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Let E be a nonempty real normed linear space. A subset K of E is called proximinal if for

each x € E there exists k € K such that
[x — k|| = inf{|lx—y[| : y € K} = d(x,K).

It is known that every closed convex subset of a uniformly convex Banach space is proximinal.
In fact, if K is a closed and convex subset of a uniformly convex Banach space E, then for any

x € E there exists a unique point u, € K such that (see, e.g., [26], [25], [15] and [8])
% —uyl| = inf{[|x — [ : y € K} = d(x,K).

Let E be a nonempty real normed space. We denote the family of all nonempty proximinal
subsets of E by P(E), the family of all nonempty closed, convex and bounded subsets of E by
CBC(E), the family of all nonempty closed and bounded subsets of E by CB(E) and the family
of all nonempty subsets of E by 2F for a nonempty normed space E.

Let D be the Hausdorff metric induced by the metric d on E, that is, for every A,B € CB(E),

D(A,B) = max{supd(a,B),supd(b,A)}.
acA beB

A multi-valued mapping T : D(T) C E — CB(E) is called L-Lipschitzian if there exists L > 0

such that,
(1) Vx,y € D(T), D(Tx,Ty) < L|lx—yl|.

In (1), if L € [0,1), T is said to be a contraction, while T is nonexpansive if L = 1. A point
x € C is a fixed point of T if x € Tx and we denote by F(T') the set of fixed points of T’; that is,
F(T)={xeC:xeTx}.

A mapping T : D(T) C E — CB(E) is said to be hemicontractive-type in the terminology of
Hicks and Cubicek [17], if F(T') # 0 and for all p € F(T),x € D(T)

) D*(Tx,Tp) < |lx—p|* +|lx—u|* Y u € Tx,

while, a mapping T : D(T) C E — CB(E) is said to be demicontractive-type, if F(T) # 0 and
forall p € F(T),x € D(T) there exists k € [0, 1) such that

3) DZ(Tx,Tp) < ||x—p||2—|—k||x—u||2,‘v’u€Tx.
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For the definitions of k-strictly pseudocontractive-type, quasi-nonexpansive-type, pseudocontractive-

type and nonexpansive-type multivalued mappings we refer the reader to the paper [31].

Recently, Woldeamanuel et. al. [31] introduced an iteration scheme x; = w € K by

4

Yn = (1 _ﬁn)xn +ﬁn”na uy € Tyxy,

4) Zn = YuWn + (1 = Yn)xn, wy € Tyyn,

Xnt+1 = OCnW-I-(l _an)zru n>1,
\

where T, := T,,(mod N) and {¢, }, {Bn}, {1»} C (0, 1) satisfy some conditions.
They stated a theorem (Theorem 3.1 [31]) and proved strong convergence of the scheme to
a common fixed point p, which is nearest to w, of 7;,i = 1,...,N. The proof depends on the

argument that 7 : K — CB(K) satisfies ||u —v|| < 2D(Tx,Ty), Vx,y € K,u € Tx,v € Ty.

Remark 1.1. A close look at the property of 7 shows that the argument considered may not be

in general true. To see this, one may consider the following example.

Example 1.1. Let T : R — 2R be given by

[—v/2x,0] x € [0,00],
Tx=

[0,—V2x], x€&[—o,0].

It can be shown that T is hemicontractive-type. Now, for x =3 and y = 2, we have Tx =

[—34/2,0] and Ty = [—5+/2,0), so that
D(tx,Ty) = D([-3v/2,0],[-5V'2,0]) = 2V2.
Now foru=o0 € Tx and v = —5v/2 € Ty, we have

|u—v|| =5v2>4v2=2D(Tx,Ty).

A mapping T : K — CB(H) is said to be pseudocontractive (see [19, 20, 24]), if the inequality

(5) (u—v,x—y) <|x—y|?
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holds for each x,y € K,u € Tx, v € Ty. In this case,
=y = (u=v) > +2{u—v,x—y) <2lx=y[I* + [ —y— =),
which implies that

2 2 2
[l =vl|” < foe=yl|"+ [x =y = (@=v)|I".

Hence, T : K — CB(H) is said to be pseudocontractive multi-valued mapping, if ¥V x,y € K
(6) lu—v|]> <|x=y|*+|x—y—(u—v)||>, VueTx,veTy.

We observe that (6) implies that V x,y € K,
@) DX(Tx,Ty) < |x =yl + |x—y = (u—=)|?, VueTx, veTy,

known as pseudocontractive-type multi-valued mapping (see, [31]).
For an example of pseudocontractive multi-valued mapping, see [32].
A mapping T : K — CB(H) is said to be k-strongly pseudocontractive (see [19, 20]), if there

exists k € (0, 1) such that the inequality
) (u—v.x—y) <klx—yl?,

holds for each x,y € K,u € Tx, v € Ty.

Again we refer the reader to [32] for an example of k-strongly pseudocontractive multi-valued
mapping.
Remark 1.2. Note that the class of pseudocontractive multi-valued mappings properly includes

the class of k-strongly pseudocontractive multi-valued mappings.

Multi-valued pseudocontractive mappings are also related with the important class of nonlin-

ear monotone mappings, where A : K — CB(H) is called monotone, if for any x,y € K,
9) (u—v,x—y) >0, Vu€Ax,vEeEAy.

A mapping A : K — CB(H) is said to be k-strongly monotone mapping if for all x,y € K, there

exists k € [0, 1), such that

(10) (u—v,x—y) > kllx—y||?, YueAx, veAy.
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We note that T is pseudocontractive if and only if A := I — T is monotone and hence x € F(T)
ifand only if x e N(A) :={x € K : 0 € Ax}.

Recently, Woldeamanuel et al. [32] introduced an iteration scheme x; = w € K by

p

Yn = (1 _ﬁn)xn +Bnun7

(1) in = ann+(1_’}/n)xn’

\xn—ﬁ—l = Opw + (1 - an)zna n>l1,

where u, € Tx,,w, € Ty, such that ||lu, —wy|| < 2D(Tx,,Tyy), and {ot, }, {B.}, {%} C (0,1)
satisfy certain mild conditions.
They proved the strong convergence of the Scheme (11) to the fixed point of Lipschitz pseu-

docontractive multi-valued mapping 7. This brings us to the next question.

Question: Can we extend the results of [32] to a common fixed point of a finite family of

Lipschitz pseudocontractive multi-valued mappings?

The purpose of this paper is twofold. In section three, motivated by the result of Woldea-
manuel ef al. [31] and Remark 1.1, we consider the scheme studied in [31] with appropriate
assumptions on 7 and give a modified proof which will enable us to correct the anomalies point-
ed out in Remark 1.1. In section four, we extend the work of Woldeamanuel ef al. [32] to a finite

family of Lipschitz pseudocontractive multi-valued mappings under appropriate conditions.
2. Preliminaries

Definition 2.1 Let E be a Banach space. Let T : D(T) C E — 2F be a multi-valued mapping.
(I —T) is said to be demiclosed at zero, if for any sequence {x,} C D(T) such that {x,} con-

verges weakly to p and D({x,},Tx,) — 0, then p € Tp.
Lemma 2.1. [30] Let H be a real Hilbert space. Then, the following equations hold:

(1) Jlex+ (L=0)y|> =tllx]> + (L= 1)yl = ¢(1 = 1)||x = y[|*, ¥z € [0,1],
x=y|P? = llx =2l +llz =yl +2(x — 2,2~ y).

(2) Given any x,y in H,
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Lemma 2.2. [11] Let H be a real Hilbert space. Then, the following equation holds: If {x,} is
a sequence in H such that x,, — z € H, then

limsup ||x, — y||* = limsup [|x, — z||* + |z — y||*, Vy € H.

n—soo n—soo

Lemma 2.3. [1] Let K be a nonempty, closed and convex subset of a real Hilbert space H. Let

x € H. Then, xy = Px(x) if and only if (z— xp,x —x9) < 0,Vz € K.

Lemma 2.4. [4] Let K be a nonempty closed convex subset of a real Hilbert space H. Let
T : K — CBC(K) be a multivalued mapping and Pr(x) = {y € Tx: ||[x—y| =d(x,Tx)}. Then,

for any x € K, xo € Pr(x) if and only if (z — x0,x —xo) < 0,Vz € Tx.

Lemma 2.5. [17] Let {a, } be a sequence of real numbers such that there exists a subsequence
{ni} of {n} such that an; < any1, for all i € N. Then, there exists a nondecreasing sequence
{my.} C N such that my — oo and the following properties are satisfied by all (sufficiently large)

numbers k € N: ap, < a1 and ay < ap 11, In fact, my :=max{j <k:aj<aj1}.

Lemma 2.6. [28] Let K be a metric space. Let T : K — P(K) be a multivalued mapping. Then,
the following are equivalent:

(1) x € Tx, (2) Prx ={x}, (3) x € F(Pr). Moreover, F(T) = F(Pr).

Lemma 2.7. [33] Let H be a real Hilbert space, C a closed convex subset of H and T : C — C
be a continuous pseudo-contractive mapping, then (I — T) is demiclosed at zero, i.e., if {x,} is

a sequence in C such that x, — x and Tx, — x, — 0, as n — oo, then x = T x.

Lemma 2.8. Let H be a real Hilbert space. Then,

x+y))? < x> +2(nx+y), Vx,y€H.

Proposition 2.1. [3] Let H be a Hilbert space. Let K be a nonempty closed and convex subset
of H. Let T : K — CB(K) be k-strictly pseudocontractive-type multivalued mapping. Then 7T is
L-Lipschitz mapping.
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Lemma 2.9. [34] Let {a,} be a sequence of nonnegative real numbers satisfying the following
relation: a1 < (1 — )a, + 04,0,,n > ng, where {a,} C (0,1) and {8,} C R satisfying the
following conditions:

o>

lim o, =0, ) o, = oo, and limsup &, < 0. Then, lim a, = 0.
n—oo 1 N—so0 n—oo

Lemma 2.10. [21] Let E be a complete metric space. Let A,B € CB(E) and a € A.

(1) If y > O, then there exists b € B such that d(a,b) < H(A,B) + Y.
(2) If x €E, then d(x,A) < d(x,B)+ D(A,B).

The proof of the following are given in [32].
Lemma 2.11. Let H be a real Hilbert space. Suppose K is a closed, convex, nonempty subset
of H. Assume that T : K — CB(K) is pseudocontractive multi-valued mapping with F(T) # 0.

Then, F(T) is closed and convex.

Lemma 2.12. Let H be a real Hilbert space. Suppose K is a closed, convex, nonempty subset
of H. Assume that T : K — CB(K) is Lipschitz pseudocontractive multi-valued mapping. Then,
there is a single-valued nonexpansive mapping S : K — K, such that for some A > 0 and for any

y €K, S(y) is a fixed point of Ty(x) :== (1 —A)y+ATx.

Lemma 2.13. Let H be a real Hilbert space. Suppose K is a closed, convex, nonempty subset
of H. Assume that T : K — CB(K) is Lipschitz pseudocontractive multi-valued mapping. Then

(I —T) is demiclosed at zero.

3. Convergence results for a finite family of lipschitz hemicontractive-type

mappings

Now, we give the modification of the statement and proof of Theorem 3.1 of [31].

Theorem 3.1. Let K be a non-empty, closed and convex subset of a real Hilbert space H. Let
T;: K — CB(K),i=1,2,...,N, be a finite family of Lipschitz hemicontractive-type mappings
with Lipschitz constants Li,i = 1,2,... N, respectively. Assume that (I —T;),i=1,...,N are
demiclosed at zero and ¥ = ﬂé\': {F(T;) is non-empty, closed and convex with Ti(p) = {p}, Vp €

F(T) and for each i = 1,2,...,N. Let {x,} be the sequence generated from an arbitrary x| =
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w € K by
)
Yn = (1= Bn)xn + Puitn,
(12) Zn = YaWn + (1 = %) Xu,
[ Xnt1 = ow—+ (1 —ay)zp, n>1,

where, uy € TyXn, Wy € Tyyn such that ||uy —wy|| < 2D(Tyxn, Tyyn) and T := T, (moa N)+1> 10}
{Bn}, {7} C (0,1) satisfy the following conditions:

. 0<a,<c<1,Vn>1suchthat lim o, =0and Y, o, = oo,

n—roo n=1
1
Ty 2 erbi=max{Lis 1,2, N}

Then, {x,} converges strongly to some point p € .7 nearest to w.

i 0<a<p <P <B<

Proof. Let p = Pz (w). Now, using (1) of Lemma 2.1,

o1 —pl> = [low(w—p)+(1—an)(z.—p)|?

< oulw—plP+ (1 - )|z — plI?

= ollw—plI*+ (1 — &)1 (wn — p) + (1 — %) (xn — P) ||

= 0llw—pl*+ (1= ) allwa — I + (1 — o) (1 = ) |xn — pI?
— (1= ) Y1 = 1) W — 3%,

= 0w pl*+ (1= o) (1= %)l — P>+ (1= ) Yallwn — pI?
— (1= )Y (1 = %) W = xa %,

(13)

which implies that

A

lenst = pl? < ollw = plI* + (1= 0) (1= %) s = pII> + (1 = 06) W D(Tyn, Tup)

—(1 = ) Yu (1 = 1) [[wn _xn||2

IN

Gl [w = pII* + (1 = 06) (1 = 1) |0 — pII* + (1 — o) o

[H}’n _sz + [|yn _WnHZ} — (1= 06) V(1 = %) [[wn _anZ-
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Thus,

(14)  |[|xar1 = plI* < aullw — plI*+ (1= 04) (1 = ) lxa — plI* + (1 — 0t)
X Yl yn _PH2 +(1— O‘n)?’nHyrt _Wn||2 — (1= )W (1 = %) |wn _xn||2-

On the other hand, using (12) and using the assumption that ||u, — wy|| < 2D(T,xn, T, yn) We

have
||)’n_wn”2 = ||(1_Bn>(xn_wn)+ﬁn(”n_wn)||2
= (1_ﬁn)”xn_Wn||2+ﬁn||”n_wn||2_ﬁn(1_ﬁn)Hxn_unHz
< (1= Ba)|lxn — wall> + BadD*(Tnxn, Tyyn) — Ba(1 — Bu) |0 — unl|*
< (1_ﬁn>||xn_Wn||2+ﬁn4L2Hxn_yn||2_Bn(1_Bn)Hxn_”nHz
< (1_Bn)”xn_Wn||2+4L2ﬁr?||xn_”n||2_Bn(l_Bn)Hxn_”nHZ-
Hence,
(15) ||)’n Wn||2 (l_ﬁn)Hxn Wn||2_ﬁn(1_ﬁn_4Lzﬁnz)||xn_”n“2-
Again,

lyn—=pI> = 1(1 = Ba)xn + Butta — p)|I?
= [[(1 = Bu) (= p) + Bulun — p)II?

= (1= Ba)lxn = plI> + Bullun — p1I> = Ba(1 = Ba) 0 — a1,

which gives that

”)’n_pHZ < (1=Bu)llxn— P|’2+ﬁnD2( nXn, Tup) — ﬁn<1_ﬁn)“xn_”n’|

IA

(1 - Bn)Hxn _PH2 + B [Hxn _P||2 + Hxn - ”nHZ]

—Ba(1 = Bu) %0 — ”n||2~

Thus,

(16) 10 = PII* < 1w — plI* + B{|x0 — un|*-
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Now substituting (16), (15) into (14), we have

||xn+1 _PH2 < O‘n||W_P||2+ (1—o04)(1— Yn)”xn _P||2+ (1— an)YnHXn _PH2
+ (1- O‘n)')/nﬁr%HXn - “nH2 + (1= 04) Y (1 = ) || _WnHz
- ﬁn(l_an)yn(l_ﬁn—4L2ﬁ3)Hun_an2

—(1 = 0t) Yu (1 = Y) [[wn —anz,

which reduces to

(17) ||xn+1 _P||2 < O‘nHW_P”z"" (1 - O‘n)Hxn _PH2 —Bu(1— O‘n)

X Yu(1 =2y _4L2Br%)||”n _xn||2 + (1= 06) Y (Y — Br) | _Wn||2-

From hypothesis (ii) in (12) we have that

(18) 1 -2, —4L*B2 > 1-2B —4L*B* and 3, < B,

Using (18) in (17), we get that

(19) X1 — P> < (1= o) %0 — pII* + |l w — p|1 >

Thus, by induction

[Pn1 = plI? < max{|lx; — p|%, [lw— p|I*}, ¥ > 1.
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This implies that {x, },{y,} and {z,} are all bounded. Furthermore, from (12), Lemma 2.8 and
(17), we get that

Pt = pIP = (1= 0) (B + (1= )0) + 0w —

= (11— ) (B + (1= a)52) = ) + Gl — )
< (1= @)+ (1= %)% — pl + 206 (w = p,x0s1 = p)
= (=) [llwa = pI*+ (1= )0 — p

11 = 20) %0 = wal 2| 4200w P41 — )

IN

(1= &) | 1D (T Tup) + (1= ) 0 —

=91 30) = wal 2| + 208w = p. 1 = ),

which implies that

o1 =pl* < (1=0) %Iy =PI+ lyn = wal®) + (1= %) [l — pII?
— (1 — Yn)Hxn_WnHz} 4206, (W — P, X1 — P)
= (I—ow) [yn(||)’n_p||2+||yn_Wn||2)+(1_'}’n)”xn_p“z}

— (1= 0t) Y (1 — W) |2 _WnH2 +20,(W — p,Xus1 — D)

IN

(1= 0) Yol lxn — P2 + (1 = 06) B2l Pn — tea|> + (1 — 00) %o

X [(1=Bu) 1w = wall* = Ba(1 = Bu = 4L7B) 130 — tn|*]

— (1= 06) ¥ (1 = ) |[Wn — X ||* + 206 (W — p, X1 — P)

= (1= 00)[lx =Pl = (1= ) YaBu (1 — 2B, — 4L B7) |0 — 1>

+206,(w — p,xp1 — p) + (1 = ) V(¥ — Bu) ||Xn _Wnuz-

That is, we get that

[ _PH2 = (1—an)|x _pH2 — (L= 00) %uPn(1 — 2B, —4L2[3,12)Hxn - ”n”2

(20) +206, (W — Py Xpt1 — p) + (1= 0) Y (Yn — Bu) |0 — Wn||2v
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which implies
2D ot =pl? < (1 =)l — plI* = (1 = 0t) YaBu(1 — 2B, —4L7B7)
x|, — ”n||2 + 20, (W — P, Xnt1— D),
and
(22) ot =plI? < (1=a)lbon —pl* = (1 —c)a*(1 2B —4L°B?)
X |20 — ttn]|? 4 206, (W — P, Xps1 — p).

Now we consider the following two cases:
Case 1. Suppose that there exists ng € N such that {||x, — p||} is non-increasing, Vn > ng. Then,

we get that {||x, — p||} is convergent. So, from (22) and the fact that o, — 0, we have that
(1=c)a(1=2B —4LB?) |l — un||* < (1 — a)lPin — pII* = lxar1 — pI?,
which gives that
(23) Xp—uy — 0.
Now, from (12) and (23) we get
Yn = Xn = PBu(ttn —xn) = 0,
and hence we get that

2o =%Xall = Yallwn —xall = Vallwn — s + 4y — Xa ||

IN

Yallwn — tn | + Yol [ttn — xn]|
< ’}/nZD(Tnynv Tnxn) + YnHun _an

(24) < W2L[|yn —xnl[ + Yallun — 20 ]| = .
By (12), (24), the fact that ||w — z,|| is bounded and a;,, — 0, we have

[t =xall - = lont1 = 20+ 20— Xl

IN

||xn+1 _ZHH + Hzn _an

(25) = O||w—2zal| + ||zn — x| = O.
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But then, since, ||xp+i — Xa|| < [[Xn+i — Xnriz1]] + -+ -+ ||xne1 — xa]|, we get that
(26) ||Xn+i — xa|| = 0, Vi=1,2,...,N.

Thus, from (23) and (26), we obtain that

(27) i — xn || < ||tnti — Xnvil |+ || Xnti — 20| = 0, Vi=1,2,....N.

Now we show that fori € {1,2,....N}, li_r)n d(xp, Ty4ix,) = 0. But from Lemma 2.10, (23), (26)
n—roo

and Lipschitz property of T; for each i € {1,2,..., N} we get that

d(xnv Tn—l—ixn) = d<xnv Tn+ixn+i) + D(Tn—i-ixm Tn—i—ier—i)

(28) < ||xn_un+i||+L||xn_xn+i|| — 0,

which is the required result. The rest of the proof is the same as Theorem 3.1 of [31]

If, in Theorem 3.1, we consider a single hemicontractive-type mapping we get the following

corollary.

Corollary 3.1. Let H be a real Hilbert space and K be a non-empty, closed and convex subset
of H. Let T : K — CB(K), be Lipschitz hemicontractive-type mapping with Lipschitz constant L.
Assume that I — T is demiclosed at zero and F(T) is non-empty with T (p) = {p}, Vp € F(T).
Let {x,} be the sequence generated from an arbitrary x; =w € K by

(

Yn = (1 - Bn)xn +Bnun; u, € Txp,

(29) Zn = YuWn + (1 — Y)Xn, Wi € Tyn,

\xn—ﬁ—l = 0w+ (1 - an)zna n>1,

where u, € Txp,wy € Ty, such that ||uy —wy|| < 2D(Txp, Tyy), {00}, {Bn}, {1} C (0,1) satisfy

the following conditions:
. 0<a,<c<1,Vn>1suchthat lim o, =0and Y, o, = oo,
n—roo n=1

. 0<a<y<B,<B<

1
VA2 1+1

Then, {x,} converges strongly to some point p € .F nearest to w.
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If, in Theorem 3.1 we assume that Pr,,i = 1,...,N are Lipschitz hemicontractive-type map-
pings, then by Lemma 2.6 , the requirement that 7;(p) = {p} may not be needed. Thus, we

obtain the following corollary.

Corollary 3.2. Let H be a real Hilbert space and K be a non-empty, closed and convex subset
of H. Let T; : K — CB(K),i = 1,2,...,N, be a finite family of multivalued mappings. Let
Pr,i=1,2,...,N, be Lipschitz hemicontractive-type mappings with Lipschitz constants L;,i =
1,2,...,N, respectively. Assume that I — Pr,,i=1,...,N are demiclosed and ¥ = ﬂf’le(Ti) is
non-empty. Let {x,} be the sequence generated from an arbitrary x; =w € K by

.
Yn = (1 _ﬁn)xn+ﬁnun7 uy € Pr,xy,

(30) Zn = YaWn + (1 - Yn)xm wp € PTn)’na

[ X1 = ow—+ (1 — )z, n>1,

where u, € Prx,,wy, € Pr,y, such that ||u, — wy|| < 2D(Pr,x,,Pr,y,) and T, := Ta(mod N)+1>
{0}, {Bn}, {m} C (0,1) satisfy the following conditions:

. 0<a,<c<1,Vn>1suchthat lim o, =0 and Y, o, = oo,
n—oo =1

n—=

i 0<oa<p<B,<B< Vn>1for L:=max{L;:1,2,... N}.

1
VA2 +1+1’

Then, {x,} converges strongly to some point p € .7 nearest to w.

If, in Theorem 3.1 , we assume that 7;,i = 1,...,N, are k-strictly pseudocontractive-type

1+vki
1=vk

mappings then by Proposition 2.1, 7; are Lipschitz with L; = ,i=1,...,N. Hence, we
have the following theorem.

Theorem 3.2. Let H be a real Hilbert space and K be a non-empty, closed and convex subset
ofH. Let T; : K — CB(K),i = 1,2,...,N, be a finite family of k-strictly pseudocontractive-type
mappings. Assume that F = MY F(T;) is non-empty with T;,(p) = {p}, Vp € F(T) and for
eachi=1,2,... N. Let {x,} be the sequence generated from an arbitrary x; =w € K by

4

Yn = (1 _ﬁn)xn +ﬁnuna uy € Tyxy,

(31) Zn = YoWn + (1 = Y)Xn, wy € Tyyn,

Xnt+1 = OCnW-I-(l _an)zm n>1,
\
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where uy € Tyxn, Wy € Tyyn such that |[uy — wy|| < 2D(Tyxn, Toyn) and Ty = T, (moa n)+1- {o,},
{Bn}, {7} C (0,1) satisfy the following conditions:
i. 0<a,<c<1,Vn>1suchthat li_r>n a,=0and Y, o = oo,
h—roe n=1

i 0<oa<p<B,<B< Vn > 1 for L := max{

1 k;
1+\/_’ i=1,...,N}.

1
VATETET ¥a
Then, {x,} converges strongly to some point p € .F nearest to w.

The following follows from Theorem 3.2. For the detail we refer the reader to [31]
Corollary 3.3. Let H be a real Hilbert space and K be a non-empty, closed and convex subset
ofH. Let T; : K — CB(K),i = 1,2,...,N, be a finite family of nonexpansive-type mappings. As-
sume that F = Y_F (T;) is non-empty with T;(p) = {p}, Vp € F(T) and for eachi=1,2,...,N.

Let {x,} be the sequence generated from an arbitrary x; =w € K by

(

Yn = (1 - Bn)xn +ﬁnuna uy € Tyxy,

(32) Zn = YuWn + (1 = Yn)Xn, wy € Tyyn,

Xp4+1 = 0w + (1 - an)Zm n>1,
where u, € T,x,,wy € Tyyn such that ||u, —wy|| < 2D(Tyxn, Tyyn) and T, := Ti(mod N)+1> {0},
{Bn}, {7} C (0,1) satisfy the following conditions:

. 0<a,<c<1,Vn>1suchthat lim o, =0and Y, o, = oo,
n—soo =

n=1

i 0<oa<p<B,<B< Vn > 1.

1
V541

Then, {x,} converges strongly to some point p € .7 nearest to w.

4. Convergence results for finite family of lipschitz pseudocontractive multi-

valued mappings

Theorem 4.1 Let H be a real Hilbert space and K be a non-empty, closed and convex subset
of H Let T;: K — CB(K),i = 1,2,...,N, be a finite family of Lipschitz pseudocontractive
multi-valued mappings with Lipschitz constants L;,;i = 1,2,... N, respectively. Assume that

F = ﬂ?]: F(Ty) is non-empty. Let {x,} be the sequence generated from an arbitrary x; =w € K
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by
.
Yn = (1 _Bn)xn +Bnun;
(33) Zn = YaWn+ (1 - '}/n)xna
| X1 = ow—+ (1 —ay)zy, n>1

where uy € Tyxn, Wy € Tyn such that |[uy — wy|| < 2D(Tyxn, Toyn) and Ty = Ty (moa n)+1- {0},
{Bn}, {7} C (0,1) satisfy the following conditions:

(i) 0< o, <c<1,Vn>1such that lgnanzoand Y o, = oo,
n—reo n=1
1

(i) 0<a<%<B,<Pf<——,Vn>1forL:=max{L;:i=1,2,...,N}.
W <Br<B TR f {Li }

Then, {x,} converges strongly to some point p € .F nearest to w.

Proof. Let p = Pz (w). Now, using Lemma 2.1 we get that

Hanrl_sz = ||05n(W—P)+(1—OCn)(Zn—P)HZ

< alw—plI*+ (1= a)llza— pl?
= 0ullw—p|* + (1 = &) | % (wn — p) + (1 = 1) (xa — p)|I?
= an||W_P||2+(1_an)yn”wn_P”z‘f‘(l_O‘n)(l_yn)

X ||xn _pH2 — (1= )W (1 = %) |wn _xn||2

IN

Ollw — plI* + (1= ) (1 = 1) lxa — pII* + (1= o) 1
[lyn =PI+ 12— P — (Wa = p)II?]

— (1=t Y (1 = W) [wn — x|

= aufw—pl*+ (1= ) (1= %) e — plI* + (1 — 06)

[H)’n _pH2 + [y _Wn“Z} — (1 =)W1 = 1) |lwn _xn”z-

Thus,

G4 s = pl* < tllw— plI* + (1= 06) (1= %) [n — pII* + (1 — 0t)

X Yl yn _P||2 + (1= 04) Vullyn _Wn||2 — (1= ) (1 = %) wn _anz-



APPROXIMATING FIXED POINTS OF PSEUDOCONTRACTIVE MULTI-VALUED MAPPINGS 83

On the other hand, using (33), the assumption that ||u,, — wy|| < 2D(T,x,, T,y,), Lemma 2.1 and
T, is Lipschitz ,
lyn =wall®> = 11(1 = Ba) (X = W) + Bu(tta — wa) |I*
= (1= Ba) [l = wall® + Ballun = wall* = Bu(1 = Ba) [l 2 — un®
< (1= B)llxn = wall® + BeAD (T, Toyn)* = Ba(1 = Bl — |
< (1=PBu)llxn— WnH2 +Bn4L2Hxn _)’nH2 = Bu(1 = Bn) [0 — ”nH2
= (1= Ba) [l = wall> + 4B L2 00 — un|* = Ba(1 = Bo) [Pn — un|*.

Hence,

(35) |y — Wn”2 < (1= Bu)lxn — Wn”2 —Bu(1 =B —4L2B,%)Hxn - ”nH2

Again, using the assumption that 7}, is pseudocontractive,

lyn—=pI? = 1I(1 = Bu)xa+ Bartn — p)|>
= |I(1 = Ba) (xn — p) + Bulua — p)|I?
= (1= B lxn— pII* + Bullw — pII> = Ba(1 = Bu) bn — 1ta|?
< (1= Ba)lxn = pI> + B [0 — pI> + 1 — a|]
—Ba(1 = Bu) [l — un|?

= [lxn = pII* + By bon — un|*.

Thus,

(36) lyn =PI <l = pI? + B3 10 — >

Now, substituting (35), (36) into (34),

b1 =pl? < aullw—pl? + (1 =) (1= %) s — pII> + (1 = o)t llxa — pI?
+(1 = 0) %uB [l — |+ (1 = @) Y (1 = Ba) [l — wu |
—Bu(1 = ) ¥ (1 = B — 4L2 B, |14 — xa?

— (1= 0t) Yu(1 — Y) [[wn _anz’
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which reduces to

37 a1 = pII* < aullw— pl* + (1 = o) xn = pI* — Bu(1 — o)

X Ya(1 = 2B = 4L2 Bt — 5l > + (1 = 06) Y (B — Ba) [0 — il

From hypothesis (i1) in (33) we have that
(38) 1 2B, —4L*B2 > 1-2B —412B>
(39) T < Bn-
Using (38) and (39) in (37) we get that
(40) 1 = pII* < (1= ew) [n = pII> + olw = >
Thus, by induction, we have

i1 = plI* < max{|lxi — pl, [lw—p[*}, V> 1.

This implies that {x,},{y,} and {z,} are all bounded. Furthermore, from (33), Lemma 2.8 and
(37) we get that

It =pI* = (1= 06) (wn+ (1 = %)x) + Guw — p)|>
= 111 = o) (wn + (1= %)xn) = p) + Ou(w = p)|
< (1= )| %wn + (1 = %) = plI* +206(w = p,xa1 = p)
= (1= a) [mallwn—pIP+ (1= ) 50 = pI

101 = 20) %0 = wal?| 42000 = P41 — )

< (1 - an) [Yn(||yn _pH2 + Hyn _WnHz) + (1 - Yn)Hxn _p||2
—Yu(1 = %) [ %n _WnHZ} + 20 (W — p,Xp 11— p)
< (1 _an)7n|’yn_PH2+(1 _O‘n)'}’n|b’n_wn||2

"‘(1 - O‘n)(l - ?’n)Hxn _pH2 - (1 - O‘n)?’n(l - ?’n)Hxn - Wn||2

+205n<W—P,Xn+1 _p>7
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which implies that

A

Hxn—i-l_P||2 > (l_an)yonn_PHz"i_(l_O‘n)'}’anZHxn_”n”z""(l_an)yn
X [(1 _ﬁn)Hxn_WnHz_ﬁn(l _Bn_4L2ﬁr%)||xn_”n||2]
+(1_an>(1_'}’n)||xn_p||2_(1_O‘n)'}’n(l_'}’n)uwn_xnnz

+20, (W — p,Xpt1—P)

IN

(1= 06) |10 — pII* — (1 = @) Ya B (1 — 2B — 4L B || —
+2an<W_P7xn+1_P>+(1_an)yrt(yn_ﬁn)nxn_wnnz-
This implies that,

a1 —pl> < (1= ot)llxa— plI* = (1= ) %uBu(1 — 2B, — 4L7 ;)
(41) X [Pen = wn|* + 20 (W — p, xn1 = p),
and hence by (i) and (ii) we have

b =PI < (1= )= pI> = (1 =€) (1 28 — 4L2B) |, —

42) +200,(W — p,Xni1 —p)-

Now we consider the following two cases:
Case 1. Suppose that there exists ng € N such that {||x, — p||} is non-increasing, Vn > ng. Then,

we get that {||x, — p||} is convergent. So, from (42) we have that
(1=c)a?(1=2B —4LB?)|xa —unl* < (1—0w)lbin — plI* = Pxnr1 — plI?
+20 (W — p,Xn1 — ).
Thus, from the fact that o, — 0, we get
(43) lim ||x, — up|| = 0.
n—yoo
Now, from (33) we obtain that

Yn —Xn = Bn(”n _xn) — 07
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and hence we get that

|z —Xnll = Yaullwn —xull = Yallwn — thn +un — x|

IN

YallWn — tn | + Yol ttn — x|

IN

ZYAD(TAan Tnxn) + YnHun _an

(44) < 2%Lllyn — xn|| + Wl|tn — x| — 0.
Furthermore, from (33), (44), the fact that ||w — z,|| is bounded and o, — 0, we obtain

Xni1 = Xall = |Xnt1 =20+ 20— 2|

IN

1 = zall + |20 =

(45) = ||lw— 2zl + ||z — xn|| = O.

But then, since, ||Xy+i — Xn|| < [[Xn+i — Xntiz1]] + -+ -+ ||*nr1 — Xa]|, we get that
(46) Xnri — Xal| = 0, Vi=1,2,...,N.

Thus, from (43) and (46) we obtain that

47) i —xnll < [|utn+i — Xntil | + [[xn4i — Xn|| = 0, Vi=1,2,...,N.

Now we show that fori € {1,2,...,N}, li_r>n d(xy, Tytixn) = 0. But from (46), Lemma 2.10, (47)
n—roo

and Lipschitz property of T; for each i € {1,2,..., N} we get that
d(xny Tn—i—ixn) = d(xna Tn+ixn+i) +D(Tn+ixn7 Tn+ixn+i>
(48) <[] — il + L|xn — Xl | = 0,

which is the required result. Now, since {||x, — p||} converges, there exists a subsequence

{xn;+1} of {441} such that

limsup(w — p,Xp41 — p) = lim (w— p,x,;+1 — p),
n—soo J—reo

and Xnj+1 — Zs for some z € K. Now, from (45) we get xn; — z. Hence, from (48) and the fact

that 7;, Vi=1,...,N are demiclosed by Lemma 2.13 , we get that z € F(T;), Vi=1,...,N. i.e.,
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z € % . Therefore, by Lemma 2.4 we obtain that

limsup(w — p,xp41 —p) = lim(w—p,xy;+1—p)
n—oo J—re° ’
(49) = (w—p,z—p) <0,

Now, from (42) we have that

(50) b1 =PI < (1= ) bin — P> + 206 (w = p.xar1 — p).

It then follows from (50), (49) and Lemma 2.9 that ||x, — p|| — O i.e., x, — p.

Case 2. Suppose there exists a subsequence {n;} of {n} such that
%, — Pl < [|%n+1 — pll, Vk € N.

Thus, by Lemma 2.5, there is a nondecreasing sequence {m;} C N such that my — oo, ||x,, —

Pl < Xme+1 — pll and [|xx — p|| < ||Xm+1 — Pl|, Vk € N. Now, from (42) and the fact that o;, — 0

we get that x,,, — u,, — 0, when u,,, € Tixy,, Vi=1,...,N. Hence as in Case 1, X, 1 — X, — 0
and that
(51 limsup(w — p, X +1 — p) < 0.

k—yoo

From (42) we have that
(52) mek‘H _p”2 < (1 - amk)mek _P||2 + 204, <W_paxmk+1 —P>
and since ||x, — p|| < ||xm, 41 — pl|, (52) implies that
2 2 2
O‘mkamk -plI© < ||xmk —plI~— ||xmk+1 4l +2(ka<W—p,xmk+1 —p)
< 200, (W — P, X1 — D)
which implies that
bome = pI* < 20w = p.xms1 = p)-

So, from (51) we get that ||x,,, — p||*> — 0 and hence this with (52) give that ||, +1 — p|| — 0.
But, ||xx — pl| < ||xm+1 — pll, Vk € N. Thus, x; — p. Therefore, {x,} converges strongly to

some point p € .% nearest to w.
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Remark 4.1. We note that, since every Lipschitz k-strongly pseudocontractive mapping is
Lipschitz pseudocontractive mapping the above theorem holds for a finite family of Lipschitz

k-strongly pseudocontractive mappings.

If, in Theorem 4.1 we consider a single Lipschitz pseudocontractive mapping we get the
following corollary.
Corollary 4.1. Let H be a real Hilbert space and K be a non-empty, closed and convex subset
of H. Let T : K — CB(K), be Lipschitz pseudocontractive multi-valued mapping with Lipschitz
constant L. Assume that F(T) is non-empty and that T (p) = {p}, Vp € F(T). Let {x,} be the
sequence generated from an arbitrary x; =w € K by

(

Yn = (1 _ﬁn)xn +ﬁn”n7

(53) Zn = YuWn + (1 - ’yn)xna

\xn+1 = Opw + (1 - an)Zn; n>l1,

where u, € Txp,wy € Ty, such that ||u, —wy|| <2D(Txp, Tyy), {00}, {Bn}, {1} C (0,1) satisfy

the following conditions:

o)

. 0<a,<c<1,Vn>1suchthat lim o, =0and Y, , = oo,

n—eo n=1

i 0<a<p<B,<B< Vn>1

1
VA2 +1+1’

Then, {x,} converges strongly to some point p € .F nearest to w.

Proof. Put 7; :=T, Vi=1,...,N in (33) and the scheme reduces to (53). Now, as in (41) and
(42),

(| X141 _PH2 < (1= o)]|xn —p||2 — (1= 06,) Y B (1 — 2B, _4L2[3’12)

X ||%n —un|]2+2ocn<w—p,xn+1 —p), Uy € Txy,

IA

(1= 04,)|1x0 — > — (1 =)o (1 — 2B — 4L*B) ||y — un||>
+2an<w_p;xn+1 —P>

< (1 - an)”-xn _p”2 +2an<w_p7xn+l —P>

The rest of the proof is as in Theorem 4.1.
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If, in Theorem 4.1 we assume that Pr;,i = 1,...,N are Lipschitz pseudocontractive mappings,
then by Lemma 2.6 , the requirement that 7;(p) = {p} may not be needed. Thus, we get the
following Corollary.
Corollary 4.2. Let H be a real Hilbert space and K be a non-empty, closed and convex
subset of H. Let T; : K — CB(K),i = 1,2,...,N, be a finite family of multi-valued map-
pings. Let Pr.,i=1,2,... N, be Lipschitz pseudocontractive mappings with Lipschitz constants
Li,i=1,2,...,N, respectively. Suppose also that F = N_F (T;) is non-empty. Let {x,} be the

sequence generated from an arbitrary x; =w € K by

p

Yn = (1 _ﬁn)xn +ﬁnun7

(54) Zn = YaWn + (1 - Yn)xn’

| X1 = ow—+ (1 —ay)zp, n>1,

where u, € Pr,xn,wy € Pr,y, such that ||lu, —wy|| < 2D(Pr,xn, Pr,yn), and T, = Toi(mod N)+1>
{0}, {Bn}, {m} C (0,1) satisfy the following conditions:

i. 0< o, <c<1,Vn>1suchthat lim a, =0and Y, o, = oo,

n—oo n=1

i 0<oa<y<B,<B< ,Vn>1for L:=max{L;:1,2,...,N}.

1
AT
Then, {x,} converges strongly to some point p € .F nearest to w.

If, in Theorem 4.1 we assume that Pr. : K — CBC(K),i = 1,...,N are Lipschitz pseudocon-
tractive mappings, then Pr,(x) is singleton and hence the following corollary follows.
Corollary 4.3 Let H be a real Hilbert space and K be a non-empty, closed and convex subset
of H. Let T;: K — CBC(K),i = 1,2,...,N, be a finite family of multi-valued mappings. Let
Pr,i=1,2,...,N, be Lipschitz pseudocontractive mappings with Lipschitz constants L;,i =
1,2,...,N, respectively. Suppose also that F = MY F(Pr) is non-empty. Let {x,} be the

sequence generated from an arbitrary x; =w € K by

(

Yn= (1 - Bn)xn + BnPTnxnv

(55) in = ’)/nPTnyn + (1 - }/n)xna

[ 1= ow—+ (1 —ay)zp, n>1,

where Ty := Ty moa N)+1 and {0}, {Bn}, {1} C (0,1) satisfy the following conditions:
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. 0<a,<c<1,Vn>1suchthat lim o, =0and Y, o, = oo,
n—oo =1

n—=

i 0<oa<y<B,<B< ,Vn>1for L:=max{L;:1,2,... N}

1
VAL2+1+1
Then, {x,} converges strongly to some point p € .7 nearest to w.

Next, we state and prove a convergence theorem for a common zero of a finite family of

monotone mappings.

Theorem 4.2 Let H be a real Hilbert space. Let A; : H— CB(H),i =1,2,...,N be a family
of Lipschitz monotone mappings with Lipschitz constants, 1 +L;;i = 1,2,...,N, respectively.
Assume F =N N(A;) # 0. Let {x,} be the sequence generated from an arbitrary x; =w € H
by

r
Yn=Xp — ﬁn”na

(56) Zn = Xn — YW,

\xn+1 = Opw + (1 - an)zna n>l1,

where u, € Ayxy,wy € Apyn such that ||u, —wy|| < 2D(xy — ApXxn, Yn — Anyn) + ||xn — ynl|, and

An = Apmod N)+1> 10} {Bn}, {W} C (0, 1) satisfy the following conditions:

i. 0< o, <c<1,Vn>1suchthat lim a, =0and Y, o, = oo,
n—roo _

n=1

i 0<a<y<B,<B< Vn>1forL:=max{L;i=1,... N}

1
VA2 +1+1

Then, {x,} converges strongly to a common zero point of A1,As,...,A, nearest to w.
Proof. Let Tjx:= (I —A;)x,i=1,2,...,N. Then T;,i = 1,2, ..., N are Lipschitz pseudocontrac-
tive mappings with Lipschitz constants L; := (1+ L;) and

ML F(Ty) = N N(A) # 0.
Now replacing A; with (I —T;) for each i = 1,2,...,N in (56) we get the Scheme (33). Hence
the result follows from Theorem 4.1 .

In Theorem 4.2 , if we consider a single Lipschitz monotone mapping we obtain,
Corollary 4.4. Let H be a real Hilbert space. Let A: H — CB(H) be a Lipschitz monotone

mapping with Lipschitz constant, L. Assume N(A) # 0. Let {x,} be the sequence generated
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from an arbitrary x; =w € H by

.
Yn=Xpn — ﬁnuna

(57) Zn = Xn — YaWn,

where, u, € Axy,wy, € Ay, such that ||u, —wy|| < 2D(x, — Axp,yn — Ayn) + || X0 — yn||, and {04, },
{Bn}, {7} C (0,1) satisfy the following conditions:

i. 0< o, <c<1,Vn>1suchthat lim a, =0and Y, o, = oo,

n—oo n=1

i 0<a<yp<B.,<B< Vn>1forL :=1+L.

1
VALZ 141
Then, {x,} converges strongly to a zero of A, nearest to w.
Remark 4.2. Our work improves Theorem 1 and Theorem 2 of Song and Wang [29] and
Theorem 2.7 of Shahzad and Zegeye [27] and extends the work of Woldeamanuel et. al. [32]
for Lipschitz pseudocontractive multi-valued case. It also extends the work of Daman and

Zegeye [6] for the multivalued case.
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