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Abstract. In this paper, we introduce a generalized system of nonlinear relaxed cocoercive variational
inclusions involving (A, n)-monotone mappings in the framework of real Hilbert spaces. Based on the gen-
eralized resolvent operator technique associated with (A, 7)-monotonicity, we consider the approximation

solvability of solutions.
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1. Introduction

Variational inclusions problems are among the most interesting and intensively studied
classes of mathematical problems and have wide applications in the fields of optimization
and control, economics and transportation equilibrium and engineering sciences. Vari-
ational inclusions problems have been generalized and extended in different directions

using the novel and innovative techniques. Various kinds of iterative algorithms to solve
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the variational inequalities and variational inclusions have been developed by many au-
thors. There exists a vast literature [1-31] on the approximation solvability of nonlinear
variational inequalities as well as nonlinear variational inclusions using projection type
methods, resolvent operator type methods or averaging techniques. In most of the re-
solvent operator methods, the maximal monotonicity has played a key role, but more
recently introduced notions of A-monotonicity [20] and H-monotonicity [8,9] have not
only generalized the maximal monotonicity, but gave a new edge to resolvent operator
methods. Recently Verma [19] generalized the recently introduced and studied notion
of A-monotonicity to the case of (A,n)-monotonicity. Furthermore, these developments
added a new dimension to the existing notion of the maximal monotonicity and its ap-
plications to several other fields such as convex programming and variational inclusions.
Inspired and motivated by the recent research going on in this area, in this paper, we
explore the approximation solvability of a generalized system of nonlinear variational in-
clusion problems based on (A, n)-resolvent operator technique in the framework Hilbert

spaces.

2. Preliminaries

In this section, we explore some basic properties derived from the notion of (A,n)-
monotonicity. Let H denote a real Hilbert space with the norm || - || and inner product
(-,-). Let n: H x H :— H be a single-valued mapping. The map 7 is called 7-Lipschitz

continuous if there is a constant 7 > 0 such that
[n(u, v)|| < Tlly —vll, Vu,ve H.

Let M be a multivalued mapping from a Hilbert space H to 2, the power set of H.

Recall following definition:

(i) The set D(M) defined by
D(M) ={ue€ H : M(u) # 0},

is called the effective domain of M.



GENERALIZED SYSTEMS OF VARIATIONAL INCLUSIONS 3

(ii) The set R(M) defined by

R(M) = | M(u),

ueH

is called the range of M.

(iii) The set G(M) defined by
G(M)={(u,v) e Hx H:ue D(M),ve M(u)},

is the graph of M.

Definition 2.1. Let n: H x H — H be a single-valued mapping and let M : H — 27

be a multivalued mapping on H.

(i) The map M is said to be (r,n)-strongly monotone if
(u =" n(u,v)) Zrllu—vl, V() (v,0") € G(M).
ii) p-pseudomonotone if (v*, n(u,v)) > 0 implies
(i) 7 U
(u",n(u,v)) 20, V(u,u"), (v,0%) € G(M).
(iii) (m,n)-relaxed monotone if there exists a positive constant m such that

(w* —v* n(u,v)) > —mlu—v|?  Y(u,u*), (v,0*) € G(M).

Definition 2.2 [8,9]. Let H : X — X be a nonlinear mapping and M : X — 2% a
multivalued mapping. The mapping M is said to be H-monotone if (H 4+ pM)X = X for
p > 0.

Definition 2.3 [20]. Let A : H — H be a nonlinear mapping and M : H — 2% a
multivalued mapping. The mapping M is said to be A-monotone if
(i) M is m-relaxed monotone.

(ii) A + pM is maximal monotone for p > 0.

Definition 2.4 [19]. A mapping M : H — 27 is said to be maximal (m,n)-relaxed

monotone if
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(i) M is (m,n)-relaxed monotone,

(ii) for (u,u*) € H x H and
<u* - U*,’I'](U7U)> > _mHu - U||27 (U7U*) < graph(M)7

we have u* € M(u).

Definition 2.5 [19]. Let A: H — H and n: H x H — H be two single-valued mappings.
The map M : H — 2! is said to be (A, n)-monotone if
(i) M is (m,n)-relaxed monotone,
(ii) R(A+ pM) = H for p > 0.
Note that alternatively, the mapping M : H — 2 is said to be (A, n)-monotone if
(i) M is (m,n)-relaxed monotone,

(ii) A + pM is n-pseudomonotone for p > 0.

Definition 2.6. Let A: H — H be an (r,n)-strong monotone mapping and M : H — H

an (A, n)-monotone mapping. Then the generalized resolvent operator J J\A}’,Z :H — H is

defined by

Ti(w) = (A+pM) " (u), VueH,

where p > 0 is a constant.

Definition 2.7. The mapping N : H — H is said to be relaxed (f,)-cocoercive with

respect to A if there exists two positive constants «,  such that
(Nz — Ny, Az — Ay) > (=B)||Nz — Ny|*> + 7]z -y,

for all (x,y,u) € H x H x H.

Proposition 2.8 [8]. Let H : X — X be a strictly monotone mapping and M : X — 2%

an H-monotone mapping. Then the operator (H + pM)~! is single-valued.

Proposition 2.9 [20]. Let A : H — H be an r-strongly monotone mapping and M :

H — 2# an A-monotone mapping. Then the operator (A + pM)~! is single-valued.
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Proposition 2.10 [19]. Let n : Hx — H a single-valued mapping, A : H — H (r,n)-
strongly monotone mapping and M : H — 2% an (A, n)-monotone mapping. Then the

mapping (A + pM)~! is single-valued.

3. Algorithm

Let N\, Ny : H— H,ny,ny: HxH — H ¢1,g9> : H — H be six nonlinear mappings. Let
M, : H — 2% be an (A, n)-monotone mapping and M, : H — 2H an (As, 7)-monotone
mapping, respectively. Then the nonlinear system of variational inclusion (NSVI) prob-

lem: determine elements u,v € H such that
0 € A1g1(u) — Argi(v) + pr[N1v + Mygi(u)], (3.1)
0 € A2g2(v) — Azga(u) + p2[Nau + Maga(v)]. (3.2)

Next, we consider some special cases of NSVI problem (3.1)-(3.2).

(I) IfA1:A2:A7 M1=M2:M,771:772:7],91:ggzganlezNgzN,then
NSVI problem (3.1)-(3.2) is reduced to the following NSVI problem: find u,v € H such
that

0 € Ag(u) = Ag(v) + pi[Nv + Mg(u)], (3.3)

0€ Ag(v) — Ag(u) + p2[Nu + Mg(v)]. (3.4)

(I A =Ay=A Mi=My=M,m =mn=mn,¢1 =go =1 and Ny = Ny = N, then
NSVI problem (3.1)-(3.2) is reduced to the following NSVI problem: find u,v € H such
that

0€ Au— Av+ p1(Nv + Mu), (3.5)

0 € Av — Au+ po(Nu+ Mvo). (3.6)

(III) IfAleQZA, Ml:MQZM,leNQZN,u:/U,nl:7]2:7],91:9229
and p; = py = pin NSVI (3.1)-(3.2), we have the following NVI problem: find an element
u € H such that

0€ Nu+ Mg(u), (3.7)
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(IV) IfAleQZA, M1:MQ:M7N1:N2:N,U:U,’I'h:ng:’f],glzggzl
and p; = p2 = pin NSVI (3.1)-(3.2), we have the following NVI problem: find an element
u € H such that

0 € Nu+ Mu, (3.8)

In order to prove our main results, we need the following lemmas.

Lemma 3.1. Let H be a real Hilbert space and let n : H x H — H be a T-Lipschitz
continuous nonlinear mapping. Let A : H — H be a (r,n)-strongly monotone and let
M : H — 2% be (A,n)-monotone. Then the generalized resolvent operator JA‘L}’Z H— H

is T/(r — pm), that is,

A, A, T
137p(@) = Tz, W < —— pmllx —yll, Vr,yeH.

Lemma 3.2. Let H be a real Hilbert space. Let A; : H — H be a (r;,n;)-strongly mono-
tone mapping, M; : H — 28 an (A;,n;)-monotone mapping and n; : H x H — H an
1;-Lipschitz continuous nonlinear mapping for each i = 1,2. Then (u,v) is the solution

of NSVI (3.1)-(3.2) if and only if it satisfies

gi1(u) = JJ\?{E [A191(v) — p1 N1, (3.9)
52(0) = T2 Aaga(w) — pu ol (.10

Next, we construct the following iterative algorithms based on (3.9)-(3.10).

Algorithm 3.1. For any wy,vy € H, compute the sequences {u,} and {v,} by the

iterative process:

Ups1 = Up — g(Uy) + J]\Aﬁ’z [A1g(v,) — p1N1vs], n>0

9(vn) = Ty [Asg(un) — paNow,], 1> 0.

(I)IfA1:Ang,M1:MgzM,m:ngzn,gl:ggzganlezNg:Nin

Algorithm 3.1, then we have the following algorithm:
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Algorithm 3.2. For any ug, vo € H, compute the sequence {u, } and {v,} by the iterative

process:
Ungr = tn — g(up) + 3" [Ag(va) — p1Nv,], n >0
9(tn) = T, [Ag(un) = p2Nun], > 0.

Remark 3.1. Algorithm 3.2 gives the approximate solution to the NSVI (3.3)-(3.4).

(H)IfAlezzA,MleQZM,771:7]2:77,91:g2:[andN1:N2:Nin

Algorithm 3.1, then we have the following algorithm:

Algorithm 3.3. For any ug,vy € H, compute the sequence {u,} by the iterative pro-

cesses:
Am
Uns1 = Jaf ), [Av, — p1Nv,], n >0,

I JA’L}[”ZZ[Aun — paNuy,|, n>0.

Remark 3.2. Algorithm 3.3 gives the approximate solution to the NSVI (3.5)-(3.6).

(III)IfAleQZA,M1:M2:M,N1:N2:N7U:U,771:772:7779129229

and p; = py = p in Algorithm 3.1, then we have the following algorithm:

Algorithm 3.4. For any ug € H, compute the sequence {u,} by the iterative processes:

Up4+1 = Up — g(un) + ‘]]\IL}[’,Z[Ag(un> - pNun]? n 2 0.

Remark 3.3. Algorithm 3.4 gives the approximate solution to the NVI (3.7).

(IV)IfAleQZA,MleQZM,leNQZN,u:”U,771:7’]2:77,91:9221

and p; = py = p in Algorithm 3.1, then we have the following algorithm:

Algorithm 3.5. For any ug € H, compute the sequence {u,} by the iterative processes:

Upy1 = Jﬁ’l[Aun — pNu,], n>0.
Remark 3.4. Algorithm 3.5 gives the approximate solution to the NVI (3.8).

4. Results on algorithmic convergence analysis
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Theorem 4.1. Let H be a real Hilbert space. Let A; : H x H be a (r;,n;)-strongly
monotone and s;-Lipschitz continuous mapping and M; : H — 2 an (A;,n;)-monotone
mapping. Letn; : Hx H — H be a 1;-Lipschitz continuous mapping and N; : Hx H — H
a relaxed (o, 5;)-cocoercive (with respect to A;g;) and p;-Lipschitz continuous mapping.
Let g; - H — H be relazed (v, d;)-cocoercive and o;-Lipschitz for i = 1,2. Let (u*,v*) be
the solution of NSVI problem (3.1)-(3.2). Let {u,} and {v,} be sequences generated by

Algorithm 3.1. Suppose that the following condition is satisfied:

7'17'29192 < (1 — 93)(1 — 94)(?"1 — plml)(TQ — pgmg),

where

00 = \J035% — 20161 + 20100183 + P4, 02 = \[ 0353 — 202 + 2pacensd + P33,

93:\/1+20'%’)/2—2(52+0'%

and

94 = \/]_ +20’%’Yl — 251 —f-O'%
Then the sequences {u,} and {v,} converge strongly to u* and v*, respectively.

Proof. Letting (u*,v*) € H be the solution of NSVI problem (3.1)-(3.2), we have
ut = ut —gi(u) + Jﬁll’,zll [A191(v*) = prN1v"],
92(v*) = Ty [Asga(u*) — paNau*].
It follows that
s = u| = = g1 (un) + Jip 0 [Arg1(vn) = pN1og] — |
= [l = u" = (91 (un) + g1 (u")) + J3p 0 [Arg1(vn) = prN1o]
- Jﬁll’,zll (Arg1(v*) — prNy*) ||
< un — " = (g1(un) — 2 (")) (4.1)
+ 3 [A1g1 (va) = prNvwa] = Jap B [Auga (07) = pr Nyl |
< lun = u” = (91(un) = 2(w")) ||
71

+7‘1_P177%1|| 191(vn) 191(v") = pr (N ol
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It follows from relaxed (a1, f;)-cocoercive monotonicity and pu4-Lipschitz continuity of Ny,

Ay is sp-Lipschitz continuous and g¢; is o-Lipschitz continuous that

| A1g1(vs) — Argi (v*) — p1(Nyv, — Nyv*)|?

= [[A11(va) — Argr(v)|I* = 2p1 (N1v — N1v™, Aiga(vn) — Arga(v7))

(4.2)
+ pi[|[Nyon, — Nyo*||?
< 6Fllon, —v*[|?,
where
01 = \/‘7%3% —2p B + 2p1on i + piud.
On the other hand, we have
|g2(vn) — ga(v™)[| = HJJ@QQ’,ZZ [A2g(tn) — paNotiy] — JXZ’,ZZQ [A2g2(u") — paNau™]||
. . ) (4.3)
< ————— || Asg(uy) — Azgo(u®) — pa[Nou,, — Nou'l|.
o — p2ng

It follows from relaxed (a, 32)-cocoercive monotonicity and jo-Lipschitz continuity of No,

Ag is sg-Lipschitz continuous and gs is o9-Lipschitz continuous that

| A2ga () — A2ga(u™) — p(Nou,, — N2U*>||2

= || Aaga(un) — A292(U*)||2 — 2p2(Nauy, — Nou™, Asgo(ty) — Azga(u®))

(4.4)
+ p3 | Nouy, — Now|?
= T
where
02 =\ 7353 — 2026 + 200183 + 3
Substituting (4.4) into (4.3), we obtain that
l92(00) — ga0)] < —22—| "l (4.5)
’ ’ T2 — P22

Note that

[on = v < [lvn = v = (g2(va) — g2 (")) | + llg2(va) — g2(v") . (4.6)
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From the relaxed (7, d2)-cocoercive monotonicity and oy-Lipschitz continuity of go that
lvn = v* = (g2(va) — g2(v"))I*

= llvn = v"[I* = 2{g2(va) — g2(v"), v — v*) + llg2(vn) — g2(v")|I”

< lon = "I = 2( = 12llg2(vn) = g2(07)I* + d2llvw — v*II*) + llga(va) = g2(v)*  (47)

< v — 0% + 205 Jv, — [P = 282 ]|vn — 0% || + o3 [[v, — 072

= O3llvn — V"%,

where

63 = \/1 +20'%"}/2 — 252 +O'%
Substituting (4.5) and (4.7) into (4.6) yields that
[vn = V™[ < Bs]jvn — 07| +

It follows that

lon — o™ <

1= 0202 — ) ||un, — u*]. (4.8)

Substituting (4.8) into (4.2), we arrive at

||A191(Un) - A1g1(v*) - Pl(van - va*)H

0401 . (4.9)
(1 93)(7“2 P2m2)

On the other hand, it follows from relaxed (71, d1)-cocoercive monotonicity and oi-

Lipschitz continuity of g; that

[t — " = g1 (un) — g ()]

= [Jun — [ = 2(g1(un) — g1 (u*), wn — ") + ||g1 (un) — gr ()|

<y — @[ = 2( = mllgr(wn) = g2 (@)* + &1 llun — w[?) + [|91(un) — g1 (u*)[|* (4.10)
> ||Un U T1{|g1(Un, gi1{u 1]|Un U gi\Un gi\u

< = w*[I* + 20 [Jun — w[* = 261 [Jun — w*||* + oFlun — u*|?

= O3 llun — "%,

where

0, = \/1—1-20%71 — 201 + o?.
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Substituting (4.9) and (4.10) into (4.1), we obtain that

T1T201 02
(7”1 - lel)(l - 93)(7‘2 - P2m2)

[tn s — ™[] < {04+ len — ] (3.21)

In view of the condition

7'17'29102 < (1 — 93)(1 — 94)(7“1 — p1m1>(7’2 — meg),
we can obtain the desired conclusion. This completes the proof.
From Theorem 4.1, we have the following results immediately.

Corollary 4.2. Let H be a real Hilbert space. Let A : Hx H be a (r,n)-strongly monotone
and s-Lipschitz continuous mapping and M : H — 25 an (A, n)-monotone mapping. Let
n:HxH — H be a 7-Lipschitz continuous mapping and N : H x H — H a relaxed
(v, B)-cocoercive (with respect to Ag) and p-Lipschitz continuous mapping. Letg: H — H
be relazed (v, §)-cocoercive and o-Lipschitz. Let (u*,v*) be the solution of NSVI problem
(3.3)-(3.4). Let {u,} and {v,} be sequences generated by Algorithm 3.2. Suppose that the

following condition is satisfied:
70 < (1 —6)(r — pm),

where

0 = \/02s2 — 2pf + 2papu? + p2

and

0 = \/1+ 202y — 26 + o2
Then the sequences {u,} and {v,} converge strongly to u* and v*, respectively.

Corollary 4.3. Let H be a real Hilbert space. Let A : Hx H be a (r,n)-strongly monotone
and s-Lipschitz continuous mapping and M : H — 2 an (A, n)-monotone mapping. Let
n: HxH — H be a 7-Lipschitz continuous mapping and N : H x H — H a relaxed
(e, B)-cocoercive (with respect to A) and p-Lipschitz continuous mapping. Let (u*,v*) be
the solution of NSVI problem (3.5)-(5.6). Let {u,} and {v,} be sequences generated by

Algorithm 3.3. Suppose that the following condition is satisfied:

TV/s2 = 2p8 + 2pap? + p* < (r — pm).
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Then the sequences {u,} and {v,} converge strongly to u* and v*, respectively.

Corollary 4.4. Let H be a real Hilbert space. Let A : Hx H be a (r,n)-strongly monotone
and s-Lipschitz continuous mapping and M : H — 2 an (A, n)-monotone mapping. Let
n: HxH — H be aT-Lipschitz continuous mapping and N : Hx H — H a relazed (o, 3)-
cocoercive (with respect to Ag) and p-Lipschitz continuous mapping. Let g : H — H be
relazed (7, §)-cocoercive and o-Lipschitz. Let u* be the solution of NVI problem (3.7). Let

{u,} be a sequence generated by Algorithm 3.4. Suppose that the following condition is

satisfied:
0 < (1—=0")(r — pm),
where
0 = \/0252 — 2pB + 2pap® + p*?
and

0 = \/1+ 202y — 26 + o2.
Then the sequence {u,} converges strongly to u*.

Corollary 4.5. Let H be a real Hilbert space. Let A : Hx H be a (r,n)-strongly monotone
and s-Lipschitz continuous mapping and M : H — 2 an (A, n)-monotone mapping. Let
n: HxH — H be aT-Lipschitz continuous mapping and N : Hx H — H a relazed («, B)-
cocoercive (with respect to A) and p-Lipschitz continuous mapping. Let u* be the solution
of NVI problem (3.8). Let {u,} be a sequence generated by Algorithm 3.5. Suppose that

the following condition is satisfied:

T/ — 2pB + 2pap® + p2u? < (1 — pm).

Then the sequence {u,} converges strongly to u*.
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