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PROBLEMS IN HILBERT SPACES
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Abstract. In this paper, a system of equilibrium problems is investigated based on an implicit iterative
algorithms with errors. The theorem of weak convergence for solutions of the system of equilibrium

problems is established in the framework of Hilbert spaces.
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1. Introduction

Equilibrium problems which were introduced by Blum and Oettli [1] in 1994 have
had a great impact and influence in the development of several branches of pure and
applied sciences. It has been shown that the equilibrium problem theory provides a novel
and unified treatment of a wide class of problems which arise in economics, Finance,
image reconstruction, ecology, transportation, network, elasticity and optimization. It has
been shown that equilibrium problems include variational inequalities, fixed point, Nash
equilibrium and game theory as special cases. Hence collectively, equilibrium problems
cover a vast range of applications. To study solution problem of equilibrium problem,
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iterative methods are efficient. Indeed, many well known problems arising in various
branches of science can be studied by using algorithms which are iterative in their nature.
For iterative algorithms, the oldest and simplest one is Picard iterative algorithm. For a
contraction mapping 7', it is known that 7" enjoys a unique fixed point and the sequence
generated in Picard iterative algorithm can converge to the unique fixed point. However,
for more general nonexpansive mappings, Picard iterative algorithm fails to convergence
to fixed points of nonexpansive even that it enjoys a fixed point. Recently, implicit or
explicit type iterative algorithms have been considered for the approximation of fixed
points of nonexpansive mappings and solutions of equilibrium problem; see, for example
[2-19]. For implicit iterative algorithms, classical weak convergence theorems of implicit
iterative algorithms were established in Xu and Ori [15]. In this paper, we study a system
of equilibrium problems based on an implicit iterative algorithm. Convergence theorems

for solutions of equilibrium problems are established in Hilbert spaces.

2. Preliminaries

Throughout this paper, we assume that H is a real Hilbert space, whose inner product
and norm are denoted by (-,-) and || - ||. Let C' be a nonempty closed and convex subset
of H and A : C' — H a nonlinear mapping.

Recall that the classical variational inequality problem is to find = € C' such that
(Az,y —x) >0, VyeC. (2.1)

It is known that x € C' is a solution to the variational inequality (2.1) if and only if =
is a fixed point of the mapping Po(I — pA), where P is the metric projection from H
onto C, p > 0 is a constant and [ is identity mapping. This implies that the variational
inequality (2.1) is equivalent to a fixed point problem. This alternative formula is very
important form the numerical analysis point of view.

Let F} and F5 be bifunctions of C' x C' into R, where R is the set of real numbers. In

this paper, we consider the following problem based on an implicit iterative algorithm:

Find « € C such that Fi(z,y) >0, VyeC, (2.2)
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where ¢ € {1,2}. To study bifunctions equilibrium problem, we may assume that the

bifunction F': C' x C' — R satisfies the following conditions:

(Al) F(z,x) =0 for all x € C;

(A2) F is monotone, i.e., F(x,y) + F(y,z) <0 for all z,y € C;
(A3) for each x,y,z € C, limsup,, F'(tz + (1 —t)z,y) < F(x,y);
(A4)

A4) for each x € C, y — F(z,y) is convex and lower semi-continuous.

Let T': C' = C be a mapping. Recall that the mapping 7" is said to be nonexpansive if
ITe — Tyl <z —yll, Ve,yeC.

In 2001, Xu and Ori [15] introduced the following implicit iteration process for a finite
family of nonexpansive mappings {71, T3, ...,Tn}, with {a,} a real sequence in (0,1),

and an initial point zy € C":
T1 = 129 + (1 — (lfl)Tll'l,

To = (1 + (]. — OéQ)TQ(L’g,

zy =anyry-1+ (1 —an)Tyzn,

Tyt = anpy + (1 —anp) Tz,

which can be re-written in the following compact form:
Ty = Q1+ (1 —ap)Thx,, VYn>1, (2.3)

where T,, = T},(moany (here the mod N function takes values in {1,2,...,N}). Xu and

Ori [15] obtained the following results in a Hilbert space.

Theorem XO. Let H be a real Hilbert space, C' a nonempty closed convexr subset of
H, and T : C — C be a finite family of nonexpansive self-mappings on C such that
F=n{ ,F(T;) # 0. Let {x,} be defined by (2.3). If {a,,} is chosen so that o, — 0, as

n — oo, then {x,} converges weakly to a common fived point of the family of {T;},.
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We remark that, from the view of computation, the implicit iterative scheme (2.3)
is often impractical since, for each step, we must solve a nonlinear operator equation.
Therefore, one of the interesting and important problems in the theory of implicit iterative
algorithm is to consider the iterative algorithm with errors. That is an efficient iterative
algorithm to compute approximately fixed point of nonlinear mappings and solutions of
equilibrium problems.

In this paper, motivated by Xu and Ori [15], we introduce a two-step implicit iterative
algorithm with errors for the problem (2.2). Weak convergence theorems of purposed
implicit iterative schemes are established in the framework of Hilbert spaces.

In order to prove our main results, we need the following concepts and lemmas.

Recall that a space X is said to satisfy Opial condition [17], if for each sequence {z,}

in X, the condition that the sequence z,, — x weakly implies that
liminf ||z, — z|| < liminf ||z, — y||
[e.e] n—oo

forall y € X and y # .
Lemma 2.1 ([18]). Suppose that H is a real Hilbert space and 0 < p <t, <q <1 for all
n > 1. Suppose further that {z,} and {y,} are sequences of H such that

limsup ||z, || <7, limsup [ly,|| <
n—00 n—oo

and

lim ||tpx, + (1 —t)yn| =7

n—oo
hold for some r > 0. Then lim,_,o ||z, — ynl|| = 0.

The following lemma can be found in [1] and [16].

Lemma 2.2. Let C' be a nonempty closed convexr subset of H ad let F': C'x C — R be a
bifunction satisfying (A1)-(A4). Then, for any r > 0 and x € H, there exists z € C' such
that F(z,y) + Yy — z,2 — ) > 0, Vy € C. Further, define a mapping

1
Trx:{zEC’:F(z,y)—I—;(y—z,z—x)20, Yy e C}

for allr >0 and x € H. Then, the following hold:



A SYSTEM EQUILIBRIUM PROBLEMS 19
(1) T, is single-valued;

(2) T, is firmly nonexpansive, i.e., for any x,y € H,
1Tz — TryHZ <(Trx - Ty,x —y);

(3) F(T,) = EP(F);
(4) EP(F) is closed and conver.

Lemma 2.3 ([19]). Let {a,}, {b,} and {c,} be three nonnegative sequences satisfying the
following condition:

a1 < (14 by)ay, + cn, V0 > ng.
where ng s some nonnegative integer, Z;’OZO ¢, < 00 and ZZO:O b, < 0o. Then lim,,_,~ a,

exists.
3. Main results

Theorem 3.1. Let C be a nonempty closed and convex subset of H. Let Fy and Fy be two
bifunctions from C x C to R satisfying (Al)-(A4) such that EP = EP(Fy\)NEP(Fy) # 0.

Let {x,} be a sequence generated by the following manner:

.
xg € H, chosen arbitrily

Yn = ﬁnxn + (1 - Bn)en + Uy, (31>

Ty = QpTp_1 + (1 —ap)nn +u,, Vn>1,

\

where 6,,, and n, are such that
1
F1<9n;,u)+)\_<,u_0naen_xn> 207 V/LEC,

and

1
F2(77nay)+p_<y_77nann_yn>207 VUGC,

{A\n} € (0,00), {pn} C (0,00), {a,} C (0,1), {B.} C (0,1) and {u,}, {v,} are bounded
sequences. Assume that the following conditions are satisfied

(1) a <y, Bn < b, where 0 <a <b<1;

(2) liminf, o Ay, > 0 and liminf,_,, p, > 0;
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(3) 2 ntr (lunll + flvnl]) < oo

Then the sequence {x,} converges weakly to some point in EP.

Proof. In view of Lemma 2.2, we see that 1, = S,,y, and 0,, = T\ x,,. Whenever needed,

we shall equivalently write the implicit iteration (3.1) as

;

xo € H, chosen arbitrily

Ty = pZp_1 + (1 — ) Sy, Yn + Un.
\

Fixing p € EP, we obtain that

1yn = Il < Ballzn = pll + (1 = )T, 20 — pll + [|vnll
(3.3)
< len = pll + lluall-
This implies that
|20 = pll < anllzn—1 = pll + (1 = ) [1Sp,yn — pll + ||t

< anl[wn1 = pll+ (1 = an)llyn — pll + [|ua|

< o[y = pll+ (1 = an)llzn = pll + llunll + llunl].
This in turn implies that

=l < 1 = pl Lol ]

In view of Lemma 2.3, we obtain that lim, . ||z, — p|| exits. Next, we assume that

lim, o0 ||z, — p|| = d > 0. Note that

limsup ||2,—1 —p + u,| < d. (3.4)
n—oo
In view of (3.3), we see that
lim sup (1.5, yn — p + tn|| < limsup(([y, — pl| + [[unl]) < d. (3.5)
n—o0 n—oo

On the other hand, we have

T [f — pll = T (a1 = p o+ ) + (1= 02)(Sp0m —p+w) | =d (36)
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Combining (3.4), (3.5) with (3.6), we obtain from Lemma 2.1 that
lim [|z,—1 —S,,ynl = 0. (3.7)
n—oo
It follows from (3.2) that
Tp — Tp—1 = (1 - an)(spnyn - xn—l) + Up,.
In view of (3.7), we see from the condition (3) that
nh—glo |zpn—1 — z,|| = 0. (3.8)

Note that

< anlln = Sp ynll + [1Sp,4m = pll + un

< apl|Tn-1 — Spnyn“ + lyn — pll + tn,
from which it follows that liminf, . ||y, — p| > d. In view of (3.3), we also have

limsup,,_,. |lyn — p|| < d. It follows that
7}1_{1010 lyn — pll = nh_{rolo 180 (zn —p+ ) + (1 = Bu)(Th, @0 — p+va) || = d.
On the other hand, we have

limsup ||z, —p +v,]| < d

n—oo
and
limsup ||Th, z, — p + v || < limsup(||z, — p|| + [Jval]) < d.
n—00 n—oo

By virtue of Lemma 2.1, we obtain that
Tim. | T, xn — x| = 0. (3.9)
Note that
15p2n = @nll <1150, 20 = Sptn-ll + 190,201 = Sp,ynll + 1S, 4n — w0l
< 20|@n = ol + |01 = Ynll + 19, Y0 — Tl

< 3llzn — zaaall + [ Thzn — 2all + v + (180,40 — T -
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In view of (3.7), (3.8) and (3.9), we arrive at
nh_)rgo 15y, 20 — 2] = 0. (3.10)

Since the sequence {z,} is a bounded, we see that there exists a subsequence {z,,} of
{z,,} such that z,, — ¢. It follows that 6,, — ¢.

Next, we show that ¢ € EP. First, we prove ¢ € FP(Fy). Since 6,, = Ty, x,, we have

1
Fi(0p,p)+ —{(u—0,,0, —x,) >0, VuecC.

An
It follows from (A2) that
(= 00, 22) > Fi(00)
and hence
(=0, 67“%;% > Fi(p, 0n,).

7

Since M — 0, 0,, = q and (A4), we have Fi(u,q) < 0 for all p € C. For ¢t with

g

O<t<land peC, let uyy =tu+ (1 —1t)g. Since p € C and g € C, we have i, € C and
hence Fi(pt,q) < 0. So, we obtain from (Al) and (A4) that

0= Fl(,uta,ut) S tFl(thnU“) + (1 - t)Fl(,uta(J) S tFl(/*Ltv/“L)

That is, Fy(ue, p) > 0. It follows from (A3) that Fi(g,p) > 0 for all 4 € C and hence
q € EP(Fy). Note that

1Yn = Sputinll < llym — 2nall + 1201 = S, nll
< Bullzn — 2l + (L= B Th, 20 — 2l + lzn— = Spynll + [Jon]]
< lon = zpaall + (1 = B)[Th, 20 — Tl + [lzn—1 = Spynll + [Jonl]-
From (3.7), (3.8) and (3.9), we see that
Tim |y, = Sp, yal| = 0.

On the other hand, we have

HSpnyn - xn” < ||Spnyn - xn—l” + ||xn—1 - xn”
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In view of (3.7) and (3.8), we arrive at
lim 1S4 — all = 0.
n—o0

This in turn implies that 7,, — ¢. In a similar way, we can obtain that ¢ € FP(Fy). This
proves that ¢ € EP = EP(Fy) N FP(Fy).

Finally, we show that the sequence {x,} converges weakly to ¢q. Suppose the contrary
holds. It follows that there exists some subsequence {zy,} of {,} such that z,, — ¢ and

q # ¢. By the same method as given above, we can prove that § € EP. Put
lim ||z, —¢||=d; and lim ||z, — q|| = da,
n—00 n—0oo
where d; and ds are two nonnegative numbers. In view of Opial’s condition, we see that
dy = liminf ||z,, — ¢|| < liminf||z,, — ¢l = liminf [|2,, — g|| < liminf ||z, — q|| = d;.
i—00 Jj—00 j—o0 Jj—00
This is a contradiction. Hence ¢ = ¢. This shows that the sequence {x,} converges weakly
to g. The proof is completed.
As corollaries of Theorem 3.1, we have the following results.

Corollary 3.2. Let C' be a nonempty closed and convex subset of H. Let F' be a bifunction
from C x C to R satisfying (A1)-(A4) such that EP(F) # (. Let {x,} be a sequence

generated by the following manner:

;

xo € H, chosen arbitrily

Yn = ﬁnxn + (1 - ﬂn)en + Un,

Ty = Ty + (1 — an)Poyn + uy, Yn>1,

\

where 0,, is such that

1
F(0,,p) + )\—(,u — 0,0, —x,) >0, VuecdC,

{\} C (0,00), {a,} € (0,1), {Bn} C (0,1) and {u,}, {v,} are bounded sequences.
Assume that the following conditions are satisfied
(1) a <y, By < b, where 0 <a <b<1;

(2) liminf,, o A, > 0;
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(3) 2onz(lunll + [lonl]) < oo
Then the sequence {x,} weakly converges to some point in EP(F).

Proof. Put Fy(z,y) = 0 for all z,y € C and p, = 1 for all n > 1. It follows that

M = Poy,. We can conclude the desired conclusion easily from Theorem 2.1.

If we put Fi(z,y) = 0 for all z,y € C' and A\, = 1 for all n > 1, then we have the

following result.

Corollary 3.3. Let C' be a nonempty closed and convex subset of a real Hilbert space H .
Let F be a bifunction from C x C to R satisfying (Al)-(A4) such that EP(F) # (. Let

{z,} be a sequence generated by the following manner:

xo € C, chosen arbitrily
Tp = QpTp—1 + (]- - an)nna Vn Z ]-7

where n, s such that

1
F(ﬂnyV)+—<V—77n»77n—$n>Zoa \V/VEC,

{pn} C (0,00), {an} € (0,1) and {5} C (0,1). Assume that the following conditions are
satisfied

(1) a <, By <b, where 0 < a <b< 1

(2) liminf, o pn > 0.

Then the sequence {z,} weakly converges to some point in EP(F).

Remark 3.4. In this paper, we study a system of bifunction equilibrium problems
based on an implicit iterative algorithm. Weak convergence theorems of solutions are
established. However, we do no know what restrictions imposed on the parameters or the
subset C' can let strong convergence theorems be guaranteed. It is of interest to improve

the paper on the framework from Hilbert spaces to Banach spaces.
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