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Abstract. In this paper, let % be a closed convex subset of a real Hilbert space ¢ and T : J# — ¢ a Lipschitz
pseudo-contractive map such that F(T) # 0. Let {a, }, {B,} and {%,} be real sequences in (0, 1). For x| € %, let

{xn} be generated iteratively by

Xt = Pi[(1 = 0 — %)X + YTy,
yn = (1= Bu)xn+ BuTxn,n > 1.

Under some mild conditions on parameters {c, }, {8}, {¥:}, we prove that our new iterative algorithm converges
strongly to a fixed point of 7. No compactness assumption is imposed on 7" and no further requirement is imposed
on F(T).
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Let # be a nonempty subset of a real Hilbert space .7#. Throughout this paper, .7 shall
denote a real Hilbert space. The map T : # — ¢ is said to be Lipschitz or Lipschitz continuous

if there exists a constant L > O such that
(1) |Tx—=Ty[| < L[x—y|, Vx,ye. 2.

If L =1, then T is said to be nonexpansive; and if L < 1, then T is said to be a contraction.
It is easy to see from (1) that every contraction is nonexpansive and every nonexpansive map is
Lipschitz.

Amap T : % — I is called pseudo-contractive if
) (Tx—Ty,x—y) < |x—y| Vx,y € A
It is clear that (2) is equivalent to
3) |1Tx=Ty|* < |x =y + | =T)x— (I =T)y[?, Vx,ye ¥

An important subclass of the class of pseudo-contractive maps is the class of A —strictly pseudo-
contractive maps. T is said to be A —strictly pseudo-contractive (see for example [1]) if there

exists A € [0, 1) such that
) 1T =Ty|? < e —=yIP+ A = T)x— (I =T)y|’, Vx,y € %

It is well known that if 7' is A —strictly pseudo-contractive, then T is Lipschitz with Lipschitz

1+VA
1—VA

The Mann iteration scheme {x, }{" generated from arbitrary x; € ¢ by

constant L = We use F(T) to denote the set of fixed points of 7.

(5) Xpt1 = (1 —ay)xy + 0, Txp, n > 1,

(o)

where the control sequence {x,} , in [0, 1] satisfying some appropriate conditions has been
successfully employed in approximating fixed points (when they exist) of nonexpansive maps.
This success has not carried over to the more general class of pseudo-contractions. If % is a
compact convex subset of a Hilbert space 5# and T : # — ¢ is Lipschitz , then, by Schauder
fixed point theorem, 7" has a fixed point in Z". All efforts to approximate such a fixed point
by means of the Mann sequence when 7 is also assumed to be pseudo-contractive proved to be

abortive.
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Hicks and Kubicek [17], gave an example of a discontinuous pseudo-contraction with unique
fixed point for which the Mann iteration does not always converge. Borwein and Borwein [18],
gave an example of a Lipschitz map (which is not pseudo-contractive) with a unique fixed point
for which the Mann sequence fails to converge. For Lipschitz pseudo-contractive maps, the

Ishikawa iteration sequence {x,}*_; generated from arbitrary x; € % by
(6) Xn+l = (1 _an)xn+anTyn; Yn = (1 _ﬁn>xn+BnTxn;

where {a, },{B,} are sequences of positive numbers satisfying the conditions

HDO0<a <B.<1;

(ii) lim B, = 0;

(iii) Zy>0 0 = o0

is usually applicable.

In real Hilbert spaces, one of the most general well known convergence theorems using the

Mann iteration algorithm for the class of A —strictly pseudo-contractive maps is the following:

Theorem 1.1. [7] For J# a nonempty closed convex subset of the Hilbert space 7, let T :
H — K be a A-strictly pseudo-contractive map with a nonempty fixed point set F(T) and let
{xn}_| be a real sequence in (0,1 — A) satisfying the conditions
(i) lim o, =0

n—soo
(i) 10 (1 — 0y — A) = oo

Then the Mann iteration algorithm {x,};._, converges weakly to a fixed point of T.

If A = 0in Theorem 1.1., we obtain weak convergence theorem for nonexpansive maps. To
obtain strong convergence of Mann to a fixed point of a A —strictly pseudo-contractive map
or even a nonexpansive map in the setting of Theorem 1.1., additional conditions are usually
required on T or the subset %" (see for example [1] to [6]).

Recently, Yao and Li [16] studied a modified Mann iteration algorithm and proved strong
convergence of the modified algorithm to a fixed point of a A —strictly pseudo-contractive map

in real Hilbert spaces. They proved the following:

Theorem 1.2. Let S be a real Hilbert space and T : 7 — H be a A—strictly pseudo-

contractive map such that F(T) # 0. Let { oy, } and {B,} be two real sequences in (0,1). Assume



WEAK AND STRONG CONVERGENCE OF AN ITERATIVE ALGORITHM 197

that the following conditions are satisfied:
(i) lim o, =0;

n=oo
(ii) X0y = 0;
(iii) By € [€,(1 —A)(1 — o)) for some € > 0.
Then the sequence {x,} generated by x,, 11 = (1 — &, — B)xn + BuT Xy, n > 0 strongly converges
to a fixed point of T

Clearly, the modified Mann iteration algorithm reduces to the normal Mann iteration algorith-
m when o, = 0. For L—Lipschitzian pseudo-contractive maps for which the Ishikawa algorithm

rather than the Mann algorithm has been applicable, Ishikawa [9] first proved the following:

Theorem 1.3. For % a nonempty convex compact subset of a Hilbert space 7 and T : X —
J an L—Lipschitzian pseudo-contractive map, let {x,};_, and {B,};_, be real sequences
satisfying the conditions:
(()0< 0, <P, <1
(ii) lim B, = 0;
(i) 57y OBy = oo.
Then the Ishikawa iteration sequence {x,}'_, generated from an arbitrary x| € K by x,41 =
(1 —a)xn+ 0, T[(1 — By)xn + BuTxp], n > 1 converges to a fixed point of T

Since the appearance of Theorem 1.3., many authors have extended it in various forms (see
for example [8] to [12]). However, strong convergence has not been achieved without compact-
ness assumption on T or JZ'; or other requirements on the set of fixed point F(7T'); or complete
modification of the scheme to a hybrid algorithm (see [8] to [12]).

It is our purpose in this paper to complement Yao and Li [16] by introducing a modified
Ishikawa algorithm analogous to the modified Mann iteration algorithm studied in [16]. We
further prove that our modified Ishikawa algorithm converges strongly to a fixed point of a

Lipschitz pseudo-contractive map in real Hilbert spaces.
2. Preliminaries

We shall make use of the following lemmas in section three.
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Lemma 2.1. [9] Let 57 be a Hilbert space. Then for all x,y € 7, o € [0,1] the following
equality holds:

lox+ (1 = a)y||* = x> + (1 = ) [y [|* — ex(1 = ex) [ x = y]|*-

Lemma 2.2. Let 57 be a real Hilbert space. Then there holds the following well known results:
(i) [lx = yII* = €[ = 2x,3) + [I[1> - Vx,y € 525
(id) [lx+y]* < [lx]* +2{x+y)  Vx,y € 2.

Lemma 2.3. [14] Assume {a,} is a sequence of non negative real numbers such that

an+1 < (1 —W)an + 1%0n,n > 0, where {y,} is a sequence in (0,1) and {6,} is a sequence in
R, the reals, such that

(i) Yoo Yo = o

(ii) limsup 6, <0 or Y |0,Yn| < . Then }}iigoan =0.

n—oo

The following lemmas can be found in [15], [19].

Lemma 2.4. (Demi-closed Principle) Let 3¢ be a Hilbert space, % a closed convex subset of

HCand T : # — & a continuous pseudo-contractive map, then

(i) F(T) is a closed convex subset of K .

(ii) [ —T is demi-closed at zero, i.e., if {x, } is a sequence in ¥ such that x, — zand (I —T )x, —
0, then (I —T)z=0.

Lemma 2.5. [15] Let T : # — € be non-expansive and y € £ be a weak cluster point of a
sequence {x,}_o. If || Tx, —x,| =0, theny € F(T).

Lemma 2.6. [20] Let JZ be a real Hilbert space. If {x,} is a sequence in 7 weakly convergent

to z, then limsup, ... ||x, — y||> = limsup, ... [|x, —z||* + ||z —||* Vy € .
3. Main result

Theorem 3.1. Let 57 be a Hilbert space and % be a closed convex subset of 7. Let T :

A — K be a L-Lipschitz pseudo-contractve map such that F(T) # 0. For x; € A, let {x,}
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be generated iteratively by

Xn+1 = Pk[(l — 0 — Yn)xn + YnTy,,],
Yn = (1= Bn)xn+ BpTx,n > 1.

(7

Assume the sequences {04}, {V},{Bn} € (0,1) satisfy
(i) Bu(1 — 04) > 1Y > 1;
(ii) lim o, = 0 and X0y, = oo;

n—oo

(i) 0<a<y<B,<B< foralln> 1.

1
VT

Then the sequence {x,} generated by (7) strongly converges to a fixed point of T.

Proof. Since F(T') # 0, we can take p € F(T). From (7) we have

[%n+1 =Pl = 1P[(1 = 0 — %) Xn + YT yn] — pl|
< (1= 0 — Y )xn + % Ty — p|
= ||(1_O‘n_Yn)(xn_p)"f‘Yn(T)’n_p)_anl’“

®) < N =06 = %) (0 = ) + Ya(Tyn = p) | + 0] p-]

Now, consider

(1= 0t = %) (X = ) + % (Tya = P)I°

= [|(1 = @) [(1 = %) (X0 — P) + Yu(Tyn — P)] + O [=YXus + YTy ||2

By Lemma 2.1, we have

I”? I

(1= 04— ¥u) (xn = P) + Yu(Tyn — p) = (I—a)[[(1 = %) —p) + ¥u(Tyn—p)

0| Y (Tyn — x0) |* — 0 (1 — @) || — p|?
= (I =0o)[(1—70)xn —sz—i—}/nHTyn _P“2
—Yu (1 — ) 20 — TynHZ] + O‘nyr%”Tyn _an2

— 0 (1 = o) s — p?
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= (1= o)l —plP* = (1 = 0w)llxa — p[I®
+ (1 = )| Ty — p|?
I”

~Yu(1 = %) (1 = o) |0 — Tyn

‘f’o‘n?’r%HTyn _anz - O‘n(l - O‘n)Hxn _PH2

< (1—Oﬂn)zllxn—l?llz—?’n(l—Oén)llxn—Pllz
‘H’n(l_O‘n)[||yn_p||2+||yn_T)’n||2]

©) — (1= 0ty = )| Tyn — x|
But
lya—pI> = (1= Bu)(xa— )+ Bu(Txn — p)|I?

= (1_Bn)Hxn_PHZ"‘ﬁnHTxn_sz_Bn(l_Bn)Hxn_Txn”Z

< (1_Bn)Hxn_PHz"‘ﬁonn_pHZ“f’Bonn_Tanz_Bn(l_Bn)Hxn_Tanz
(10) = |l = pII* + By llxn — T ).
Also,

lyn =Tvall®> = (11— Bu) (= Tn) + Buln — Tl
= (1= Ba)lxa = Tyall® + Ball T3 — Tyall* = Ba(1 = Bo) [bn — T
< (1_ﬁnwxn_TynHz‘i‘ﬁan”xn_)’n”z_ﬁn(l_ﬁn)Hxn_TanZ
< (1= B)llxa = Tyul* + BL2 Pin — Toxal|* = B (1 = Ba) [0 — Txa®

(11) = (1=Bu)lxn— TynH2 +ﬁn[L2ﬁ3 + Bn — 1]]|xn — Txn||2-
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Substituting (10) and (11) in (9), we have

11 = & = %) (in = P) + 1Ty — P)II?

= (1= 0)*|lxa — pII* = (1 = ) [l — p||?

+ % (1= o) [|Pn — P11 + By xn — T ]

+ (1= B xn = Tyull® + Bu (L2 By + B — 1) 130 — T

— (1= 1) (1= &) [ben = Tyal1* + @ (| Ty — 3>

= (1= 0)? [t = pII* = WlBu(1 = 0t) = Yl llxn = Tyall® + B (1 — 0) [L2B 2B — 1] |30 — T

= (1= 00)*[Pen = pII> = 1lBa (1 = ) = Wl [lxn — Tyl = 1B (1 = 0ta) [1 = LB = 2] || — Tocul |
Therefore, by conditions (iii) and (i), we have that 1 —28, — L*?82 > 0 and B,(1 — o) > 7, =
(12) |1 =06 = %) (% = p) + W Tval® < (1= 00)*Pin = p[I> < (1= 0ta)|Jxn = p]|-
Combining (12) and (8), we have
(13) %01 =PIl < (1= ) [[xn — pll + ol pl| < max{|lx. — pl|, | pl|}-

By induction, we have ||x,+1 — p|| < max{||xo — p||,||p||}, which implies that {x,} is bounded.

Furthermore, from (7), Lemma 2.4., and following the methods above, we get that

”xn+1_pH2 = HPk[(l_an_Yn)xn+YnTyn]—p||
< ”xn_p_yn<xn_Tyn)_O‘nanz
< Hxn_P_yn<xn_Tyn)|’2_2an<xnaxn+l —p>

(14) = (1= %)%+ WTyn — plI* — 206 (X, X1 — P)-

Now, consider

1 Tyn+ (1 =9)xa = pI* = Wl Ty = I + (1= 1) 30— Pl = % (1 = %) | Tym — 5|
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From (10) and (11), we have

|V Tyn + (1 — Yu)xn _P||2 < yn[”)’n _P||2 + ||yn - Tyn||2] +(1— Yn)”xn _P||2

Y (1 =) || Ty _)Cn”2

IN

Yallln = pI? + B llxn = Toxall] + 9l (1 = Ba) b — Ty ®
+Bu(L? By + B — D)l = Toa ] + (1= %) [l — pI?
Va1 = %) 1 Tyn — 32

= lxn = pII* = YaBall = 2Bs — L?B]] [0 — T

+¥0 (Y — Bu) ||xXn — Tyn’lz-

From (iii), we have that (1, — B,) <0and 1 —2p, —Lzﬁn2 > 0, Vn > 1, we have that
(15) 1% Tyn+ (1= %)xa — pII* < [l = pII* = WaBull — 280 — L2 B7||xa — Txa .
Substituting (15) in (14) we have that

2 o2 _ 722 _ 2 _
(16) ”xnﬂ PH <||xn — pl| Ynﬁn[l 2B, —L ﬁn]”xn T x| 2an<xnaxn+l p)-

Since {x,} is bounded, there exists a constant M > O such that —2(xp,x,+1) <M ¥ n > 0.

Consequently, from (16), we get
(17) [[xn-+1 _P||2 — [ _sz + YaBn[1 —2Pn —Lzﬁf]llxn - TXn”2 <May,.

We now consider the following two cases:
Case 1: Suppose that there exists ng € N such that {||x, — p||} is non increasing. Then, we
have that {||x, — p||} is convergent. Clearly we have that ||x,;1 — p||> — [|[x, — p||* — 0. This,

together with (ii) and (17), imply that
(18) ||x, — Txy|| — 0.

By Lemma 2.5. and (18), it is easy to see that @y (x,) C F(T), where @ (x,) = {x: Txy — x}
is the weak @—limit set of {x,}. This implies that {x,} converges weakly to a fixed point x*

of T. Indeed, if we take x*, % € @y (x,) and let {x,;} and {x,,;} be sequences in {x,} such that
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Xpi — x* and x,,,; — X, respectively. Since nlglgo ||x, — z|| exists for z € F(T), by Lemma 2.6., we

obtain

lim [|x, —x*[|> = Hm [x,; —x*|?
n—oo J—roo
= 1im [l — %+ 5 -
oo
= lim [ —x** + 2[5 — x|
j—yo0

= lim |x, —x*||? + 2| —x*|°.
n—>oo

Hence, ¥ = x*.
Next, we prove that {x,} strongly converges to x*. Let z, = %, Ty, + (1 — ¥,)x». Then from (7)

we have x, 11 = B[z, — x|, Vn > 0. Tt follows that

(19) Xn+1 :Pk[(l—an)zn—i-ocn(zn—xn)].

At the same time, we note that ||z, —x*||> = ||x, —x* — (X, — Ty )||>. Using the same approach

as in (15) we have
(20) llzn =X 1> < v = x* |1 = Y[l = 2B — L2 Ba 1[0 — T |* < [0 — |-

Furthermore, from (7) and (18) we have ||y, — x,|| = Bu||Txn — xn|| < [|Tx0 — x4]| — 0 as n — oo.

Also, T is Lipschitz implies that,

Nza =2Xull = |%(Tyn —xn) + Yu(Txn — Txy) ||
< YaLl|yn — Xl + Val| T X0 — Xa |

21 < YL||Txy, — x| + || Txn — x4]| — O.
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Applying Lemma 2.2. to (19), we have

Poner =x* 2 = (1P = o)z + 0ta(zn — xa)] = 27|
< (1= @) (20 = x*) + O (20— ) — 0"
< 111 = 00) (2 — X Oz — 1) — 206 (8 g1 — )
= (1= )|z —[> + 0tallzn — 21> = 0t (1 = 00a) [l = "> = 200 (", 1 —x)
< (1= o) = > + [|z =l |* = 0 (1 = 0) ln = x*[|* = 200 (" 0.1 — x*)

< (U= a)? e = x|+ |2 — xal|? = 200 (0 1 —27).

It is clear that ||z, —x,||> < (YoL|| TXn — Xn|| + %u||Tx0 — X4|)> = Oas n — o0 and

limy, oo (x*, X1 —X*) =0 =
(22) g1 =21 < (1= @) ln — %[> = 206, (", x4 1 —X7).

Since ’112130<x*,xn+1 —x*) = 0= |lxpp1 —x*|> < (1 — a)|Jx, — x*||*, applying Lemma 2.3. to
(22) we immediately deduce that x,, — x*.

Case 2. Assume that {||x, — p||} is not a monotonically decreasing sequence. Set

[, = ||x, — p||* and let T : N — N be a mapping for all n > nq (for some ng large enough) defined
by t(n) = max{k € N : k < n,I'y <Ty1}. Clearly, 7 is a non decreasing sequence such that
T(n) — o0 asn — oo and ',y < Ty 4 for n > ng. From (17), it is easy to see that

Xe(ny — TxemlI” = M T IREAL
Ye(m) Beny [ — 2By — LB,

Thus [|x¢(;) = TX¢(n)|| — 0. By the same similar argument as above in case 1, we conclude

immediately that x(,) weakly converges to x* as T(n) — oo. At the same time we note that, for
all ng > n, we have

0 < gyt —x* 1> = ey =X 11> < Oy 208", 4" = xg(n 1) — [X2() —x7[17]. Hence, we have
that 1imy, e || x7(s) — x*||? = 0. Therefore, lim,_ . Lr(n) = limy—ee Iy ()41 = 0. Furthermore,
for n > no, it is easily observed that I'z(,;) = I'z(,)41, if n # T(n) (that is T(n) < n), because
['; > T4 for t(n) +1 < j <n. As a consequence we obtain, for all n > ng, 0 < Ceny <
max{T(m), Cey41} = Dy(ny41- Hence lim, o I’y = 0, that is, {x,} converges strongly to x*.

This completes the proof.
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Remark 3.2. A prototype example for our parameter is

n?—1 n 1
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