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Abstract. The aim of this work is to obtain some existence and uniqueness fixed point theorems for mixed g-
monotone mapping in any number of variables under general contractive conditions in partially ordered metric
spaces by using the condition of weak compatibility. Our results are different, more natural and generalizations of
many results on multidimensional fixed points. For illustration of the effectiveness of our generalizations, some

examples are equipped in this paper.
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1. Introduction and preliminaries

Bhaskar and Lakshmikantham [4] introduced the notion of mixed monotone property and cou-
pled fixed point for contractive operator of the form F : X x X — X, in the framework of partially

ordered metric spaces and then established some existence and uniqueness for fixed and coupled
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fixed points of F (x is a fixed point of F if F(x,x) = x). They also illustrated these important
results by proving the existence and uniqueness of the solution for a periodic boundary value
problem. Afterwards, In [12] Lakshmikantham and Ciri¢ extended these results by defining the
mixed g-monotone property and proved coupled coincidence and coupled common fixed point
theorems for nonlinear contractive mappings F': X x X — X and g : X — X in partially ordered
metric spaces as mentioned in the next dialogue. Then many authors focused on coupled fixed

point theory and proved remarkable results (see e.g., [9, 13, 18])

Definition 1.1. [7] A tripled (X,d, <) is called an ordered metric space iff
(i): (X,d) is a metric space,

(ii): (X,=) is a partially ordered set.
The results of Lakshmikantham and Cirié¢ are as follows:

Definition 1.2. [12] Let (X, <) be a partially ordered setand F : X x X — X and g : X — X.
We say F has the mixed g-monotone property if F' is monotone g-non-decreasing in its first

argument and monotone g-non-increasing in its second argument, that is, for any x,y € X,
X1,X2 € X7 g('xl) = g()CZ) 1mphes F(x17y) = F(x27y)

and
yi.y2 €X, g(y1) X g(y2) implies F(x,y1) = F(x,y2).

If g is the identity mapping, we obtain the Bhaskar and Lakshmikantham’s mixed monotonicity

notion for the mapping F.

Definition 1.3. [12] An element (x,y) € X x X is called a coupled coincidence point of a map-

ping F: XxX —+Xandg: X = X if
F(x,y) = g(x), F(yx)=g(y).
Also, if g is the identity mapping, then (x,y) is called a coupled fixed point of the mapping F.

Definition 1.4. [12] Let X be a non-empty setand F : X x X — X and g: X — X. We say F

and g are commuting if,

F(gx,gy) = gF (x,y)
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for all x,y € X.

Theorem 1.1. [12] Let (X, <) be a partially ordered set and suppose there is a metric d on
X such that (X,d) is a complete metric space. Assume that there is a function @ : [0,4o0) —
[0, 4-c0) with @(t) <t and lim,_,,, @(r) <t for eacht >?, and also suppose that F : X x X — X

and g : X — X are mappings such that F has the mixed g-monotone property and

ﬂﬂ@ﬂ@ﬁ+ﬂﬂﬁ£@ﬂ)
5 :

d(F(x.9).F(1,v)) < <p(

for all x,y,u,v € X, for which g(x) < g(u) and g(y) = g(v).
Suppose that F(X x X) C g(X), g is continuous and commutes with F, and also suppose that
either
(a): F is continuous, or
(b): X has the following properties
(i): If a non-decreasing sequence {x,} — x, then x,, < x for all n,
(ii): If a non-increasing sequence {y,} — y, then'y <y, for all n.
If there exist xy,yo € X such that g(xo) < F(xo,y0) and g(yo) = F (yo,X0), then there exist x,y € X

such that g(x) = F(x,y) and g(y) = F (y,x), i.e., F and g have a coupled coincidence point.

The authors in [12] endowed the product space X x X with the following partial order:
for (x,y), (u,v) € X xX, (x,y) < (u,v) & x=<uand y>v.

They also considered some additional conditions on the product space X x X to ensure the

existence and uniqueness of a coupled common fixed point.

Theorem 1.2. [12] In addition to the hypothesis of Theorem 1.1, suppose that for every (x,y), (x*,y*)
€ X x X, there exists (u,v) € X x X such that (F (u,v),F (v,u)) is comparable to (F (x,y),F (y,x))
and (F(x*,y*),F(y*,x*)). Then F and g have a unique coupled common fixed point, i.e., there

exists a unique (x,y) € X x X such that
x=g(x) =F(xy), y=2g()=F(x).

Berinde and Borcut [2] introduced the concept of tripled fixed point for nonlinear contractive

mappings of the form F : X? — X, in partially ordered complete metric spaces and obtained
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existence and uniqueness theorems of tripled fixed points for some general classes of contractive

type mappings (see also, [5]).

Definition 1.5. [2] Let (X, <) be a partially ordered set and F : X x X x X — X. The mapping

F 1is said to has the mixed monotone property if, for any x,y,z € X,
x,0€X, x1 Xxp = F(x1,y,2) X F(x,y2),
Y2 €X, y1 2y = F(x,y1,2) = F(x,y2,2),
2,2€X, 21322 = Fuya) 2F0y.2).

Definition 1.6. [2] An element (x,y,z) € X? is called a tripled fixed point of F : X3 — X if

F(x,y,z) =x, F(y,x,y) =y and F(z,y,x) =z.
Also, Berinde and Borcut [2] used the following partial order on the product space X3 :
(0, 3,2) < (u,vw) < x=u, yr=v, 23w,

to prove the following result.

Theorem 1.3. Let (X, =) be a partially ordered set and suppose there is a metric d on X such
that (X,d) is a complete metric space. Let F : X x X x X — X have the mixed monotone property

and there exist j,r,l > 0 with j+r—+1 <1 such that
d(F(x,,2), F (u,v,w)) < jd(x,u)+rd(y,v) +1d(z,w),

for any x,y,z € X for which x < u, v <y and z X w. Suppose either F is continuous or X has

the following properties

(1): if a non-decreasing sequence {x,} — x, then x, =< x for all n,

(2): if a non-increasing sequence {y,} — y, then y, =y for all n.

If there exist xq,y0,z0 € X such that, xy < F(x0,¥0,20), Yo = F(y0,%0,20) and zo = F(20,Y0,X0),

then there exist x,y,z € X such that:
F(x,y,z) =x, F(yx,y)=y and F(z,y,x) =z,

that is, F has a triple fixed point.
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After that, in the paper of Karapinar and Luong [10], the quadruple fixed point is considered

and some new related fixed point theorems are obtained.

Definition 1.7. [10] Let (X, <) be a partially ordered set and F : X* — X be a mapping. We say
that F has the mixed monotone property if F(x,y,z,w) is monotone non-decreasing in x and z,

and monotone non-increasing in y and w, that is, for any x,y,z,w € X,
x,0 €X, x1 2x = F(x,yz,w) XF(x,y,z,w),
y1,Y2 GX, Y1 ij = F(X,yl,Z,W) = F(xay27zaw)7
21,32 EX, 12322 = F(va;Zl,W> = F<x7y>Z27W)7
wi,wa €X, wi 2wy = F(X,y,Z,W1> EF(X,y,Z,Wl)-
Definition 1.8. [10] An element (x,y,z,w) € X* is called a quadruple fixed point of F : X* — X
if
F(x,y,z,w) :x,F(y,z,w,x) :y,F(z,w,x,y) =z and F(W,X,y,Z) =Ww.
Finally, about N— fixed point or multidimensional case, we have to distinguish between two

types of definitions, to see the difference between them one can read the note of Karapinar et

al. [11].

x: In some cases, the arguments are ordered, for instance, the following notion was given

in [8] and also mentioned in Paknazar et al., (Definition (1.12)):
Xi = F(Xi,Xi—1,. ., X2,X1,%0 ..., Xp—iy1) forall i€ {1,2,... n}.

This definition can be interpreted as an extension of the second equation of Berinde and
Borcut’s notion, that is, y = F(y,x,y).
x: In other cases, the arguments are permuted, for instance, the notion of N-fixed point

introduced in Paknazar et al.[15] (Definition ?(2.1)) is as follows:
Xi = F(XiyXit 1y -y Xn—1,%n,X1 ..., xi—1) forall i€ {1,2,...,n}.

This notion generalizes Karapinar and Luong’s quadrupled concept.
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Recently, Rolddn et al. [17] obtained some existence and uniqueness theorems that extend the
previous mentioned results for nonlinear mappings of any number of arguments, not necessarily
permuted or ordered, in the framework of partially ordered metric spaces by using weaker
contraction conditions.

Next we state some definitions and results that we use to perform this work.

Definition 1.9. [17] Let g : X — X be mapping and (X,d, <) be an ordered metric space, then

X is said to have the sequential g- monotone property if it verifies the following properties:

(i): If {xn }m>0 is a non-decreasing sequence in X and lim,,;—c0 X, = x, then gx,, < gx for
allm >0,
(ii): If {ym }m>0 is a non-increasing sequence in X and lim,,_, y,, = y, then gy, = gy for

allm > 0.

If g is the identity mapping, then X is said to have the sequential monotone property.

Definition 1.10. [17] We say that F and g are commuting if gF (xy,...,x,) = F(gxi,...,gx,) for

all x1,...,x, € X, and they are weakly compatible if they commute at their coincidence points.

Fix a partition {A, B} of the set A, = {1,2,...,n}, thatis, AUB = A, and ANB = 0, we will
denote
Qp={0c:A,—A,:0(A)CA and o(B) C B}
and

Qup={0:A,—A,:06(A) CB and o(B) C A}.

If (X, <) is a partially ordered space, x,y € X and i € A,,, we will use the following notation

Xy, €A,
X3y
x>y, i€B.
Definition 1.11. [17] Let (X, <) be a partially ordered set and F : X" — X be a mapping. We

say that F' has the mixed g-monotone property if F is g-monotone non-decreasing in arguments
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of A and g-monotone non-increasing in arguments of B, that is, for all xy,x;,...,x,,y,z € X and
i €N,
8y =2 82=F (X1, oy Xi 1, ), X 1y - -y Xn) =i F (X150 oy Xim 1,2, Xk 15 - - - 3 X )
Henceforth, let o1, ..., 0,,7: A, — A, be n+1 mappings and ¢ be the (n+1)-tuple (o7, ..., 0y, T).

Definition 1.12. [17] A point (x,x,...,X,) € X" is called a ¢ —coincidence point of the map-
pings F and g if

F(xcri(l)a N ,xcr,-(n)) = gxf(i) for all i.

If g is the identity mapping on X, then (xy,...,x,) € X" is called a ¢— fixed point of the

mappings F.

Definition 1.13. A point (x1,x7,...,x,) € X" is called a common ¢ —fixed point of the mappings
F and g if

F(xcl.(l), N ,xci(n)) = gxf(i) = xr(i) for all i.

Theorem 1.4. [17] Let (X,d, =) be a complete ordered metric space. Let § = (01,02,...,0,,7T)
be a (n+ 1)-tuple of mappings from {1,2,...,n} into itself such that T € Q4 p is a permutation
and verifying that o; € Qu p if i € A and o; EQ;&,B ifieB. Let F: X" —>Xandg: X — X
be two mappings such that F has the mixed g-monotone property on X, F(X") C g(X) and g

commutes with F. Assume that there exists k € [0, 1) verifying

d<F(x1,x27---yxn)»F()’l,)’L---a)’n)) Skllglaé(nd(gxlvgyl)

for which gx; <X; gy; for all i. Suppose either F is continuous or X has the sequential g-monotone
property. If there exist x(l), ....xy € X verifying
gxg(i) =i F(xgi(l),xgi(z),...,xgi(")), forall i.

Then F and g have, at least, one ¢ — coincidence point.

In this paper, Inspired by Theorem 1.4, we prove a ¢- coincidence point and common ¢- fixed
point theorems of contractive type mappings that not necessarily commuting but only weakly

compatible.
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2. Main results

Theorem 2.1. Let (X, =,d) be an ordered metric space and ¢ = (0y,...,0,,T) be a (n+1)-
tuple of mappings from A,, into itself such that T € Q4 p is a permutation, 0; € Q4 g if i € A and
o; € Q;\’B ifieB. Let F : X" — X and g : X — X be two given mappings such that F has the
mixed g-monotone property, F(X") C g(X) and g(X) is a complete subspace of X. Assume that

there exist a; € R,i € A, verifying Y a; < 1 and

N

(2.1) d(F(x',....x"),FO',...,y) < Y ad(gx', 8y"),
i—1

~

for which gx' <; gy'. If there exist x(l), ..., Xy € X such that
2.2) gt < FTW L xSUN forall i€ A,

and X has the sequential g-monotone property. Then F and g have, at least, one ¢ — coincidence

point.

Proof. As 7 is a permutation of the set {1,2,...,n}, then {t(1),...,7(n)} = {1,...,n}. Also,

for the point (x}, ..., x7) there exists (x},...,x}) € X" such that
g™ = FSW 3™ forall i€ A,

this can be done because F(X") C g(X). For this point (x},...,x") we can find another point

(x3,...,x%) € X" such that
gxg(i) = F(x?i(l), . ,xfi(n)), forall i € A,,.
Continuing this process we can construct the sequences {x} },u>0, .. .., {x/, },»>0 such that
gt = Fe™ | x3™), forall m>0 and i € A,.
By induction methodology for m > 0 we shall prove that
(2.3) gxi, <igxh ., foralli € A,.
Indeed, from equation (2.2) we have

gxg(i) ji F(Xgi(]), o ,Xgi(n)) — gxic(’)
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Since 7(i) cA<icA,t(i) e B&ieBand {t(i)}), = {i}/_,, we get

2.4 gxg(i) =1(9) gxf(i), or gxf) =; gx’i, foralli € A,,.

Suppose that (2.3) is true for some m > 0 and we are going to prove it for m+ 1. Now we have

to distinguish between wetheri € A ori € B,

(Case 1): Suppose thati € A (0; € Q4 p).

gxfn(jzl = F(x,cf{(l), ... ,x,f[(j), ... ,x,?j(n)), for this argument x,cfj(j) we have two subcases,
) <

(@): If j € A (where F is g-monotone non-decreasing), o;(j) € A (i.e., gxp

gx;:iijl)). Thus, F(x,cfj(]), e ,ng(j), e ,x,zi(n)) =< F(x,?f(l), s ,xgijl), e ,ng(n)).
(II): j € B (where F is g-monotone non-increasing), o;(j) € B (i.e., gx. V) %Fjl))-

Thus’F(x’(:li(l)v"'7-xlc1;’li(j)7"'7-xrcryli(n)) jF(ng(l) xGi(j) ij(”l)).

9o ey m+17..., m

= 8X

That is,
F(x,?}“),...,x,‘,’{(j),...,x,?j(")) < F(x,(f{(l),...,x,fjj_jl),...,x%(n)) VieA jeA,
and
gx;(Ql :F(x,(:{(l),...,x,c,y{(j),...,xg,"(n))
jF(x::l"ill),...,x,?{(j),...,x,(f{(n))
jF(xgl"ill),...,xg;ijl),...,xg,"(n))
oi(1) o;(J) oi(n)y _ _ (i)

S (X s Xy s X 1) = 8%

Therefore

2.5) i1 = Eyas (€A,

(Case2): Ific B (0; € Qup).
T(i)l _ F(x%(l) 55 '(’l))

Ci
8%, ey Xm e Xm

. o;( ]
, for this argument x,, () we have two subcases,

(I): If j € A (where F is g-monotone non-decreasing), o;(j) € B (i.e., gxg{(j )~

gxgjijl)). Thus, F(xg{(l), . ,x,ff(j), . ,x%(n)) > F(x,?{(l), xoi(j) xai(n)).

ey m_,’_],..., m
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0i(J) ())

(II): j € B (where F is g-monotone non-increasing), o;(j) € A (i.e., gxy il

ThUS F( 61(1)7'”’xgli(j)’_”,xgli(n)) iF(Xgli(l)u"~7x}c1y1ij-j1)7-.-7xgi(n)).

=gx

We conclude that

F(xg{(l),...,x,?{(j),...,x,c,y,i(n)) iF(xg{(l),...,xGi(j) ...,x,c:f(n)) VieB,jeA,

m+17 ’
and
gx;(j?] = F(xgi(l), .. ,x,?{(j), ... ,x%"(”))
= F (x,fjill), e ,x%rjl), e ,x;iinl)) = gxfn(ﬂz.
Therefore
(2.6) §Xb 1 = gxh 5, i€ B,

From inequalities (2.5) and (2.6), we get

i i
8Xm—+1 =i 8Xm+2-

Thus, inequality (2.3) is true for any i € A, and m > 0. Note that the inequality (2.3) implies

(@x%U) < g%V it i e A, or gx%U) = exTU) if i € B,

Then we use the previous fact and the contraction condition (2.1) to assert that the sequences

{gxi } >0 are Cauchy for all i € A, as follows:

d(gam”,gend ) =d(F) 280 PO ™) < Y agd(x0Y), gxi)

J=1

Z ; max d(g (i)l , gx,z(i) ).

1<z<n

7(i) 7(i)

Define 6, = max<;<,d(gxm",8x,,, ;) and taking maximum above implies:

n
Z m17

| A

S <Aduo1, A=Y a;<1,
2.7) ,_Zl !

B <o < ATS,

:>d(gxm(),gx ® 1) < 6 <A™
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For a fixed i we use the triangle inequality and (2.7) to obtain:

d(gxm()ygxm(fp)<d(gxm()agxm(+)1)+d( xp gy +oo (g m(Jr)p pgx;@;)

§()um—|—)tm+l—|—---—|—lm+p_l)50

SAM(14 A4+ AP DG

1—AP
<A™ 1—50 — 0 as m — oo.

Therefore, {gx!,}>0 are Cauchy sequences (for all i € A,) in g(X). By the completeness of

g(X), there exist {gx!, ..., gx"} € g(X), such that
(2.8) gxl — gx', as n— oo forall i € A,.

Finally, we claim that the point (x',...,x") is ¢— coincidence point of F and g. Suppose
that X has the sequential g- monotone property, by (2.3) and (2.8) we have gx/, <; gxfn 41 and
gxi — gx', as m — oo forall i € A,, implying gx!, <; gx' and (gx,(,rf(j) = gx%iU) or gxf,y{(j) >

gx%()). Now consider

(2.9)
d(F D, 20, gx ) sd(F(x“f“),...,x“f<">>,F<x%“>,‘..,x;ﬁ(”)))+d<gx;<.’21,gxf<f>>

IN
H M:
Oo
><
E
&:
><
+
=
oQ
ER;L
t+t=
o
=
2

By (2.8), there exist mqg,my,...,m, € N such that
d( (i) 1)y _ €
8X,, 158X )<2Vm2m0, fore>0

and

ci(J)

d(gxm ,gxc"(j)) <

Vm=>mj ,je€ A,
naj

Taking m > u = max{mq,my,...,m,} and using (2.9), we get

d(F(xGi(1)7...,xGi(n))7gxr(i)) < (dld(gx,?{(l),gxci(l)) -l-"--I-and(gx,?f(n),gxci(")))

Since ¢ is arbitrary, then F(x%(1) ... x%(")) = ox™@) Thatis, (x',...,x") is a ¢ — coincidence

point of F" and g.
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Remark 2.1. The sequential monotonicity of the set X can be replaced by the continuity of the
commutative mappings F and g.

Indeed, g(gx;(jzl) = g(F(xgi(l),...,x%(n))) = F(gx,f{(l),...,gxg{(n)), and then taking limit at

m — oo and using (2.8) implies, g(gx™) = F(gx%() ... gx%")) Thatis (gx',..., gx") is a ¢-

coincidence point for F and g.

Remark 2.2. Theorem 2.1 is different from corollary 10 in [17] for many reasons. First, we
do not assume the completeness of the whole space X, only we need the completeness of the
subspace g(X). Second, we omit the continuity condition of the mapping g. Third, we weaken
the commutativity condition of the mappings F' and g, we use the weak-compatibility. Finally,

our proof is essentially different.

The conditions of Theorem 2.1 are not enough to prove the existence and uniqueness of the
common ¢-fixed point for the mappings F and g. We apply the condition of weak- compatibility
of F and g to obtain the following fixed point theorem. For a product space X", we define a

partial ordering in the following way: for all (x!,... x"),(y',...,y") € X",
(. x) =) e xi <y forall i€ A,

and (x',...,x") = (y!,...,y") & x' =y, V i. Let ® be the set of all ¢— coincidence points of
F and g.

Theorem 2.2. In addition to the the hypothesis of Theorem 2.1 suppose that for any two non
comparable elements (x',...,x"), (y',...,y") € ® there exists (u',...,u") such that:

(Fo'® .y @) FwoW, . u® ™)) is comparable, at the same time, to

(F(xor . xor 0y R x90)) and (F(y@ D), yor)y o F(yor(D)] L yon())),
Provided that F and g are weakly compatible. Then F and g have a unique common @- fixed

point.

Proof. Due to Theorem 2.1 the set @ is non-empty. Assume that (x!,...,x") and (y!,...,y")

are two ¢- coincidence points of F' and g, thatis,

ng(i) = F(xai(l), .. ,xc"("))
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and
g™ =F (o) oy e A,

If (x',...,x") and (y',...,y") are comparable, say, x' <; ', then d(gx*® gy*)) =0 Vi, i.e.,
gxi =gy Vi
If not, by the assumption there is (u',...,u") € X" such that (F(u®'(), ... uo ) . FoW) . uoM))
is comparable, at the same time, to (F (x1(V, ... xo1))  F(xo(D) . x%()) and
(Fyo ), yor ) F(yo () . yon))). Put uf = u’ Vi and apply the same argument in

Theorem 2.1, one can determine the sequences {u} },,>0, {t2}m>0, - .., {t" }n>0 such that
gu;(jzl = F(u,cff(l), . ,u%i(")), for all m,i.

Further, set x}, = x' and y}, =y Vi, we can define the sequences {xi, },,>0 and {y', },;>0,i € A,

with
gx;(j_)l = F(xrorz(l), ... ,x,?j(n)) and gy;(ﬂl = F(y,?{(l), ... ,y,?{(n)) YV m,i.
Since gxg(i) = F(xgi(l), . ,xgi(")) = gxf(i), we have
gxi” < gxt® and gxg = gxf?.

Obviously, one can use the mathematical induction to claim that

gx;(i) =i gx;(i)l and gxfn(i) =i gxr(i)1 forall m >0 and i € A,,.

m+
Therefore,

(2.10) ext) = gx™@ forall m>0 and i € A,.
Similarly, We have

@11 g = gy,

Using the hypothesis of the theorem we have the inequality

FoM . u%) <, F(xO) | x%in)

— Y

or

FD . u%) = F (x| %)y,
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Consider the first inequality holds, that is, guf(i) =i gxf(i), then gu;(i) =i gxf(i). The second

inequality is same, then, gu,f,,(i) is comparable to gx®), By a similar way one can assert that

gufn(i) is comparable to gy®().

d(gur)y, ) =a(F (™. u ™), F (W, x%)) < Y ajd(gup”, ge)
j=1

(i)

Define §,, = max <<, d (g ,gx*")) and taking maximum above implies:

n
6m+1 < Z aj5m7

j=1

5m+1 S)LSm, A= Zaj< 1,

(2.12) =

Omr1 < <AM™8 — 0 as m — oo

7(i)

= gup" — gx" forall ie{1,...,n}.

By a similar way, we get
(2.13) qutl) — gy° forall i€ {1,...,n}.
The uniqueness of the limit gives
gx' =gy or F(xO( . xOy = p(yoill)  yoiln)y,
Now apply the condition of weak compatibility
ggx™) = gF (xO) | x0i) = F(gxO1)  gx%(n),

that means (gxi)?: | is another ¢- coincidence point of F and g, by the above fact that ggx' =
gx' forall i.Setgx=E&, then E7) = g&7() = p(g9ill) £0i() Therefore, (E!,...,E")isa

common fixed point of F and g.
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Example 2.1. Let X = [0, 1] with the usual order and metric, i.e., (X,<,d) contain an ordered

metric space. Define the mappings F : X" — X and g : X — X by

2 2 2 2 2
Xt x5 x5 X X
F(x1,x0,...,%,) = 31—124_@3_%..._‘_2_2’

glx) = x, VxeX.

Consider ¢ = {7,01,...,0,} be an n+ 1-tuple of permutations from A, = {1,2,...,n} into

itself in the form:

1 2 3 n
T=01 =
1 2 3 n
1 2 3 n
Oy =
21 2 n
1 2 3 i n
o, =
i i—1 i—-2 1 —i+1
1 2 3 ...on
Gn =
n n—1 n-2 ... 1

Let A be the set of odd numbers and B be the set of even numbers in A,. One can easily see that
all conditions of theorems 2.1 and 2.2 hold as in the following:
First, 0, € Qapifi € Aand 6; € Qap if i € B.

Second, F has the mixed g-monotone property, that is,
gx < gy implies F(ay,...,ai—1,X,ait1,-..,an) <; F(ay,...,ai—1,y,aiy1,-..,an).

To claim this we have to consider two cases

2 2 2

Y _a a 1 a

o: ificA, thenF(al,az o a 1,x Ait1,-- ,an)—T'—ZZ—I—--- 2, 1+ ijl—k---—l—z—ﬁ

a% a21 )’2 t+1

<5-7 —sA st —F(ahaz, Qi 17Y7ai+17 an):

2 2

epe a a

e: ifi€B, thenF(al,az i 1,x a,~+1,...,an):—'——+ + 50T ’ +2§ﬂ R

2
aj

2
1 1 ay __
2___+ + y +2§11+'”+2_Z_F(a17a27"'7ai—17yaai+17"'7an)'
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Third, for the contractive condition ( 2.1), we have for all (xi,...,x,),(V1,...,yn) € X"

2 2 2 2 2 2
X X X y y y
d(F (31,32, 5) F (51,32, 3n) = 31—12+~-+2—Z—<31—f+-~+2—2>|
1 1
<5l y1\+ Y= [+t o [ =y
1

1
—d (8Xn, gYn)

1
d(gx1, gy1)+4d(ng,gyz)+ b

=5
<X aid(gxi, gYi)-

Where, gx; <; gy; and a; = %for alli € A\, (note, Lja; < 1).

Fourth, g(X) = X is complete, F(X") C g(X) and X has the sequential monotone property. Thus
all conditions of Theorem 2.1 hold and then F and g have one coincidence point (0,...,0). Fur-
thermore, F' and g are weakly compatible (but not commuting) and the set ® of all coincidence
points is a lattice then Theorem 2.2 ensures that (0, ...,0) is the unique common fixed point of

F g

If we consider 7 by the identity permutation on A, i.e., (i) =i V i, we will state and prove

the following theorem under more general contractive condition.

Theorem 2.3. Let (X, =,d) be an ordered metric space and ¢ = (0y,...,0y) be a (n)-tuple of
mappings from A, into itself such that, 6; € Q4 g ifi € A and 0; € Q;\,B ifieB. Let F: X" — X
and g : X — X be two given mappings such that F has the mixed g-monotone property, F(X") C
g(X) and g(X) is a complete subspace of X. Assume that there exist a;,b;,c; € R,i € A, verifying
Yiai+Yi bi+Y! ci<land

n
d(F(x',...x")FG',... ") < Y ajd(gx’ . gy)
=1

nod(gxd, F (x5, xCY))d gyl F(y%iD), ... yoi(n)

o1 LY b, (gx/, F( . ))j (gjy (y yoitn))
= (gx7,8y7)

d(gx/,F(yo(D,...,y%1W))d(gy/,F (x° D) ... x%i(n)))

n
+ch
=1

d(gx/,gy/)

for which gx' <; gy'. If there exist x(l), ....Xy € X such that

(2.15) g(xh) =i FSW xS forall i € Ay,
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and X has the sequential g-monotone property. Then F and g have, at least, one ¢ — coincidence

point.

Proof. Apply the same manner as in Theorem 2.1 we can easily construct sequences {X,In}mzo,

- {2 }m>0 such that

gxi  =FEgM . xT™), forall m>0 and i€ A,.
The mathematical induction for m > 0 tends to

(2.16) gxi, <igxh ., foralli € A,.

Then we use ( 2.16) and the contraction condition (2.14) to assert that the sequences {gxfn}mzo

are Cauchy for all i € A, as follows

d(gx%,gxzﬂ) :d(F(x;"Ell), ... ,xf:l"fnl)),F(x,?j(l),...,ng(n))) < Z ajd(gxaifjl),gx,?{(j))

m
=1
n i b .d(gxgjﬁjl),F(xZ‘f_i(f)(l)’ . ,x;fi(lj)(’l)))d(ngi(j)’F(x;ci(j)(l)7 o 7x’(;gl.(j)(n)))
= d(ge®0) 200

n d(gx(’i(j) F(x,c,;f’m(l),...,xzai<j>(n)))d(gx,(,;,i(j),F(x%"(j)(l) m’x%_,m(")))

m—17 m—1 ’

= d(gx3Y), gxni)
- G e, oY) et a(gx V) gxf)
< a'd(gx’(;’y), Zz(]))_'_ b m = i m+
j; ' 1 ]; : d(x5Y), gy
iy (gxo o) (g g )
=1 d(gx7Y) oxTV))
SZ gx3Y) gxil +Zbdgxm X))

'M=

< ) aj max d(gx,,_ l,gx +Zb maxd(gxm,gxmﬂ)
1 1<i<n

~
Il
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Define 8, = max;<j<,d(gx},,gx}, ;) and taking maximum above implies

Z m1+2b6m7

J=1 J=1
Z 5 < Zaj m—1,
2.17) Jj=1 j=1
noa
Sy < A8y 1, A=——=1
: (1-Y"_1b))

= d (g%, 8% 1) < O < A",

For a fixed i we use the triangle inequality and (2.17) to obtain:

d(gximgxfn—i—p) S d(gximgxin—i—l) + d(gx£n+1 vgxli?1+2) +o +d(gx£n+p—1 7gx£n+p)
S ()»m-l-)l,m_H +.“+Am+p—l)50

SAM(14 A+ 4+ AP NG

1—AP
<A™ 1—50—>O as n — oo.

Therefore, {gxi,}>0 are Cauchy sequences (for all i € A,,) in g(X). By the completeness of
g(X), there exist {gx!, ..., gx"} € g(X), such that

(2.18) gxi — gx', as n— oo forall i € A,.
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Inequality (2.16), limit (2.18) and the sequential g- monotonicity of X yield gx!, <; gx'.

Now consider

d(F(xG"(l),...,xG"(”)),gxi) §d(F(xGi(l),...,xG"(”)),F(xm' yeeoy X, G’( )))+d(gxm+1 gx')

j=1
) zn:b]d(gxm(J)’F(xmam( ) e ) (42 X0, ,xcclw(n)))

= d(gxm(’),gx oilJ ))

n (gx,‘,’{(j),F(x"ci<f>(1) ) (g2 Z"f(j)(l),...,xZ‘”‘(”(n)))
+j221cj d(gxm(]) gx0ilJ >)

+ d(gxfnJrl ’ gxi)

n o d(gx i) exT\d (gxo ) F (x| x%in())

Y oi(j)
(gxgV) gx%U)) + Y b; :
; J=21 ! d(gxoi), gxoili)

gxmi(])aF<xGGi(j>(l)7 s ,xcdi(j) (")))d(gxd,(j),gxg;ijl))
d(gxV), gxoilh)

a d( i i
+) ¢ +d(gxh, 1, 8x)
j=1
— 0 as m — oo.

Thus, F(x%(1) ... x%(") = gx’ and (x',...,x") is a ¢ — coincidence point of F and g.

P

Now, we shall prove the existence and uniqueness of the common ¢@-fixed point.

Theorem 2.4. In addition to the the hypothesis of Theorem 2.3 suppose that for any non com-

parable elements (x',...,x"), (y',...,y") € ® there exists (u',...,u") € X" such that
(gu',gu?,... gu")
is comparable, at the same time, to
(gx',gx?,...,ex") and (gy',8Y%,...,8").

Provided that F and g are weakly compatible. Then F and g have a unique common @- fixed

point.
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Proof. According to Theorem 2.3 the set ® is non-empty. Assume that (x',...,x") and
(y',...,y") are two non comparable ¢- coincidence points of F and g, that is

g_xi = F(xci(l), . ,XGi(n)),

g = FOuoW, ,ym( )) forall i € A,,.
By the preceding assumption there exists (u',...,u") such that (gu',gu?,..., gu") is compara-

ble, at the same time, to (gx!, gx?,...,gx") and (gy',gy%,...,y"). Putu} = u’ Vi and apply the
same argument in Theorem 2.3, one can determine sequences {u} },,>0, {42, }nz0, - - ., {t" >0

such that gu! F(u,(,:"(l),...,u,?{(n)), YV m,i.

ml =
Further, set x), = x' and y}, = y', V i. By the same way we can define the sequences {x, },,>0 and

{y Yo Vi with 8xfn+1 = F(x,(,y{'(l), .. ,x,(,y{(n)) and gyfnJrl = F(y,?{(l), ... ,y,(:{(n)) V m,i. Then

i

&x, = gxi and

gyfn = gy forall m>0 and i € A,,.
Using the assumption of the theorem we have

gui =i gxi or

ait =i g,

Consider the first inequality, gu1 ; gx', then gu!, <; gx'. The second inequality is same, then,

gu’, is comparable to gx’ and to gy'.
n
d(guth1,83) =d(F (i, ™), F (e, < Y aid (gum 7, gx®0)

" .d(gu2<f>,F<uZ“f<f><”,...,u26f<f>(”>>>d(gxﬁf<l>,F<x%<f)“>,...,x%fwﬂ")))
=1 d(gugy, gxoili))

n 'd(gu,(;i(j),F(xGUi(j)(l), o ,xGGi(j)(n)))d(gxo-i(l),F(u,(:;ci(j)(l), o 7]42@'(])(”)))
=1 d(guii, gxo)

n n
<Ya ,Irilggnd(gum,gx +j_;c,~1n§1ia§xnd(gx’,gu;+1)-
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Define §,, = max;<;<,d(gu,,gx') and taking maximum above implies

n n
6m+l < Z aj6m+ Z Cj5m+17
J=1 J=1

n .
St S A8, A= ==Y
(2.19) el =2 1—J1Q<’

Omr1 < <AM™8 — 0 as m — oo
= gu! — gx' forall ie{l,...,n}.

By a similar way we have
(2.20) gul, — gy’ forall i€ {l,...,n}.
By the uniqueness of the limit we get
g =gy or F(xoi(l), s ,xG"(")) = F(yoi(l), s ,yci(")).

Applying the condition of weak compatibility yields to the existence of common ¢-fixed point
of F' and g. Finally we can easily claim the uniqueness of this fixed point.

Let g be the identity mapping on X in Theorems 2.3 and 2.4.

Corollary 2.1. Let (X,=,d) be a complete ordered metric space and ¢ = (0y,...,0,) be a
(n)-tuple of mappings from A, into itself such that, 6; € Qa p if i € A and o; € QZLB ifi€B.
Let F : X" — X be a mapping having the mixed monotone property. Assume that there exist

aj,bi,c; € R,i € Ay verifying Y ja;+Y7 bi+Y!" c;<1and

d(F(x',.. @) FO... ) < Y ad(x/
j=1

2, d(d F (oD, xCi))d(yl Pyl yoiv))
+) b; A0y

= Y

" d(x,F(y o) .y (n))) (y/, F(xoj(l)’_“,xaj(n)»
L a0 ) ’

for which x' <; y'. If there exist xé, ....xy € X such that

xf) =i F(xgi(l)7 o ,xgi(")), Joralli € Ay,
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and X has the sequential monotone property. Then there exists (z',7%,...,7") € X" such that
(2.21) Z=F@%W, .. %M, forallie A,,

that is F has, at least, one ¢ — fixed point. Furthermore, let A be the set of all points of X" ver-
ifying ( 2.21)and suppose that for all (x',....x"), (y',...,y") € A there exists (u',...,u") € X"
such that (u',u?, ... ,u") is comparable, at the same time, to (x',x*,...,x") and (y',y?,...,y").

Then A is reduced to a single point

Example 2.2. Let X = {(x,—x) : x € R} C R? with the Euclidean metric and the usual order
(x,y) < (z,t) & x <z and y <t, contains a partially ordered complete metric space, whose

different elements are not comparable. Define F : X" — X as

F((x1,—x1),(x2,=x2), ..+, (X0, —xn)) = (x1,—x1)

Consider 01,07,...,0,: Ay — A, defined as in Example 2.1. It is easy to show that all hypoth-
esis of Corollary 2.1 are satisfied unless the condition which guaranties the uniqueness of ¢-
fixed point, for any two different fixed points we cannot find another point in X" that compara-
ble to them at the same time. So a greater number of fixed points of F can be found, because
any point ((x1,—x1), (x2,—x2),..., (xn, —xy)) € X" can be interpreted as a ¢- fixed point for the

mapping F as follows

(x1,—x1) = F((x1,—x1),(x2,—x2),..., (Xn,—Xn))

(x2,—x2) = F((x2,—x2),(x3,—x3),..., (X0, —Xn), (x1,—x1))

(xi,—xi) = F((xi,—x1), (%it1, =Xit1)s- -5 (X0, =Xn), (1, —x1), ..., (Xiz1, —xi—1))

(Xn,—xn) = F((xn,—xn), (Xn—1,=Xn—1),---, (x1,—x1))-
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