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1. Introduction-preliminaries

Variational inclusion problems, which include many important problems in nonlinear func-
tional analysis and optimization such as the Nash equilibrium problem, complementarity prob-
lems, vector optimization problems, fixed point problems, saddle point problems and game the-
ory, recently have been studied as an effective and powerful tool for studying many real world
problems which arise in economics, finance, image reconstruction, ecology, transportation, and
network; see [1-8] and the references therein.

Let H be a real Hilbert space and let C be a closed convex subset of C. Let Recall that a
mapping S : C — C is said to be a-contractive iff there exists a constant o € [0,1) such that
|Sx — Sy|| < aljx—y|| Vx,y € C. S is said to be nonexpansive if ||Sx — Sy|| < [[x—y|| Vx,y € H.
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In this paper, we use F(S) to denote the set of fixed points of S. If C is bounded, then F(S) is
not empty. Recall that a mapping A on H is said to be strongly positive if there is a constant
¥ > 0 such that (Ax,x) > ¥||x||?, Vx € H. Recall that a mapping B : H — H is said to be inverse-
strongly monotone, if there exists an & > 0 such that (Bx — By,x —y) > «||Bx — By||* for all
x,y € H. Recall that a set-valued mapping M : H — 2! is called monotone if for all x,y € H,
f € Mxand g € My imply (x—y, f —g) > 0. The domain of M is denoted by Dom(B).

In this paper, we consider the following so-called quasi-variational inclusion problem: Find
an u € H such that 0 € Bu+ Mu, where B: H — H and M : H — 2/ are two nonlinear map-
pings. In this paper, we use VI(H,B,M) to denote the solution of the problem (1). A number
of problems arising in structural analysis, mechanics and economic can be studied in the frame-
work of this class of variational inclusions. Next, we consider two special cases of the inclusion
problem.

() If M = dd¢, where C is a nonempty closed convex subset of H and 8¢ : H — [0, 0] is the

indicator function of C, ie.,

0, xeC,
oc(x) =
+oo7 'x ¢ C7

then the quasi-variational inclusion problem is equivalent to the classical variational inequality

problem, denoted by VI(C,B), is to find u € C such that
(Bu,yv—u) >0, YveC.

(IDIfM =09¢ : H— 2", where ¢ : H— RU{+oo} is a proper convex lower semi-continuous
function and d¢ is the sub-differential of ¢, then the quasi-variational inclusion problem is
equivalent to finding u € H such that (Bu,v —u) + ¢ (v) — ¢ (u) > 0, Vv € H, which is said to be
the mixed quasi-variational inequality.

In this paper, we introduce an general iterative algorithm for finding a common element
of the set of common fixed points of an infinite family of nonexpansive mappings and of the
set of solutions to the inclusion problem. Strong convergence theorems are established in the
framework of Hilbert spaces.

In order to prove our main results, we need the following conceptions and lemmas.
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Lemma 1.1. [9] Assume that {0y, } is a sequence of nonnegative real numbers such that 04,1 <
(1 —17) 0+ 8n, where {1, } is a sequence in (0,1) and {8,} is a sequence such that y ;. | %, = oo

and limsup,_.. 8,/ Y, < 0. Then lim,_o 0, = 0.

Definition 1.2. [10] Let H be a real Hilbert space and let C be convex closed subset of C. Let
{S;} be a family of infinitely nonexpansive mappings and {7;} be a nonnegative real sequence

with 0 <7, < 1,Vi > 1. For n > 1, define a mapping W, as follows:
Un,n—l—l = 17

Un,n = ’YnSnUn,n—o—l + (1 - Yn)la

(1.1)
Un2 = 152003+ (1 = 1)1,
W, =Us1 =nS1Un2+(1—m)lL
Such a mapping W, is nonexpansive and it is called a W-mapping generated by S,,,S,—1,...,5]

and Y, Y—1,---» M-

Lemma 1.3. [10] Let H be a real Hilbert space and let C be a convex subset of H. Let {S;} be
an infinite family of nonexpansive mappings with N> F(S;) # 0, {Vi} be a real sequence such
that 0 < % <1< 1,Vi> 1. Then
(1) W, is nonexpansive and F(W,) = N F(S;), for eachn > 1,
(2) the mapping W defined by Wx := lim,_,co W;,x = lim;, .o, U, 1, is a nonexpansive map-
ping satisfying F(W) =" F(S;) and it is called the W -mapping generated by S1,S,, ...
and 1,%,....

(3) for each x € C and for each positive integer k, the limit lim,,_o, U, ;. exists.

Lemma 1.4. [11] Let {x,} and {y,} be bounded sequences in a Banach space E and let {B,}
be a sequence in [0,1] with 0 < liminf, . B, < limsup,_,., By < 1. Suppose that x,, .1 = (1 —
Bn)yn + Buxn for all n > 0 and limsup, . (|[yn+1 — Yull — [[Xn+1 — x2||) < 0. Then limy,_ye0 ||y, —

Xn|| = 0.

Lemma 1.5. [12] Let H be a Hilbert space H and {S;} a family of infinitely nonexpansive
mappings with (2 F (S;) # 0, {¥} a real sequence such that0 < y; <1< 1, Vi > 1. IfK is any
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bounded subset of H, then lim,_,. sup,cg ||Wx — W,x|| = 0. Throughout this paper, we always

assume that 0 <y, <[l < 1,Vi> 1.
2. Main results

Theorem 2.1. Let H be a real Hilbert space and let C be a closed and convex subset of H.
Let M| and M, be two maximal monotone operators on H. Let B; : be a 0;-inverse-strongly
monotone mapping on H and let By a 8,-inverse-strongly monotone mapping on H. Let {8} |
be an infinitely family of nonexpansive mappings from C into itself and let f : C — C be an o-
contraction. Let A be a strongly positive linear bounded self-joint operator with the coefficient
Y > 0. Assume that 0 <y < y/o, Q =07 F(S;))NVIH,B;,M)\VI(H,By,M>) # 0 and
Dom(B;) C C. Let x; € C and {x,} be a sequence generated by

(

20 = (I4+nMy) " (x, — NBax,),

Yn = (I+AM1)71(Zn - ABIZn%

X1 = 0 VS (xn) + Buxn + (1 = B)I — 0,A)Wyyn,  Vn > 1,

where {W, } is the sequence defined by (1.1), A € (0,28,),n € (0,28,), {o,} and {B,} are
sequences in (0,1) such that0 < a < B, <b < 1, limye 0, =0 and > _; @, = co. Then {x,}

converges strongly to z € Q, which solves uniquely the following variational inequality
(A=7f)z,z—x") <0, Wx" €Q. (2.1)

Equivalently, we have 7z = Po(I — A+ Yf)z.

Proof. The uniqueness of the solution of the variational inequality (2.1), which is indeed a con-
sequence of the strong monotonicity of A — yf. Below we use z to denote the unique solution.
Note that both I — AB; and I — 1B, are nonexpansive. Indeed, for Vx,y € C, from the condition
A € (0,26;], we have

|1 = ABy)x— (1= AB)y|P < |lx— | ~ 22.81 |Bix — Biy|> + 22| Brx — Biy?

< =yl
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which implies mapping I — A By is nonexpansive. For Vx,y € C, from the condition 1 € (0,28,

we have
17 =nB2)x— (I =nB2)y||* < x =y — 20 &||Box — Boy||* + 0| Bax — Bay|?
< Jlx =yl
which implies mapping I — 1B, is nonexpansive. Taking x* € Q, we have
X = (I+AM) " (x* — AB1x*) = (I+nMy) ! (x* — nByx*).
It follows that
o =1l = 117+ NM2) ™" (% = 1B2xa) — (1 + M)~ (5" = B2 < 15 — 7).
This implies that
Yo =" < (20 = AB120) — (6" = AB1X")[| < [|xn — 7.

Without loss of generality, we may assume that o, < (1 — ,)||A||~'. Since A is a strongly
positive linear bounded self-adjoint operator, we have ||A|| = sup{|[(Ax,x)| : x € H,||x|| = 1},
Now for x € C with ||x|| = 1, we see that (((1 — ,)] — a,A)x,x) = 1 — B, — &, (Ax,x) > 0, that

is, (1 —Bn)I — oA is positive. Hence, we have
I(1 = Ba)l = A = sup{l = B — 04 {Ax, x) 1 x € C, [l = 1} < 1= B — 0,7
It follows that
Pt =21 < Call 7 Cin) — A+ Balln — 2[4 [1(1 = Bu)T — | Wy — |
< 1= 0 (7= ap)]llon —x7[| 4 00 [ 7/ () — Ax7].
X, HYf(;i)—AX*H

ay
that the sequence {x,} is bounded, so are {y,} and {z,}. Without loss of generality, we can

By simple inductions, we obtain that ||x, — x*|| < max {|lx; — }, which gives

assume that there exists a bounded set K C H such that
X, Yn,2n €K, Vn>1. (2.2)
Note that

1zn11 = zall < |(Xnp1 = NB2xs11) — (X0 — NB2xy) || < ||Xn1 — X[,
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and ||yn+1 — Yol < llzne1 — znl| < %01 — xal|- Setting x,,+1 = (1 — By)vy + Buxn, we see that

Ont1
[[Vat1 —vall < s 7S (ns1) — AWy || +

Oy
1— |Wf(xn)_AWnyn”

1 —Brii B (2.3)
+ ||Wn+1yn+1 - Wnyn”
On the other hand, we have
[Wat 19041 — Waynl| < SUE{HWnHX—WXH + [[Wx = Wax||} + [[xn+1 — xal (2.4)
xe

where K is the bounded subset of H defined by (2.3). Using (2.3) and (2.4), one finds

Va1 = vall = X1 —Xal|
041 0,
< 1Y (1) — AWy ||+ e || 7 () — AWy
I_Bn—H 1_Bn

+ sup{|[Wys 10 = Wx|| + [[Wx — Wyx||}.
xeK

Hence, we have limsup,,_,..(||vnt1 — V|l = [[Xn+1 — Xu||) < 0. Using Lemma 1.4, we obtain that
im0 ||V, — X || = 0. This implies lim,_seo | X411 — X,|| = 0. Putting f,, = v (x,) — AW,y for

Vn > 1, we see, for any x* € Q, that
[Pen 1t =17 = |00 (Vf () — AWyn) + [Buoen = )+ (1 = Ba) (Wayn —x*)] |12
< 1Bletn —x7) 4+ (1= B Wayn =) |2 200 fos s 1 —x°) (2.5)
< Ballxa — |2 + (1= Bo)lyn — 271> + 200,07,
where M = max{sup,~ || fu|/,sup,>1 [|x» —x"||}. On the other hand, we have

lyn =" [? < (= AB1) 2 — (I — 2By )x"*|?

(2.6)
< lzw = x*|? + A (A = 281) | Biza — B1x"||*.
Substituting (2.6) into (2.5), we has
e =[* < [l = |2 + (1 = Bu) A (A —281) | Bizn — Bix™||* + 20, M.
This implies
lim ||Byz, — B1x™|| = 0. (2.7)
n—oo

Further, one has

P =212 < Balla — 2|2+ (1 = Bo) 20 — 712 + 208, (2.8)
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In a similar way, we can obtain
lim ||Byx, — Box*|| = 0. (2.9)
n—roo
On the other hand, we see that
a2 1 12 12 2
n - =~ < n - n - - n-— <n
2 =717 = STl =27+ llzn =277 = [0 =z
+2n <xn — Zn, Baxy _BZX*> - nzuBZXn —ng*Hz},

which implies that
1zn _)C*H2 < || _X*H2 — [l _Zn||2 +20 [|xn — zn ||| B2xn — Box"|. (2.10)

Substituting (2.10) into (2.8), we arrive at

(1—Bn)lxn _ZnHz
< (o = x|+ 11 = X D)3 — X1 ] +206:M% + 27 ||, — 2 || Boxy — Box™||.

It follows from 0 < a < B, < b < 1 that lim,, e ||x, — 2,|| = 0. In a similar way, we can obtain
that lim,,_ye ||y, — zx|| = 0. On the other hand, we have (1 — B,)||Wuyn — xu|| < |[xn — Xpt1 || +
o ||vf (x,) — BWyy,||. From the assumptions imposed on the control sequences, we obtain that
1imy,—e0 [[Wayn — xu || = 0. Notice that [Wuy, — yull < [[yn — zull + llzn — Xull + |0 — Wiynl]. It

follows that
lim ||W,yn — yn| = 0. (2.11)
n—soo
Next, we prove that limsup,,_,..((Yf —A)z,x, —z) <0, where z = Po[l — (A — yf)]z. To see
this, we choose a subsequence {x,, } of {x,} such that

limsup{(yf —A)z. %, —2) = m((yf —A)z,xn, — 2).

n—soo

Since {x,,} is bounded, there exists a subsequence {xnij} of {x,} which converges weakly
to w. Without loss of generality, we can assume that x,, — w. On the other hand, we have
1% = Yl < (|0 — zn|| + ||[yn — zn]|) — O as n — oo. Therefore, we see that y,, — w.

First, we prove thatw € VI(H,B|,M)). From [13], we see that M + B; is maximal monotone.

Let (eq,ez) € Graph(M; + B} ). On the other hand, we have y,, = (I+AMp)~! (zn; —ABizy;). It



366 SUN YOUNG CHO

follows that /]T(zni —Yn, — AB12y;) € M1 (yn,;)- By virtue of the maximal monotonicity of M; + By,

we see that (e; —yy,,e2 —Bie; — %(zni — ¥n; — AB1zy;)) > 0, which yields that
1
<€1 _)’ni;32> Z <€1 _Yni7BIYni _Blzn,-> + I(el _yn,-yzn,- _yn,>

Using y, —z, — 0 and y,, — w, one has (e; —w,ep) > 0. Since M, + B is maximal monotone,
we see that 6 € (M| + B;)(w), i.e., w € VI(H,B1,M;). From x, — z, — 0, we see that z,, — w.
In the same way, we can obtain w € VI(H,By,M,).

Next, we show that w € N F(S;) = F(W). Suppose the contrary, w ¢ F(W), i.e., Ww # w.

Note that y,, — w. Using the Opial’s condition [14], we see that
liminf ||y, — w|| < liminf{|y,, — Ww|| < liminf{{|y,, — Wy, || + [[yn, — wl[}-
1—o0 [—oo [—>o0
On the other hand, we have
HWyn _)’nH < HWyn - WnynH + HWnYn _ynH < SUEHWX_WUXH + HWHYn _yn“'
X

From Lemma 1.5, we obtain that lim,,_,e | Wy, — y, || = 0, which further yields that liminf;_,c ||y, —
w|| < liminf;_e ||y,, —w||. This derives a contradiction. Thus, we have w € F(W) =N F(S;).

It follows that

limsup((vf —A)z % —2) = {(vf = A)z,w—2) <0.

n—oo

Finally, we show that x,, — z, as n — oo. Note that
X1 —2)1* < 0¥ {f () — £(2) Xur1 —2) + O {¥f(2) — Az, Xp41 —2)

+ Ballen = 2ll[lxnr1 =2l + (1= B = & P)llvn = 2ll by 1 — 2l

< 1 — 06, (7 — ay)
- 2

1
0 = 2[1% + S 1 =2l + 00 {7/ (2) — Az, X1 —2),

which implies that ||x,; 1 —z||? < [1 — 06, (7— &})]||xn — 2||> + 200, (Y (2) —AZ, Xp 11 —2). In view

of Lemma 1.1, we see that lim,,_,c ||x, — z|| = 0. This completes the proof.
Letting Yy =1 and A = [, the identity mapping, we have the following result.

Corollary 2.2. Let H be a real Hilbert space and let C be a closed and convex subset of H.
Let My and M be two maximal monotone operators on H. Let By : be a 0,-inverse-strongly

monotone mapping on H and let By a ,-inverse-strongly monotone mapping on H. Let {S;}3
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be an infinitely family of nonexpansive mappings from C into itself and let f : C — C be an o-
contraction. Let A be a strongly positive linear bounded self-joint operator with the coefficient
¥ > 0. Assume that 0 <7y <7y/o, Q=02 ,F(S;)NVIH,B;,M;)VI(H,By,M,) # 0 and
Dom(B;) C C. Let x| € C and {x,} be a sequence generated by

)
2n = (I+NMa) " (x, — NBoxy),

Yn = (I‘i‘)“Ml)il(Zn _ABIZn)a

kxn—i-l - anf(xn) +ﬁnxn + (1 - Bn - an)Wnym Vn > 1,
where {W, } is the sequence defined by (1.1), A € (0,28,),n € (0,28,), {o,} and {B,} are
sequences in (0,1) such that 0 <a < f, <b < 1, limy_yee 0y =0 and Y »_; 0ty = oo. Then {x,}

converges strongly to z € Q, which solves uniquely the following variational inequality
(A=yf)z,z—x") <0, W' eQ.

Equivalently, we have 7z = Pof (7).

Corollary 2.3. Let H be a real Hilbert space and let C be a closed and convex subset of H.
Let By a &,-inverse-strongly monotone mapping on H. Let {S;}3 | be an infinitely family of
nonexpansive mappings from C into itself and let f : C — C be an Q-contraction. Let A be
a strongly positive linear bounded self-joint operator with the coefficient ¥ > 0. Assume that
O<y<y/o, Q=02 F(S;)NVI(C,B1)NVI(C,By) # 0. Let x; € C and {x,,} be a sequence

generated by

(

in = PC(Xn - nBZXn)7

yn = Pc(zn — AB1zn),

\xn—o—l = an'}/f(xn) +ann + ((1 _ﬁn)l_ anA)Wnym Vn>1,

where {W, } is the sequence defined by (1.1), A € (0,281),n € (0,262), {o} and {B,} are
sequences in (0,1) such that 0 <a < f, <b < 1, lim,_yee 0y =0 and Y > _; 0y = oo. Then {x,}

converges strongly to z € Q, which solves uniquely the following variational inequality
(A=7flz,z—x") <0, " e€Q.

Equivalently, we have 7z = Po(I — A+ Yf)z.
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