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Abstract. In this paper, we establish the existence of common fixed points in partially ordered complete b-metric-
like spaces. An example is provided to support our results. The results obtained in this paper improve and extend

the corresponding results announced recently.
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1. Introduction-Preliminaries

Fixed point theory, which is an important branch modern mathematics, has been extensive-
ly studied in different framework of spaces. It is know that fixed point problems of nonlinear
operators, which find a lot of applications in applied sciences, such as, signal processing, im-
age reconstruction, nuclear magnetic resonance, include variational inequalities, saddle point
problems, equilibrium problems and inclusion problems as special cases; see [1-5] and the ref-
erences therein. However, most of the results obtained in metric spaces. Recently, different
generalizations of the metric spaces have been introduced; see [6-10] the references therein. In
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1989, The concept of b-metric spaces was introduced and studied by Bakhtin [11] and Czer-
wik [12]. Then, Amini-Harandi [13,14] introduced the notion of metric-like spaces. In 2013,
Alghamdi [15] introduced the notion of b-metric-like spaces. Since the b-metric-like space is
a natural generalization of metric spaces and metric-like spaces, we will focus on the results in
b-metric-like spaces in this paper. The organization of this article is as following. In Section 1,
we provide some necessary preliminaries and definitions which play an important role in this
article. In Section 2, common fixed point theorems are established in the framework of ordered
b-metric-like spaces. Moreover, an example is provided to illustrate the obtained results.

Next, we recall the following definitions.

Definition 1.1. [11] A b-metric on a nonempty set X is a function d : X x X — [0,0) such that
for all x,y,z € X and a constant b > 1 the following three conditions hold:

(d)ifd(x,y) =0 x=y;

(d2) d(x,y) = d(y,x);

(d3) d(x,y) <b(d(x,2) +d(z,y)).

The pair (X,d) is called a b-metric space.

Definition 1.2. [13] A metric-like on a nonempty set X is a function d : X X X — [0,0) such
that for all x,y,z € X the following three conditions hold:

(d)ifd(x,y) =0=x=y;

(da) d(x,y) = d(y,x);

(d3) d(x,y) <d(x,z) +d(zy).

The pair (X,d) is called a metric-like space.

Definition 1.3. [15] A b-metric-like on a nonempty set X is a function d : X x X — [0, 00) such
that for all x,y,z € X and a constant b > 1 the following three conditions hold:

(dy)ifd(x,y) =0=x=y;

(d2) d(x,y) = d(y,x);

(d3) d(x,y) <b(d(x,2) +d(z,y)).

The pair (X,d) is called a b-metric-like space.
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Definition 1.4. [15] Let (X,d) be a b-metric-like space, and let {x, } be a sequence of points of
X. A point x € X is said to be the limit of the sequence {x,} if lim,_ e d(x,x,) = d(x,x) and we

say that the sequence {x,} is convergent to x and denote it by x,, — x as n — oo.

Definition 1.5. [15] Let (X,d) be a b-metric-like space.
(S1) A sequence {x,} is said to be Cauchy if and only if lim,, ;s d (X, X, ) exists and is finite.
(S2) A b-metric-like space (X,d) is said to be complete if and only if every Cauchy sequence

{x,} in X converges to x € X , so that

m}rilrgood(xn,xm) =d(x,x) = r}glgod(xn,x).

Proposition 1.6. [15] Let (X,d,b) be a b-metric-like space, and let {x,} be a sequence in X
such that lim,,_,e d(x,,x) = 0. Then
(A) x is unique;

(B) %d(x,y) <limyed(x,,y) < bd(x,y), forall y € X.

Definition 1.7. [16] The function @ : [0,+e0) — [0, 40) is called an altering distance function,
if the following properties hold:
1. ¢ is continuous and non-decreasing.

2. @(t) =0if and only if t = 0.

Definition 1.8. [17] Let (X, <) be a partially ordered set. Then two mappings f,g: X — X are

said to be weakly increasing if fx < gfx and gx < fgx, for all x € X.

In order to prove the main results result, we also need the following.

Let(X,d,b) be a b-metric-like space. Define [15] d* : X* — [0,0) by

d*(x,y) = |2d(x,y) —d(x,x) —d(y,y)|- (1.1)

Clearly, d*(x,x) =0 for all x € X.
2. Main results

Theorem 2.1. Let (X, <) be a partially ordered set and suppose that there exists a b-metric-like

d on X such that (X,d) is a b-complete b-metric-like space and let f,g : X — X be two weakly
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increasing mappings with respect to <. Suppose f satisfies d(x, fx) > d(x,x) and g satisfies

d(x,gx) > d(x,x), Vx — X, and

w(b'd(fx,8y)) < W(Mp(x,y)) = (Mp(x,y)) + LW (N (x,)), (2.1)

where Mp(x,y) = max{d(x,y),d(x, fx),d(y,gy), “LELLIY and N(x,y) = min{d*(x, f),
d*(y, fx),d*(x,gy)}, where d* is defined in (1.1) for all comparable elements x,y € X, L > 0, y
and @ are altering distance functions. If either f or g continuous, then f and g have a common

fixed point.

Proof. Let us divide the proof into two parts as follows.
Part I. We prove that u is a fixed point of f if and only if u is a fixed point of g.

Suppose that u is a fixed point of f, thatis, fu = u. As u < u, by (2.1), we have

w(b*d(u,gu)) = w(b*d(fu,gu))

<y (max {d(u,u),d(u,fu),d(u,gu), d(u’g”);;d(”af“) })

d(u,gu)—l—d(u,fu)})

(2.2)
-0 (max {d(u,u),d(u,fu),d(u,gu), %5

+Lmin{d"*(u, fu),d"(u,gu)}.
Since d(u, fu) = d(u,u) < d(u,gu), we have

d(u,gu)+d(u, fu) < d(u,gu)

<

In view of min{d*(u,u),d*(u,gu)} = 0, we find from (2.2) that

w(b*d(u,gu)) = w(b*d(fu, gu))
< y(max{d(u,u),d(u,gu)})
— (max{d(u,u),d(u,gu)})
+ Lmin{d* (u,u),d*(u, gu)}
= y(d(u,gu)) — @(d(u,gu))

< y(b*d(u,gu)) — @(d(u,gu)).
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Thus, we have ¢@(d(u,gu)) = 0. Therefore, d(u,gu) = 0 and hence gu = u. Similarly, we can
show that if u is a fixed point of g, then u is a fixed point of f.

Part II. Letting xo € X, we construct a sequence {x, } in X, such that x,,, 1| = fxp, and xp,, 12 =
gxy,+1 for all non-negative integers. As f and g are weakly increasing with respect to <. It

follows that
x1 = fxo 2 gfxo =x2 = gx

= fegx1 =x3 = fxp

=Xl = fxon

= &fXon = Xont2

<.,
If x2, = xp,,+1, for some n € N, then xy,, = fxp,. Thus, x, is a fixed of f. By the first part,
we conclude that xp, is also a fixed point of g. If x2,,11 = x2,42, for some n € N, then x| =
gx2n+1- Thus, xp,41 is a fixed of g. By the first part, we conclude that x;, is also a fixed point
of f. Therefore, we assume that x,, # x,11, for all n € N. Now, we complete the proof in the

following steps.

Step 1. Prove that

Ji_r}lolod(xn,xnﬂ) =0.

As xo, and xp,,41 are comparable, by (2.1), we have

‘l/(d (x2n+1 7x2n+2)) < ‘l’(b4d (x2n+17x2n+2>)
= w(b*d(fxon, gxmi1))
< Y(Mp(x2n,%20+1)) — @(Mp(x2n,%20+1) ) + LYW (N (X2, X20+1)),

where

My (%20, X2n+1) = max{d(xon,X2n+1),d (X2n, fX2n),d (X2n+1, 8X2n+1),

d(fXZn;XZn—H) + d(x2nagx2n+1) }
6b

d(xX2n-41,X2n+1) +d (X205, X2042) )

= max{d (x2;,%21+1),d(X2n41,%2m12), D
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It follows that
d(x2,X204+2) < bd(Xon,X2n+1) + bd(X2041,%2042)
d(x2n11,%m11) < bd(x2,%2011) +bd (X251 1,%2n) = 2bd (X2, X2n11)-

So, we have

d(xXon41,X2n+1) +d (X2, X2042) )
6b
3bd (x2n,X2n+1) +d(X2n41,X2n+2) )
6b

My (x2n,%2041) = max{d (x2n,%20+1),d (X2n+1,X2m+2),

< maX{d(XmeZn-i-l ) y d(xZn—H >x2n+2)7

< max{d(x2n,X2n+1),d(X2n+1,X2042),

3bd (x2n y X2n+1 ) + bd<x2n+l 7x2n—0—2) +2bd (x2n+1 ;x2n+2) }
6b

d (%2, X2n+1) +d (X211, X2n42) )

= maX{d(in,X2n+1),d(X2n+1 7x2n+2)7 >

= max{d (X2, %2n41),d(X2n+1,X2n42) }

and

N (x2n,X0n1) = min{d® (X, fx2,),d* (X2n+1, fX20),d° (X2n, 8X204+1) }
= min{d” (x21,%2n11),d° (X2n11,%2011),d" (X2n,X2n+2) }

=0.

Hence, we have

W (d(xon+1,%n+2)) <y (max{d(x2n+1,%m+2),d (X2, X2n+1)}) 03
2.3

— @(max{d(xon11,X20+2),d(X2n,X2n41) })-

If max{d(x2+1,%m+2),d (X2, X2n+1)} = d(X2n+1,%2n+2), then (2.3) becomes
W(d(x2n+1,%2n+2)) < W(d(Xont1,X2n+2)) — @(d(xX2n+1,X20+2)) < W(d(X2n+1,%20+2)),
which yields a contradiction. So,
max{d (x2+1,%2n+2),d (Xan,X2n+1) } = d(X2n, X2n+1)-
It follows (2.3) that

W(d(xont1,%2012)) < W(d(x2n,X2041)) — @(d(x2n,%2011)) < W(d (X205 %2011))- (2.4)
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Similarly, we can show that

W(d(x2n+1,%2n)) < W(d(xan-1,%21)) — @(d(x20-1,%2n)) < W(d(x20-1,%20))- (2.5)

By (2.4) and (2.5), we get that d(x,,x,1) is a non-increasing sequence of positive numbers.

Hence, there exists r > 0 such that

’}i_r};d(xn,xnﬂ) =r.

Letting n — o in (2.4), we get

v(r) <wy(r)—o(r) < y(r),

which implies that @(r) = 0 and hence r = 0. So, we have

lim d (%, %11) = O. (2.6)

n—yoo

Step 2. Prove that {x,} is a Cauchy sequence. It is sufficient to show that {x,} is a Cauchy
sequence. Suppose the contrary, that is, {x,} is not a Cauchy sequence. Then there exists
€ > 0, for which we can find two subsequences of positive integers {xz,, } and {x,,, } such that

n; 1s the smallest index for which

ni > m; > i,d()szi,xZni) > E. (2.7)

This means that

d(x2m,-7x2n,-—2) < E. (2.8)

From (2.7), (2.8), we get

d(X2m;, X2n,4+1)
< bd(xon;,%2n;+1) + bd (Xom;, X2n,;)
< bd (xap;, Xom41) + bzd(xzn[,xznifl) + bzd(mei,xzni,l)
< bd (xap,, Xon, 1) 4+ b*d (Xon,, Xon, 1) + B3 d (X201, X0n,2) + b2 d (X2, X2, —2)

< bd (xap,, Xon.11) +b*d (Xon,, Xon, 1) + b d (Xon, 1, %20, 2) + €D,
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Using (2.6), we have limsup; ., d (X2, , Xon;+1) < eb’. Again, from (2.7), we get € < d(x2m;, X2n,) <
bd(XZmi7x2ni+l) + bd(XQni,XQnH_]). Using (2.6), we have

7 <limsup; ., d(Xom;,¥2n,+1). SO, we obtain

£
= < limsupd (X, Xon 1) < €b°. (2.9)
b~ i
Similarly, we can obtain

e . 3

7 S hmsupd(XZm,-fben[) S Sb )

b~ i

e < limsupd (xay,, x2,,) < €b*, (2.10)

i—oo

E .
ﬁ < hmsupd(xzml._l,xzniH) < 8b4.
i—yoo

Since x,, and x,,,—1 are comparable, using (2.1) we have

W(b4d(x2ni+1 Xom;)) = W(b4d(fx2ni ,8X2m;—1))

S W(Mb(x2n,-,x2mifl)) - (P(Mb(XZn,-ameifl)) +LIII(N(x2ni7-x2mi71))7

(2.11)
where
My (%20, X2m,—1) = max{d (x2n,, Xom;—1),d (X2, X2n,),d(X2m;—1, 8%2m;—1),
d(x2n;, 8%2m;—1) +d (X2m,—1, fX2m,) )
6b (2.12)
= max{d (Xan;,X2m,—1)d (X2n;,X20,4+1) s d (X2m;— 1, X2m; ),
d(x2n;,X2m;) + d(X2m,—1,X2n,41) }
6b
and

N(-x2ni7-x2mi—l) = min{ds(xzrli?foni)?dS (xzmi—lvaZm)vds (-xZni7gx2mi—1)}
(2.13)

= min{ds (x2ni7f-x2n,‘+1 ) ) d’ ('x2m,-—1 yX2n;+1 )7ds (XZnia-mei)}'
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From (2.6), (2.10), (2.11) and (2.13), we get
E I E . min{ E €& i }
6b  6b3 b’ 6b  6b3

< lim sup My, (X2, X2im;—1)
i—yoo

= max{limsupd (x2p;,%2m,—1),0,0,

i—oo
lim SUp; o0 d (xzn,' ) x2mi) +lim SUP; o0 d (x2ni+1 y X2m;—1 ) }
6b
< min{eb’, i + —} =eb’.
6b  6b3
So, we have
o —|— @ < liigilpr(xzni,x2mi_1) <eb’ (2.14)
and

limsup N (x2,,, X2mm,—1) = 0. (2.15)
[—poo
Similarly, we can obtain
€
— + — < liminfMj (x2,, Xom; 1) < €b°. (2.16)

6b 6b3 i—3o0
Now, from (2.11), (2.14), (2.15) and (2.16), we have
p*E

) < 1//(b4 lim sup d(-x2n,~+l ,x2m,-))

b i—o0

y(eb®) = y(

< W(hm sup M (x2n,~+>x2m,-—l>) - (p(hlrgmeb <x2n,‘+7x2m,'—l>)
i—yoo o

< y(eb?) — p(liminf My (xon, 4 Xom, 1)),

which implies that

@ (liminf My, (x2n,+, X2m,—1)) = 0.

j—vo0
So liminf e Mp (X2, +,X2m,—1) = 0. This is a contradiction to (2.16). Hence {x,} is a Cauchy

sequence in X.
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Step 3. Prove that

lim d(x,,x,)=0.

m,n—oo
Suppose that there is ¢ > 0, such that lim,, ;s d(X,, %) = c. From (2.1), we have
W(d (1, 0m41)) < WO (1, 41))
— (B fm g5)) (2.17)
< Y(Mp(xn, X)) — @(Mp(xn, X)) + LY (N (X0, X)),

where

Mb(Xn,Xm) = max{d(xnvxm) ) d(xn; fxn)yd(xmngxm)»

d(fxnaxm) + d(xna ng) }
6b

(2.18)
= max{d<xl’l7xm) ) d(-xnaxn+1)7d(x}?17-xm+l)a

d(xn—i-l 7xm) + d(xmxm—H) }
6b '

From (2.17) and (2.18), we have y(c) < w(c) — ¢(c) < y(c), which implies that ¢(c) = 0 and

hence ¢ = 0. So, we have

lim d(x,, %) = 0. (2.19)

n—soo
Step 4. As {x,} is a Cauchy sequence in X, which is a complete b-metric-like space, there
exists u € X such that x,, — u as n — oo. So, from Definition 1.3, have

lim d(x,,u) =d(u,u) = lim d(x,,x,)=0

m,n—soo m,n—oo

and lim;, e X241 = lim,, e fx2,, = u. Without any loss of generality, we may assume that f is
continuous. So lim,, ;e fX2, = fu. From Proposition 1.6, we get lim,,_,. fx2, = fu = u. So, we
have fu = u. Thus, u is a fixed point of f. By the first part, we conclude that « is also a fixed

point of g.

Theorem 2.2. Under the hypotheses of Theorem 2.1, without the continuity assumption of one
of the functions f or g, for any non-decreasing sequence x, in X such that x, — x € X, let us

have x, X x, for alln € N. Then, f and g have a common fixed point in x.
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Proof. From Theorem 2.1, we construct an increasing sequence {x,} € X such that x,, — u, for

some u € X. Using the assumption on X, we have x, < u, for all n € N. Now, we show that

fu=gu=u.By(2.1), we have

W (b*d(xani1,8u)) = W(b*d(fx2n,gu))

< W(Mpd(x2n,u)) — Q(Mpd (x2n,u)) + LY (N (x20, 1)),

where

d(-x2n7gu> +d(fX2n,M)

My (x20,u) = max{d(xon,u),d(xXon, fX20),d(u, gu) - )
d X2n,8U +d X ,Uu
= maX{d(XZmu)vd(x2n>x2n+l)7d(u7gu) ( 2m8 )6b ( 2n+1 )}

and

N(x2,,u) = min{d" (x2n, fx20),d’ (t, fX2n),d* (x2n,8u) }

= min{ds(x2n7x2n+l)7ds(uax2n+1)vds(x2n7gu)}‘

Letting n — o in (2.21) and (2.22) and using Proposition 1.6, we get

d(u,gu) :min{d(u,gu) d(u,gu)}

6b> b ' 6b2
bd
< limsup My (15, 1) < max{d(ugu), "8y —
n—soo
and N (xp,,u) — 0. Similarly, we obtain
d(u,gu) _ . .
opr < HminfMy(xon, u) < d(u, gu).

Using (2.20), (2.23) and Proposition 1.6, we get

1 .
y(bd(u,gu)) = y(b*d(u,gu)) < y(b* limsupd (xa 1, gu))

b n—soo

< y(limsup My (x2,, u)) — @(liminf M (x,, 1))
n—oo

n—yoo

< y(d(u,gu)) — (iminf M, (x2,u))

< y(b3d(u,gu)) — ¢(1irginbe(x2n, u)).

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

Therefore, @(liminf,_,c M (x2,,u)) < 0, equivalently, liminf,_,. M} (x2,,u) = 0. Thus, from

(2.20) we get u = gu and hence u is a fixed point of g. On the other hand, similar to the first part
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of the proof of Theorem 2.1, we can show that fu = u. Hence, u is a common fixed point of f

and g.

Example 2.3. Let X = [0,00) be equipped with the b-metric-like d(x,y) = (x +y)? for all
x,y € X, where b = 2. Define a relation < on X by x Xy iff y < x, the functions f,g: X — X
by fx =1In(1+3) and fx = In(1 + ), and the altering distance functions y, @ : [0,+oo) by
y(t) =gt and @(t) = (q— 1)t, where 1 < g < %. Then, we have the following:

(1) (X,=) is a partially ordered set having the b-metric-like d, where the b-metric-like space
(X,d) is complete.

(2) f and g are weakly increasing mappings with respect to <.

(3) f and g are continuous.

(4) f,g satisfies:

w(b*d(fx,gy)) < W(My(x,)) — @(Mp(x,y)) + Ly (N(x,y)),

where

d(x,gy) +d(y, fx) )
6b

My (x,y) = max{d(x,y),d(x, fx),d(y,gy),

and

N(x,y) = min{d*(x, fx),d*(y, fx),d" (x,8y) }

Proof. The proof of (1) is clear. To prove (2), for each x € X, we know that 1+ % < e13 and
1+35< 9. So, fx = In(1++5) <xand gx =1In(1+5) < x. Hence, fgx =In(1+ %) < gxand
gfx=In(1+ %x) < fx, for each x € X.Therefore, f and g are weakly increasing mappings with
respect to <. It is easy to see that f and g are continuous. To prove (4), let x,y € X with x < y.
So, y < X. Thus, we have the following cases.

Case 1. If § < 5 < 3, then we have

(1 +%)(1+g) < (1+g)(1+g) :»1n(1+%)(1+g) < 1n(1+’9ﬁ)(1+g).
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Now, using the mean value theorem for function In(1+1), for € [§,5], we have

w(b*d(fx,gy)) = 16qd(fx,gy)

= 16g(In(1+ =) +1In(1+2))2 = 16g(In(1 + —=) (1 + 2))?

13 9 13 9
< 16q(In(1 +3)(1+3))* = 16q(In(1 + 3) +In(1 +3))’
X Yy 36 )
< Ty
_1661(9+9) _Sl(x-l-y)

that is, we have y(b*d(fx,gy)) < w(My(x,y)) — @(My(x,y)) +Ly(N(x,y)), for each L > 0.
Case 2. If 5 < § <3, then we have y(b*d(fx,gy)) < w(Mp(x,y)) — (My(x,y)) + Ly (N(x,)),
for each L > 0. The proof is the same to Case 1.
Thus, all the hypotheses of Theorem 2.1 are satisfied and hence f and g have a common fixed

point. Indeed, 0 is the unique common fixed point of f and g.
Finally, Let us finish this paper with the following remarks.

Remark 2.4. Theorems 2.1 and 2.2 not only improve and extend the corresponding results
of Alghamdi [15], but also improve and extend the corresponding results of Roshan [18] and

others.

Remark 2.5. A b-metric-like is a metric-like if b = 1, so our results can be viewed as a gener-

alization and extension of corresponding results and several other comparable results.
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