x; € T;(x,) and T;(x,) and T,(x;) are closed bounded subset of X,3 x, € T,(x;) such
that
d(x%3) < H(Ty1 (%), To(x1)) + q

where g = max {g,%}

Hence g € (0,1). Then we have
d(xy,x7) < H(Tl(xo): T, (x1)) +q
<o d(x9x) + Bd (xo' T1(x,)) + Vd(x1,T2 (x1)) +q

<o d(x9x1) + Bd(x,x1) +yd(xy, %) + q
x +f
d(xy, %) < 1—_]/d(xo,x1) +q

d(xq,x5) < qd(x,,x1) + q.
For this x, T;(x,) is a nonempty closed bounded subset of X.Since x, € T,(x;) and T,(x;) and

T;(x,) are closed bounded subset of X,3 x5 € T;(x,) such that
d(xzx3) < H(T1(xz)»Tz(x1)) + ¢*
<o d(p,00) + Bd (x5, Ty (02)) + v (31, T (%)) + 62

<oc d(x1x7) + Bd(xy,x3) + yd (%1, X%2) + ¢°
X +y
d(x,,x3) < md(xpxz) + qz
< q{qd(x,,x1) + q}+q°
< q?d(x,,x,) + 2q>.
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Continuing this process, we get a sequence {x,} such that x,,,; € T»(x,) ofr x,41 € T;(x,) and
d(xnﬂ,xn) < q"d(xo,xl) + nq™.
Let 0 < c be given, choose a natural number N; such that q”d(xo,xl) +nq" K¢ foralln>
N; this implies d(x,41%,) < c.
{x,} is a Cauchy sequence in {X, d) is a complete cone metric space, there exists p € X such that
Xp = D.

c(1-y)

Choose a natural number N, such that d(x,,p) < ——

m

(1-v)
and d(x,_1,p) < % forall n > N,.

d(T1(p),p) < d(p,x,) + d(xn, T1(P))
< d(p,x,) + H(Ty(xy—-1), T1 (p))
< d(p, xp)+x d(xp_1,p) + Bd(xp—1, T (Xp-1))
+yd(p, T1(p))
S d(p, xn)+°c d(xn—lr p) + .Bd(xn—llxn )
+yd(p, T1(p))
(1 =y)d Ti(p)) < d(p, xp)+x d(xn_1,P)
+ﬁd(xn—1' xn)
d(,T1(p)) < 1= d(P, %) + 1 d(P, Xn-1)
+ f%yd(xn_l,xn) for all n> N,.
d(Ty(p),p) < % forall m > 1, we get

%— d(T,(p),p) € P and as m — oo, we get % — 0 and P is closed - d(T; (p), p) € P, but

d(T,(p),p) € P. Therefore d(T;(p),p) = 0 and so p € T;(p).
Similarly, it can be established that p € T,(p). Hence p € T,(p) N T (p).
Theorem 2.2. Let (X,d) be a complete cone metric space and let mapping Ty, T,: X = C(X)
satisfying the following conditions

Q) Foreach x € X, T;(x),T,(x) € CB(X).

(i)  H(T(0),T(y)) <x d(x,y) + Bd(x, T,(y)) + yd(y, Ty (x))
where o, 8,y are non-negative real numbers and « 4+ + y < 1. Then there exists p € X such
thatp € T;(x) N T,(x).
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Proof. Let x, € X, T,(x,) is a nonempty closed bounded subset of X. Choose x; € T, (x,), for
this x; by the same reason mentioned above T, (x;) is nonempty closed bounded subset of X.
Since x; € T;(x,) and T; (x,) and T, (x;) are closed bounded subset of X,3 x, € T,(x;) such
that

d(x1,x7) < H(T1 (%0), T (x1)) +q

where g = max {%,%}

Hence g € (0,1). Then we have
d(xy,x7) < H(T1 (x0), T, (x1)) +q

<o d(xo.x1) + B (o, Ty (1)) + vd(2:, T2 (o)) +

<o d(xpx1) + Bd(xg,x2) +yd(x1,x1) + q

< d(xox1) + Bld (xo,%1) + d(x1,%2)] + q
< +f
1-p
d(xqy, %) < qd(x5,x1) +q.

d(xy,x;) < d(x,,%1) +q

For this x, Ty (x,) is a nonempty closed bounded subset of X.Since x, € T,(x;) and T,(x;) and

T; (x,) are closed bounded subset of X,3 x5 € T;(x,) such that
d(xzx3) < H(T1(xz);Tz(x1)) + ¢*
<« d(x3,%1) + Bd (xz' To(x1)) + Vd(x1,T1(x2)) +q°
<o d(x,%1) + Bd(xz, %) + yd(x1, x3) + ¢°
<o d(xq,%7) + y[d(x1, x2) + d(x2,x3)] + ¢°
d(xz,x3) < %d(xpxz) +q°
< q{qd(x,, x1) + q} + ¢*
< q%d(x,,x;) + 2q>.
Continuing this process, we get a sequence {x,} such that x,,,1 € T»(x,) or x,41 € T;(x,) and
d(xnﬂ,xn) < qnd(xo,xl) + nq™.
Let 0 « c be given, choose a natural number N, such that q™d(xox,) + nq™ < ¢ for alln >

N; this implies d(xnﬂ,xn) L c.
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{x,} is a Cauchy sequence in {X, d) is a complete cone metric space, there exists p € X such that
Xp 2 D.

c(1-p)
2m(1+y)

Choose a natural number N, such that d(x,, p) <

c(1-p)
—_ >
B)for alln = N,.

2m(oc+

and d(x,_1,p) <
d(T1(p),p) < d(p, x) + d(xn, T2 (p))

< d(p, xn) + H(T(xn-1), T1(p))

< d(p, xp)+X d(xp_1,p) + Bd(xn_1, T1(p)) +yd(p, T2 (x4-1))

< d(p,xn)+oc d(xp—1,p) + Bd(xn-1,T1(p) ) +vd(p, x5 )

< (1+y)d(p, xn) + (< +B)d(xp-1,p) + Bd(T1(P), P)
d(T1(p),p) < 175 d(n, P) + 725 d(xn-1p) Torall nz N,.
d(Ty(p),p) < i for all m > 1, we get %— d(T,(p),p) € P and as m — oo, we get % — 0 and

Pisclosed - d(T;(p),p) € P,but d(T,;(p),p) € P. Therefore d(T;(p),p) =0andsop €

Ti(p).
Similarly, it can be established that p € T,(p). Hence p € T;(p) N T,(p).
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