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Abstract. In this paper, we prove a common fixed point theorem, using newly defined absorbing maps

in Menger space. Our result generalizes the result of Razani et al [11].
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1. Introduction

There have been a number of generalizations of metric space. One such generalization
is Menger space initiated by Menger [6]. The theory of probabilistic metric spaces is of
fundamental importance in probabilistic function analysis. It is a probabilistic general-
ization in which we assign a distribution function F} , to any two points x and y. Sehgal
et al [14] initiated the study of fixed points in probabilistic metric spaces. Moreover, this
theory is studied in Menger probabilistic metric space by many authors such as Schweizer
and Sklar [16], Razani et-al [11] and etc. It is observed by many authors that contraction

condition in metric space may be exactly translated into PM-space endowed with min
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norms. Mishra [7] introduced the concept of compatible self-maps in Menger space and
proved the existence of a common fixed point of a pair of compatible maps using a contrac-
tive condition. Subsequently, Singh et al [17] introduced the concept of semi-compatible
mapping in Menger space and proved a fixed point theorem using semi-compatibility.
Ranadive et-al [12] introduced the concept of absorbing mapping in metric space and
prove a common fixed point theorem in this space. Moreover they [12] observe that the
new notion of absorbing map is neither a subclass of compatible maps nor a subclass of
non-compatible maps. In [9], Ranadive et-al introduced absorbing maps in fuzzy metric
space and prove a common fixed point theorem in this spaces. Recently we [13] introduce
absorbing maps in Menger space and prove a fixed point theorem in this space.

In this paper we prove, a common fixed point theorem using reciprocally continuity
and employing absorbing mapping with semi-compatibility.In order to do this, we recall

some definitions,Lemmas, prepositions and known results from [7], [17], and [18].

2. Preliminaries

Definition 2.1. A mapping F' : R — R* is called a distribution if it is non decreasing
left-continuous with inf{F(t) : t € R = 0} and sup{F(¢) : t € R = 1}.We shall denote by
L the set of all distribution functions while H will always denote the specific distribution

function denoted by

0, if t <0,
H(t) =
1, if t > 0.

Definition 2.2. A probabilistic metric space (PM-space) is an ordered pair (X, F') where
X is a nonempty set and F': X x X — L is defined by (p, q) — F),, where L is the set of

all distribution function, i.e., L = {F,, : p,q € X}, where the functions F},, satisfy:

(1) F,,(z) =1 for all z > 0, if and only if p = g,

(2) Fpq(0) =0,

(3) Fpg = Fop,

(4) it F,4(x) =1 and F,,(y) =1 then F,, (x +y) =1, for all p,¢, 7 € X z,y > 0.
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Definition 2.3. A mapping ¢ : [0,1] x [0,1] — [0, 1] is called a t-norm if the following

conditions are satisfied:

) = a for every a € [0, 1],

8
—_

a, b) =t(b, a) for every a,b € [0, 1],
t(a, b) for ¢ > a,d > b a,b,c,d € [0,1];
t(a, b), ¢) =t(a, t(b, ¢))a,b,c e [0,1].

o
=
v

Definition 2.4. A Menger probabilistic metric space is a triplet (X, F.t), where (X, F)

is PM-space and ¢ is a t-norm and the following inequality holds:

Fpr(r+y) > t(Fp,q(x)y For(y))

for all p, ¢, r € X and for all z,y > 0.

Definition 2.5. Let (X, F,t) be a Menger space with t-norm

(1) A sequence {z,} in X is said to convergent to z in X (written as x,, — x) if for every
€> 0 and X\ > 0, there exists a positive integer N = N(&, \) such that F,, .(€)>1— A\
whenever n > N.

(2) The sequence {x,} in X is called a Cauchy sequence if for any €> 0 and A > 0, there
is a positive integer N = N(€, A) such that F, , (€)>1— A\, whenever n,m > N.

(3) A Menger space (X, F, t) is said to be complete if every Cauchy sequence in X if

each Cauchy sequence in X is convergent to some point in X.

Definition 2.6. Two self maps A and S of a Menger space (X, F,t) are said to be
reciprocal continuous if and only if lim,, ,,, ASx, = Az and lim,, ,,, SAz, = Sz, whenever
there exists a subsequence in X such that lim,_,,, Az, = lim,,_,o Sx,, = z, for some z in
X. It is well known that if A and S are both continuous then obviously they are reciprocal

continuous but converse is not true.

Definition 2.7. Self maps A and S of a Menger space (X, F,t) are said to be weakly
compatible if they commute at their coincidence points, i.e. if Ap = Sp for some p € X

then ASp = SAp.
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Definition 2.8. Self maps A and S of a Menger space (X, F,t) are said to be compat-
ible if Fasp,,s4p, () — 1 for all x > 0, whenever {p,} is a sequence in X such that

App, Spp(x) — 2z, for some z in X, as n — oo.

Definition 2.9. Self maps A and S of a Menger space (X, F,t) are said to be semi-
compatible if Fagp, ,s. (x) — 1 for all > 0, whenever {p,} is a sequence in X such that
App, Spn, — z for some z in X, as n — oo. It follows that if (A, S) is semi-compatible
and Ay = Sy, then ASy = SAy. Thus if the pair (A, S) is semi-compatible, then it is
weak-compatible. But the converse is not true.

Recently we [13] define a new notion of mappings called absorbing mapping in Menger

space as follows.

Definition 2.10. Let A and S be two self maps on a Menger space (X, F,t), then
A is called S-absorbing if there exist some real number R > 0 such that Fy, g4, (t) >
Fs,,a, (§) for all z in X. Similarly S is called A-absorbing if there exist some real number
R > 0 such that Fy,,as, (t) > Fa,,s, () for all z in X. Thus we see that, the notion of

absorbing maps is different from other generalizations of commutativity.

Lemma 2.11. Let {p,} be a sequence in a Menger space (X, F,t) with continuous t-norm
and t(x,z) > x. Suppose for all x € [0,1], Ik € (0,1) such that for all z >0 and n € N,
Fpps pry1(kx) > Fp, 1, pa()

Then {p,} is a Cauchy sequence in X.

Lemma 2.12. Let (X, F,t) be a Menger space if there exists k € (0,1) such that for
p,g € X andx >0

Fpq(kx) = Fpq(z).
Then p = q.
The following theorem is proved by Razani, and Shirdaryazdi [11].

Theorem RS. Let P, P, ..., Py,, Qo and Q1 are self maps on a complete Menger space
(X, F, A) with continuous t-norm with A(x,x) > x for all x € [0, 1],satisfying conditions:

(1) Qo(X) C P Py...Pon_1(X), Q1(X) C PyPy... Po(X),
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(2) Py(Py...Py,) = (Py...Py,) Ps,
P2P4(P6...P2n) = (P6...P2n)P2P4,

Ps...Poy_o(Poy) = (Pon) Po... Poy_a,
QO(PZL---PQn) = (P4---P2n>Q07
QO(P6--~P2n) - (P6---P2n>Q07

QOPQn = PQnQO;
Pl(P3...P2n_1> = (Pg...PQn_l)Pl,
P1P3(P5...P2n_1) = (P5---P2n—1)P1P37

Py..Pyy_5(Poy—1) = (Pon—1)P1... Pap_s,
Q1(Ps...Pop_1) = (Ps...Pyy1)Q1,
Q1(Ds...Poy—1) = (P5...Pop1) @1,

Q1Pon—1 = Pop1Q1,

(3) Ps...Pa, or Qq is continuous,

(4) (Qo, Ps...Pyy,) is compatible and (Q1, Py...Pa, 1) is weakly compatible,

(5) There exists o € (0, 1) such that
Fou,io(@) > Min{Fp,p, ..Pyu.qew(T), Fr Py Poyyu@io(T)s PPy Pon_10.Qou(BT),
EFpypy. Popu@uo((2 = B)), Fpypy. Popu.py Ps...Poy, V(T)

forallu,v e X, B € (0,2) andx > 0. Then Py, Py, ...Pa,, Qo and Q1 have a unique

common fized point in X.

3. Main results

In this paper, we prove a fixed point theorem using reciprocally continuity and employ-

ing absorbing mappings with semi-compatibility.
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Theorem 3.1. Let Ry, Rs,..., Ran, So and Sy are self maps on a complete Menger space

(X, F, A) with continuous t-norm with A(z,x) > x for all x € [0,1], satisfying conditions:

(1) So(X) C RiRy...Ron_1(X), S1(X) C RoRy...Ron(X),
(2) Ro(Ry...Rop) = (Ru...Ron) Ro,
RoRy(Rg...Ran) = (Rg...Ran) RaRu,

R2~'-R2n—2<R2n) - R2n<R2~-R2n—2>z
So(Ra...Ron) = (Ra... Ron)So.
So(Re...Ron) = (Re... Ron)So.

SOR2n = R2n507
R1<R3...R2n_1> - (Rg...Rgn_l)Rl,
R1R3(R5...R2n_1) — (R5...R2n_1)R1R3,

R1-~-R2n—3(R2n—1) = Rzn—1(R1---R2n—3)7
Sl(Rg...Rzn_l) = (Rg...Rgn_l)Sl,
Sl(R5...R2n_1) = (R5...R2n_1)51,

S1Rop—1 = Rop_151;
(3) Sy is (Ry...Ro,_1) absorbing ;
(4) There exists k € (0, 1) such that
Esop, s19(kx) = min{Fryr,. .Ronp, $1q((2 = 8)T), FroRy...Roup, Sop(T),

FR1R3-~~R27L71(1, SltI(x)? FRzR4~-R2nP, R1R3~~~R2n71q('r)}

for all p,q € X, € (0,2) and x > 0.If (So, Rs...Rs,) is reciprocal continuous ,
semi-compatible maps. Then Ry, Ry, ...Ra,, Sy and S1 have a unique common fized

point in X.

Proof Let zp € X, from condition (1) there exists z1,z5 € X such that Spzg =
RiR3...Ry, 1721 = yo and Sixy = Ry Ry...Ra,ry = y1,in general we can construct {x,} and

{yn} in X such that S()J,’Qn = R1R3...R2n_1l'2n+1 = Yop OT S@I’Qn = R1R3...R2n_1172n+1 =
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RIQIQn+1 = Yon and Slen—s—l = R2R4...R2n$2n+2 = R’1$2n+2 = Yon+1 for n € N.
Putting p = z2,,q = 9,41, * > 0 and =1 —«a with a € (0, 1) in contractive condition,

we have

FSoxzn, S122an+1 (kiL‘) > min{FRﬁ»’czn, S1x2n+1<<2 - (1 - Oé)l'), FR’len, Soz2n (l‘),

'Fpﬁngn+17 S1T2n41 ($)7 FR'lmn, Rixani1 (.T)},

Fy2nyy2n+l (kx) Z min{Fanfl’y?rH»l ((]‘ + Oé)x>7 Fanfl sY2n (I), Fanay2n+l (x)7 Fy2nflyy2n (x)}7

Z min{Fanfl,an ("'U)? Fanay2n+l (O{I)7 Fy2n717y2n (I)7 Fy2n717y2n ('/L‘)}7
As t-norm is continuous, letting o — 1, we have,

Fy2n7y2n+l (kx> Z min{Fanfl’an ('T)7 Fy2n7y2n+1 (:C>}

Fy2n7y2n+1 (k'r> 2 Fy2n71 »Y2n (.:C) N

Again p = x9,19,q = T2,41, in contractive condition, gives

F50902n+2, S1Zan+1 (kx) > min{FRﬁxznw, 51I2n+1((1 + a)x)v FR’lxzn+2, Sox2n+2 (x)v

FR/QIQTL+17 S1Ton+1 ([L‘), FR/1352n+2, RLxon41 (1’)},

Fy2n+2 sY2n+1 (kx) Z min{Fy2n+lay2n+l ((]‘ + Oé)l‘), Fy2n+17y2n+2 (:'U)7

Fy2n7y2n+l (‘/E) Y Fy2n+1 yY2n <x) }7

Fy2n+27y2n+1 (kx) Z min{Fy2n+lvy2n+2 (x)7 Fy2n7y2n+1 (l‘)}

F,

Y2n+2,Y2n+1

(k) 2 Fyap i (2)-
Consequently; for all n we have

F,

Yn Yn+1

(z) > min{Fynq,yn(k_lx% Fyn7yn+1<k_mx)}‘

So, F,

ynamit (E7x) — 1 as m — oo for any ¢ > 0, it follows that

F,

yn,ynﬂ(ax) > Fy iy (z),
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for alln € N and = > 0. Therefore, by Lemma 2.11 {y,} is a Cauchy sequence in X. Since

X is complete, therefore {y,} — 2 in X and its subsequences {S172,11}, { R1Rs... Rop_1Z2n11}, {So%an }
and {RyRy...RonTon} — 2

Case (I): By the reciprocally continuity and Semi-compatibility of maps (So, ReRy....Ray),

we have lim,,_, o So(R2Ry...Ropxan) = Soz,
lim R2R4...R2n(501'2n) = R2R4...R2n2 = R’lz,

n—o0

and

lim So(R2R4...R2nl'2n) = R2R4...R2n2’ = R/IZ

n—oo
which implies that Spz = R}z.We claim Spz = Rz = 2.
Step(i): By using contractive condition, with p = z, ¢ = X941 and § = 1, R} =

RyRy...Rop, Ry = R1R3...Ry,—1 we have
FSoz, S10amin (BT) = Min{ Fri.. $100,00 (%), Friz, 502(2); FRyzan 11, Sizoni (T), FRIz, Ryzon.: (T) )
Letting n — oo, we get
Fsyzo (k) = min{ Fsyz o(0)s Fsp2,802 (), Fr,2(2), Fsyz(2) -
Thus by Lemma 2.12, we have
Soz = Riz = 2.

Step (ii): Putting p = Ry4..Ronz, ¢ = xopr1, o = 1 with R} = RoR4..Rs,, R, =

R1R;3...Rs,,_1, in contractive condition, we have

FSoRy...Ronz, Sraanss (KT) = min{ Friry. Rz, Sieani (T), FRIRa... Ronz, SoRa...Ranz(T),
FRéxan, S12on41 (l‘), FR'IRzL---RzM:7 Ryxont1 (Z‘)},

Letting n — oo, we see that

FR4,..R2nz,z(k5$) Z min{FR4...R2nz,z($)a FR4...RQHZ,R4...R27LZ(:):)7 Fz,z($)7 FR4.,.R2nZ,Z(x)}a

FR4---RznZ,Z(km) Z FR4---Rznz,Z(x)'
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Because RQ(R4R2n) = <R4...R2n)R2 and S()(R4R2n) = (R4...R2n)30, in (2), So R4...R2n2 =

z. Therefore Ryz = z. Continuing this procedure, we can obtain the following result:
S0z =2=Ryz=Ryz=..= Ropz = z.
Since Sp(X) C Ry R3...Ro,_1(X) ,there exists u € X, such that
2= Spz = R1R3...Ro,,_1u or z = Spz = Ryu.

Step (iii): Putting p = z2,,q = u, R] = RaRy...Ra, and Ry = Ry R3...Ry,_1 with § =1 in

contractive condition, we have
FSoxan, 51u(kT) > Min{ Fry ey, $10(2); FR 20, Sowsn (T)s Fryu, $10(2)s FR 290z, Ryu(T) )
Letting n — oo, we obtain that
F..su (kx) > min{ F,,s,u (2), F. (), Fs,5,u (2), F. ()}

Therefore z = Sju. Hence z = Sju = Ryu = Ry R3...Rop_1u.

Since S7 is Ry Rj3...Rs,_1-absorbing, we have,

FR1R3...R2n71uJR1R3A..R2n,131u (QE) 2 FR1R3...R27L71U751U (‘/E/R) Z 1

= R1R3...Rop_1u = RIQU = R’QSlu
Therefore
2= Rz

Step(iv): Putting p = 9,,¢ = z with § =1 and R} = RyRy...Ra, and R, = R Rs...Rs,, 1

in contractive condition, we have
FSowan, 512(kx) > min{ Frie,. $,2(%), FRicn, Sowan (T); FRyz, $12(%), FRicy,, ry2(7)}-
Letting n — oo, we get
F, siz(kx) > min{F;, s,.(2), F., .(2), ., 5,2(2), Fy, 2 ()},
Therefore

z=_512= R,z
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Step (v): Putting p = x9,,q = R3...Ro,_1 with § = 1 and R] = RsRy...Ry, and R, =
RiR;3...R5,_1 in contractive condition, we have
FSorzn, SlR3~~-R2n—IZ(k$) > min{FR’lxzn, S1R3-~.R2n—12('r)7 FRllxzm SoTan ($),
FR/QRS--~R27L—1Z7 51R3--.Rzn—1Z<x)7 FRﬁmzn, R/2R3~~R2n—lz(x)}7

Again letting n — oo, so that

FZ, R3---RQn—1Z(kI) Z min{FZ, R3---Rzn—12(x)7 FZ7 Z(l‘), FR3---R2n—127 R3---R2n—12(x)’ FZ, R3---R2n—12’($)}7

FZ, R3~~~R2n—lz(kx) > min{FZ, R3-~R2n—lz<x>}

Therefore
Z = Rg...RQn_lZ.

Because Rl{Rg...Ranl} = {Rg...Ranl}Rl and Sl{Rg...Ranl} = {Rg...Rgnfl}Sl, we
obtain Rj3...Rs,_1z = z. Therefore Riz = z. Continuing this procedure, we obtain the

following results; S7 = Riz = R3z = ... = Ry,_12. So,
S()Z = 512 = Rlz = RQZ = ...= R2n—1 = RQnZ = Z.

Uniqueness: Let w be another common fixed point of Sy, S1, R1 Rs3...Ro,—1 and Ry Ry...Ra,
putting p = z and ¢ = w with f =1, R} = RoR4...Ra,, Ry = R R3...Ry,—1 in contractive

condition, we have

Fsyz, syw(kr) > min{ Fry., 5,0(7), Friz, 50:(7), Friw, s10(7), Friz, ryw(7)},

F, w(kx) > min{F, (), F, (), Fyw(z), F.u(2)},

i.e. z =w. Hence z is unique common fixed point of maps.

Example: Let (X,d) be a metric space with the usual metric d where X= [0,1] and
(X, F, x) be the induced Menger space with F, ,(t) = H(t—d(z,y)) for all z,y € X, ¢ > 0.
Clearly (X, F, ) is complete Menger space where t-norm * is defined by a*b = min{a,b}
for all a,b € [0,1].

Let Sp, S1, R} and R be maps from X into it self defined as So(X) = /6, S1(X) =
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0, RI(X) = z/3, Ry(X) = z/2 Vx € X.Then Sy(X)= [0,1/6] C [0,1/2]= R4(X) and
S1(X) = {0} € [0,1/3] = R} (X). Clearly all conditions of main Theorem are satisfied if
limy, ooy, = 0, where {x,,} is a sequence in X such that lim, Sz, = lim, oo Ryx, =0
and lim, o, = S12, = lim, o Rz, = 0 for some 0 € X. Thus all condition of the main

Theorem are satisfied. This completes the proof.
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