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1. Introduction

The concept of fuzzy set was introduced by Zadeh in 1965 [1]. Ten year later, in 1975, Kramosil
and Michalek introduced the notion of fuzzy metric space [2] and George and Veeramani
modified the concept in 1994 [6]. In 2004, Park introduced the notion of intuitionistic fuzzy
metric space. In his elegant article [7], he showed that for each intuitionistic fuzzy metric space
(X, M, N, *, o), the topology generated by the intuitionistic fuzzy metric (M, N) coincides with
the topology generated by the fuzzy metric M. Actually, Park’s notion is useful in modelling
some phenomena where it is necessary to study the relationship between two probability
functions. For more details on intuitionistic fuzzy metric space and related results we refer the
reader to [8-11, 15-18]. In this paper, we establish some new common fixed point theorems for a

class of nonlinear contractions in intuitionistic fuzzy metric spaces.
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2. Preliminaries
Throughout this paper R and R, will represents the set of real numbers and nonnegative real
numbers, respectively.
The following two definitions are required in the sequel which can be found in [7].
Definition 2.1 A binary operation = : [0,1]x[0,1] — [0, 1] is continuous t-norm if * satisfying
the following conditions:
1. *is commutative and associative;
2. = iscontinuous;
3. ax1=aVvVae]|0,1];
4. axb<cxdwhenevera<candb <d,Va,b,cdE€[01].
Definition 2.2 A binary operation o: [0,1]x[0,1] — [0,1] is continuous t-conorm if o
satisfying the following conditions:
1. o is commutative and associative;
2. o iscontinuous;
3. ac0=a,Va€e|[0,1];
4. aob < codwhenevera<candb <d,Va,b,c,d € [0,1].
Definition 2.3 A 5-tuple (X, M, N, *, o) is said to be an intuitionistic fuzzy metric space if X is
an arbitrary set, * is a continuous t-norm, ¢ is a continuous t-conorm, and M, N are two fuzzy sets
on X2?x (0, «o)satisfying the following conditions, for all x,y,z € X and s, t > 0:
(). M(x,y,t) + N(x,y,t) < 1;
(ii). M(x,y,t) > 0;
(iii). M(x,y,t) = 1 forall t > O ifand only if x = y;
(iv). M(x,y,t) = M(y, x, t);
(V). M(x,y,t) * M(y,z,s) < M(x,z,t + s);
(vi). M(x,y,.): (0,0) — [0,1] is left continuous;
(vii). tll)r;l M(x,y,t) = 1;
(viii). N(x,y,t) > 0;
(ix). N(x,y,t) =0forallt> 0 ifandonly ifx =y;
(). N(xy,t) = N(y,x t);
(V). N(x,y,t) e N(y,z,5) = N(x,z,t + 5);
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(xi). N(x,y,.):(0,0) — [0,1] is right continuous;

(xii). tlLrg N(x,y,t) = 0;
Then(M, N) is called an intuitionistic fuzzy metric space on X. The functions M(x,y,t) and
N(x,y, t) denote the degree of nearness and the degree on non-nearness between x and y with
respect to t, respectively.
Definition 2.4 Let (X, M, N, %, o) be an intuitionistic fuzzy metric space. Then

1) A sequence {x,}is said to be Cauchy sequence whenever lim M(xp, x,,t) =1 and

m,n—oo

lim N(x,,xy,t) =0 for all t> 0. That is, for each € > 0 and t > 0, there exists a

m,n—oo

natural number n, such that M(x,, X, t) > 1 — € and N(xp, Xp, t) < € forall n,m > n,,.

2) (X, M, N, #, o) is called complete whenever every Cauchy sequence is convergent with
respect to the topology t(v n)-

Remark 2.5 Note that, if (M, N) is called an intuitionistic fuzzy metric space on X and {x,} is a

sequence in X such that lim M(xp,x,,t) = 1and lim N(x,,x,,t) = 0 for all t > 0 as from
m,n—oo

m,n—oo
(i) of Definition 2.3, we know that M(x,y,t) + N(x,y,t) < 1 forall x,y € Xand t > 0.
Let (X, M, N, *, o) be an intuitionistic fuzzy metric space. According to [8, 10], the fuzzy

metric (M, N) is called triangular whenever

1 1 1
(21) M(x,y,t) —-1=< M(x,z,t) -1 M(z,y,t) -
and

(2.2) N(x,y,t) < N(x,z,t) + N(z,y,t)

forall x,y,z € Xand t > 0.
Example 2.6 Let X = {(0,0),(0,4),(4,0),(4,5),(5,4)} endowed with the metric d:XxX —
[0, +0) given by

(2.3) d((Xsz). (Y1'YZ)) = |x; —y1l + Ix2 — yal
for all (x4,%5), (y1,y,) € X. Define intuitionistic fuzzy metric by
t
(24) M((Xl’XZ)’ (YDYZ)’t) B t+d((X1.X2).(Y1'Y2))
and
d((x1,%2),(y1,¥2)
(25) N((x0,%2), (71, Y2, 1) = —ax2)02.72))

t+d((x1,%2),(y1.y2))
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for all (x4,x%3), (y1,y2) € Xand t > 0, where a *b = min{a, b} and a ¢ b = max{a, b}. Then X
is a complete triangular intuitionistic fuzzy metric space.

Example 1.4 Let X = {0,1,3,4} be a set with usual metric. Define intuitionistic fuzzy metric by

and

t
t+|x-y|

2.7) N(x,y, t) = =2

t+|x-y|

(2.6) M(x,y,t) =

forall x,y € Xand t > 0, where a*b = min{a, b} and a ¢ b = max{a, b}. Then X is a complete

triangular intuitionistic fuzzy metric space.

3. Main results
In this section, we establish that common fixed points for mapping satisfying nonlinear type
contractions are proved in the frame of intuitionistic fuzzy metric spaces.
Definition 3.1 (see [3]) There exists ¢p(t) that satisfy the condition ¢, if one lets ¢: [0, +0) —
[0, +0) be non-decreasing and non-negative, then lim ¢, (t) = 0, for a givent > 0.
Lemma 3.2 (see [3] If ¢ satisfy the condition ¢, then ¢ (t) < t, for a given t > 0.
Lemma 2.3 (see [5]) Let F:R3 - R,, and satisfy the conditiond’; for all u,v >0, if u <
F(v,vyu)oru < F(v,u,v) oru < F(u,v,v), thenu < ¢p(v).
The following common fixed point theorem is our first main result.
Theorem 3.4 Let (X, M, N, x, o) be a complete triangular intuitionistic fuzzy metric space and
let S and T be self-mappings on X if

1) either S and T is continuous,

2) there exists F satisfying the condition ¢’ for all x,y € X and t > 0, such that
(3.1) 1S F (e L - L - 1),

M(Sx,Ty,t) - M(x,y,t) o M(x,Sx,t) T M(y,Ty,t) -

Then S and T have a unique common fixed point.

Proof: Let x, € X be arbitrary, T continuous in X, {x,} and {y,} the sequence of X, and

(3.2) Xp = (ST)"(X0) = ST(Xn-1), yn = T(ST)*"*(xp), Vn € N.
Obviously,

(3.3) Yn =T&Xn-1), S(yn) =xn, TS(yn) = T(Xp) = ynt1, VR EN.
From (3.1), we get

(3.4 — 1 1 L

MGnsoynenD  MGSTG) TGO
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1 1 1
=¥ (M<T(xn),xn,t) -1 M(T(x,), ST L M(xn, T(xp),0) 1)

1 1 1
=7 ( -1, -1, - 1)
M(Yn+1.Xn,t) M(Yn+1.Xn+1,0) M(Xn,Yn+1,t)

Hence by Lemma 3.3, we have

(3.5) 1< ¢(———-1)

MXn+1,Yn+1,0) MXn,yn+1,0)

Also,
1 1
(3.6) MXn,yn+1,t) —1= M(xp,T(xp),t) -1
N S |
M(S(Yn);T(Xn)'t)
1 1 1
sF (M<yn.xn,t> ~ L Gmsomn Moo 1)
1 1 1
=7 (M(yn,S(yn>.t) T UM ShD M TED 1)
Therefore,
1 1 1
- 1 = - < -
M(xn,yn+1,0 1 M(xp,T(Xp),t) 1= d) (M(ans(}’n):t) 1)
That is,
1 1
37 o~ 1 =0 (e~ 1) = ¢ G~ 1)
From (3.5) and (3.7), we conclude that
_r 2(___1
(38) M(Xn+1,Yn+1,) - q) (M(Xn Vn,t) 1)

Hence, by induction, for all n € N, we obtain that

1 2n —gen(___ 1
(39) M(Xn+1:Yn+1;t) (I) (M( X1,¥1, t) ) d) (M( x1,T(Xp),t) 1)
In similar one obtains that

1 1

(310) M(Yn+1.Xn,t) -1= M(xXn,Yn+1,)

— 1< (- 1)

M(%41,y1,0)

= 6" (somann — U

If n > 2, we have

(3.11) ! 1< 14+ 9

M(Xp+1,Xn,t) ~ M(Xp+1,Yn+1.) M(Yn+1Xn,t)

= 4" (steemn ~ U+ 0 (it~ 1)

2n—-1 1 _
= 2¢ (M(xl,T(xo),t) 1)
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Note that the condition @’ we know, for n,m € N such that m > n, we have

B12) — —1<—— 14— 14

M(Xp,Xn+m,t) M(xpXn+1,0) M(Xp+1,Xn+2,t)

o+ L -1

M(Xn+m-1Xn+m,t)

2n-1 1 _ 2(n+1)-1 1
S Zd) (M(Xl,T(Xo),t) 1) + Zd) (M(Xl,T(Xo),t) 1)

o 292D (1)
= Zfiﬁi‘_“{”‘l ¢’ (m - 1)
< Yon-1 P’ (m )" 0.
Hence, ml}gloo (m - 1) = 0. Equivalently, ml,ifllooM(X“’X“*m' t) = 1. This forces that

{x,} is a Cauchy sequence in X. But X is complete triangular intuitionistic fuzzy metric space,
there must exist x* € X such that
(3.13) lim x, = x".

n—-oo

By continuity of T, we have
(3.14) limy, = limT(x,_;) =T (limxn_l) = Tx".
n—-oo n—-oo n—oo
Now we want to show that x* = Sx* = Tx".First we show that x* = Tx*. Suppose on the

contrary that x* # Tx*, then from (3.1) we get

1 1 1 1
. S—— - - -

(3.15) M(Xn+1,¥n+1.t) =¥ (M(Yn+1,Xn,t) L M(¥n+1Xn+1.t) L M(Xn,¥n+1.9) 1)
By taking limit n — +oo in the above inequality and using (3.13) and (3.14), we obtain that

1 1 1 L
(316) m -1<F (M(Tx*,X*,t) -1, M(Tx" x* 1) -1, M(x* Tx* t) - 1)
Therefore,

1 1

(3.17) Mx*Tx D) =¢ (M(X ,Tx1) 1) < M(x*TxE)

which is contradiction. Hence x* = Tx*and so x* is a fixed point of T. Again from (3.1), we

have

1 _ 1
M(Sx*,x*t) - M(Sx*,Tx*,t)

(3.18)

1 1 1
< - - - 1)
=F (M(X*,X*,t) " M(x*,Sx*,t) " M(x*, Tx*t)
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1

=F (0’ M(x*,Sx*,t)

- 1,0)

Hence,

1

M(Sx* x*0) 1< ¢(0) = 0= M(Sx",x",t) =1= Sx* =x".

So x* is a common fixed point of S and T. To prove uniqueness, suppose that x* # x’, such that

Sx* = Tx* = x* and Sx’ = Tx' = x'. From (3.1), we get

(3.19) M(X"l,xut) T m -
=¥ (M(x*l,XI,t) B 'M(x*,ISx*,t) B 'M(x:,lTxr,t) B 1)
=F (M(x*l,xl,t) -1 M(x*l,x*,t) -1 M(xrl,XI,t) - 1)
=F (M(x*l,x:,t) -1 0’0)

Hence,

1
M(x*,x1,t)

1<¢(0) =0=>Mx"x,t) =1=>x" =x.

So x* is a uniqgue common fixed point of S and T.
Next, we prove the following theorem.
Theorem 3.5 Let (X, M, N, %, o) be a complete triangular intuitionistic fuzzy metric space and
let S and T be continuous mappings on X if
1) there exists F satisfying the condition ¢’ for all x,y € X with x #y and t > 0, such
that

(3.20) 1S F (e L - L - 1),

M(Sx,Ty,t) - M(x,y,t) o M(x,Sx,t) T M(y,Ty,t) -

2) there exists x, € X such that {(ST)"(x,)} have a condensation point.
Then S and T have a unique common fixed point.
Proof Let {x,}, {yn} be the sequence of X, and for all n, x, # yp,
(3.21) Xy = (ST)"(x¢) = ST(Xp_1), yn = T(ST)*1(x,), Vn € N.
Obviously,
B22)  yn=TEn-1), S¥n) =Xn, TS(Yn) = T(Xn) =Yn+1, VN EN.
Suppose that x* is the condensation point of {x,}; there exists the subsequence {Xni} of {x,} such
that x, — x*. Since T is continuous, lim T(x,, ) = T(x*) = y".

Consider
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1 1
(323) M(GSGHIyD 1= M(SG).TE)D 1
1 1 1
=¥ (M(y*.x*,t) -1 MGy*SyHD  METEDD

1

=j_,( 1 1 1

M(@y*x*,t) "My*S(y)D "M(x"y* )

Hence by Lemma 3.3, we have

1

1

- 1< -

(324) M(S(y*),y*,t) 1 - q) (M(X*,y*,t) 1)
1 1< _r

M(S()y* D MGy

Also consider
1 1

(325) yo——5" 1 = neretoos L

MXn+1,Yn+1,0)

1

)

)

< F(—— 1 !

M(TG)xpt) - M(T(x), ST L M(xp, T

Hence by Lemma 3.3, we have

1 1
= — -1 _
(M(Yn+1'Xn;t) "M(¥n+1.Xn+1,0) " M(Xn,¥n+1,t)

1 1
— 1 <¢d(—
(3.26) M(Xn+1,Yn+1.t) I<¢ (M(XnIYn+1't)
Also,
1 1

(327) M(Xn,yn+1,t) -1= MGxn, T(xn),t) -1

=— > 1

M(S(yn),T(xp),t)
1 1
< _ _ _
=F (M(Yn.Xn,t) L M(yn,S(yn)t) " M(xn, T(xn),t)
1 1

=F (M(anS(Yn)’t) o M(yn,S(yn)t) S M(xn,T(xn),) B

Therefore,
1 1
_— = ———————_—_—_—_—— < Al Ol Yaey
(3.28) Moy L = MoTaon 1= @ (M(Yn:S(Yn),t) 1)
That is,
1 1
(3.29) Moy 1S (M(yn,xn,t) - 1) =¢ (M(xn,yn,t) B 1)
From (3.26) and (3.27), we conclude that
1 1
(330) M(Xp+1,Yns1,t) 1< q) (M(xn,yn,t) 1) < M(xn,ynt)
1 i . :

Hence, {(m - 1)} is decreasing. Let e = lim (M(Xn+1,yn+1,t) 1).

1)

169
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Now,

1

3.31 lim(———— 1) =lim[—————1
( ) m (M(yni+1'xni+1’t> > m (M(T(Xni)'xni“'t) >

_ 1
T My XNy

. 1 _
Sllm(W—].)—E.

Since {xy, } is the subsequence of {x,}, we have

1 o 1 _
MEGIy D L <M(s(yni+l),yni+l,t) 1)

. 1 _
= lim <—M(Xni,yni,t) - 1) =€
Hence, from (3.30) and (3.31) we conclude that

1 1
< —_
(3.33) MoeD L S MeGIyD L

(3.32)

Sox* =y, y"is the fixed point of T. Similarly, y* is a fixed point of S. To prove uniqueness,

suppose that y* # y’, such that Sy* = Ty* = y* and Sy’ = Ty’ = y'. From (3.1), we get

1 1
(3:34) M@y*ynt) © M(Sy"Tynt) 1
( 1 _ 1 _ 1 _ 1)
M(y*y”,t) " M(y*,Sy*,t) "My, Tyrb)
1 1 1
=F (M(y*,y',t) -1 MGy L M(yrynt) 1)
1
—F (M 51 0,0)
Hence,

1
M(y*y',t)

1<$(0)=0=>MF Yy, )=1=>y" =y

So y* is a unique common fixed point of Sand T.
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