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Keywords: S -metric; @ -map; S-Cauchy sequence; S-convergent sequence.
2010 AMS Subiject Classification: 47H10, 54H25.

1. Introduction

Many authors tried to give generalization of metric spaces in several ways and
obtained many results [1-12]. Ganler [6] and Dhage [1] introduced the concepts of 2-metric spaces
and D-metric spaces respectively. Mustafa and Sims [8] introduced a new structure of generalized
metric spaces which are called G-metric spaces. Sedghi et al. [4] introduced the concept of D*-
metric spaces which was modification of the definition of D-metric spaces. Recently, Sedghi et al.

[5] have introduced the notion of S -metric spaces and have proved some fixed point theorems in

S -metric spaces. In this paper, we consider ¢ as a @ -map and prove some fixed point theorems

for self-map 7" : X — X under different contractive conditions related to ¢ .
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2. Preliminaries
The following definitions and results will be used in the sequel:
Definition 2.1 [4]. Let X be a non-empty set. An S -metric on X is a function

S: X x X xX —[0,00) that satisfies the following conditions, for each x,y,z,a € X,

(S1) S(x,y,2)>0,

(S2) S(x,y,2)=0iff x =y=2,

(S3) S(x,y,2) <S(x,x,a) + S(y,y,a) + S(z,z,a).

The pair (X,S) is called an S-metric space.

Definition 2.2 [4]. Let(X,S) be an S -metric space.

(i) Asequence {x,} in X convergesto x € X if S(x,,,x,,x) > 0 as n — co. That is, for each
& >0, there exists ny € N such that for all n > ngy, we have S(x,,,x,,x) < &. We write
itas limx, =x.

n—>o0

(ii) A sequence {x,} in X is a Cauchy sequence if S(x,,,x,,x,) — 0 as n,m — oo. That is,
for each £>0 , there exists ny € N such that for all n,m>n, , we have
S(x,,,x,,x,,) < €.

(iii)The S -metric space (X,S) is complete if every Cauchy sequence in X converges to a point of
X.

We use the following results to prove our main result:

Lemma 2.3 [4]. In an S-metric space, we have

S(x,x,y) =S(y,y,x), forall x,y e X.
Lemma 2.4 [4]. Let (X,S) be an S-metric space. If x, — x and y, — y, then
S, %0, Yn) = S(x,%,).
Following to Matkowski [2], let @ be the set of all functions

¢ :[0,00) — [0,00) , where ¢ is a non-decreasing function with

lim ¢"(t) = 0, forall ¢ € (0,00). If ¢ € D, then ¢ is called a ® -map.

If ¢ isa @ -map, then
(i) ¢(t)<t, forall te(0,0),
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(i) ¢(0)=0.

In our further discussion ¢ will be considered as a @ -map.

3. Main Results

Theorem 3.1. Let X be a complete S -metric space. Suppose that the mapping 7" : X — X
satisfies the condition:

(3.1) S(Tx,Ty,Tz) < #(S(x,y,2)),

forall x,y,z € X.ThenT has a unique fixed point.

Proof. For arbitrary point x, € X , construct a sequence x, =Tx, ;, n €N . Assume
x, # X,_;,foreach n e N.We claim {x } is a Cauchy sequence in X.

For n € N, we have

(3.2) S(x,,,%,,%,.1) =S(Tx,_1,Tx,_1,Tx,)
< ¢(S(xn—19xn—1>xn))

< ¢"(S(x0,%0,%1)) -

Given ¢ > 0, since liin @ (S(xg,%0,%1)) =0 and ¢(¢) < &, there is an integer n,, such that
n—>0

(3.3)  #"(S(x,%0,%1)) <g—@ forall n>n, .

This implies
(3.4) SCx, %%, 1) <§_@ forall n>n,.

Form,n € N with m > n, we claim that

(3.5) S(x,,,x,,x,) <¢ forall m>n>n,.

We prove inequality (3.5) by induction on m .

Inequality (3.5) holds for m = n+1 by using inequality (3.4) and the fact that ¢ — ¢(¢) < ¢.
Assume inequality (3.5) holds for m = k.

For m =k +1, we have

(3-6) S(xmxn’xkﬂ) < S(xmxn’xnﬂ) + S(xnaxnaxnﬂ) + S(xk+1>xk+laxn+1)
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=28(x,,%,,%,.1) + S(Txy, Tx;,,Tx,) .
Using condition (3.1), equation (3.4) and Lemma 2.3, we get
S, %, %41) < & — (&) + §(S(x, %, %))
<& —g(e) + J(S(x,,%,, %))
<&—p(e) + 4e)

=e.
By induction on m, we conclude that inequality (3.5) holds for all m >n >n;. So {x,} is a
Cauchy sequence in complete S -metric space and hence {x,} converges to some w € X .
For ne N, we have
S(w,w, Tw) < S(w,w,x,.1) + S(w,w,x,..;) + STw,Tw,x, ;)

< S(w,w,x,,1) + Sw,w,x,.1) + ¢(Sw,w,x,)) .
Since ¢ isa ® -map, we have

S(w,w,Tw) < Sw,w,x,.;) +Sw,w,x,.;) +S(w,w,x,) .

Letting n — oo and using the fact that S is continuous in its variables, we get that
S(w,w,Tw) =0. Hence T(w) =w. So w is a fixed point of T. Now, let v be another fixed
point of T with v # w . Since ¢ isa ® -map, we have

S(w,w,v) = S(Tw,Tw,Tv)
< ¢(S(w,w,v))

< S(w,w,v),
which is not possible. So v = w and hence T has a unique fixed point.

Corollary 3.2. Let X be a complete S -metric space. Suppose that the mapping 7 : X —> X

satisfies the condition:
ST"x, T"y,T"z) < ¢(S(x,y,2)),
forall x,y,z € X and m € N . Then T has a unique fixed point.
Proof. From Theorem 3.1, we obtain that 7" has a unique fixed point say w .
Since T™(Tw) = T™w = T(T™w) = Tw, we get that Tw is also a fixed point of 7. But w

is a unique fixed point of 7™, so we have
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Tw=w.

Hence w is a unique fixed point of T.
Corollary 3.3. Let X be a complete S -metric space. Suppose that the mapping 7': X — X
satisfies the condition:

S(Tx,Tx,Tz) < ¢(S(x,x,2)),
forall x,z € X. Then T has a unique fixed point.
Proof. We obtain the result by taking y = x in Theorem 3.1.
Corollary 3.4. Let X be a complete S -metric space. Suppose there is k e [0,1) such that the
mapping 7' : X — X satisfies the condition:
(38.7) S(Ix,Ty,Tz) < kS(x,y,2),
forall x,y,z € X. Then T has a unique fixed point.

Proof. Define ¢ : [0,00) — [0,00) by @(t) = kt . Then clearly ¢ is a non-decreasing function with
lim ¢"(¢) =0, forall ¢ > 0.
n—©0

Using condition (3.7) and by virtue of ¢ ,we have
S(Tx, Ty, Tz) < ¢(S(x,y,2)), forall x,y,z € X.
Now the result follows from Theorem 3.1.

Corollary 3.5. Let X be acomplete S -metric space and suppose the mapping 7" : X — X satisfies
the condition:

S(x,y,2)

forall x,y,z € X. Then T has a unique fixed point.

Proof. Define ¢ :[0,00) — [0,0) by ¢(w) = %

Then clearly ¢ is non-decreasing function with lim ¢"(t) =0, forall ¢ > 0.
n—o0

Using condition (3.8) and by virtue of ¢, we have
S(Tx,Ty,Tz) < ¢(S(x,y,2)), forall x,y,z € X.

Now the result follows from Theorem 3.1.
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Theorem 3.6. Let X be a complete S-metric space. Suppose that the mapping 7' : X — X
satisfies the condition:

S(Tx,Ty,Tz) < g(max{S(x,y,2),S(Tx,Tx,x),
S(Ty,Ty,y),S(Tz,Tz,x)}),
forall x,y,z € X. Then T has a unique fixed point.
Proof. For arbitrary point x, € X, construct a sequence x,, = Tx,,_;,forall n € N .
Assume x, # Xx,_;, foreach n € N . Thus for n € IV, we have
S 11,%p415%,) = S(Tx,, T, T, 1)
< P(max{S(x,,,%,, %51 )5S (X415 %041,% ) S (X415 %41,%5)s
S(%y,%,,%,)3)
< Pmax{S(x,, %, %, 1),8(X511,%,11,%,)3)
If max{S(x,, 2,2, 1), S (X415 X051,%0)} = S(Xp41,%n41,%5),
then
S(2115 %0415 %) < HS(X40,5%041,%5))
< S(%Xp415Xn415%n)
which is impossible.
S0 max{S(X,, %, 2,-1)sS(X415 X415 %,)F = S(2,%,%1) -
Thus for n € N, we have
S(Xp415%011,%,) < HS(X,,%,%, 1))

< ¢2(S(xn—1 »Xn—1 ’xn—2))

< ¢"(S(x1,%1,%0))-
This implies
S(xn+17xn+1’xn) < ¢n(S(x17x1’xO))'

Using Lemma 2.3, we get

S(a,,,%,,,%,.1) < @ (S(xg,%0,%1)) -
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By similar arguments as in Theorem 3.1, we get {x,,} is a Cauchy sequence in complete S -metric
space. So {x,,} converges to some w € X .
For n € N, we have
Sw,w,Tw) < Sw,w,x,.;) +Sw,w,x,.;) +STw,Tw,x, ;)
=S(w,w,x,,;) + S(w,w,x,,;) + STw,Tw,Tx,)
<S(w,w,x,.,)+Sw,w,x, 1) + gmax{S(w,w,x,),
STw,Tw,w), S(Tw,Tw,w),S(x,,,1,%,.1,W)})
= S(w,w,x,.,) + S(w,w,x,,,) + pmax{S(w,w,x,,),
S(Tw,Tw,w),8(x,,11,%,41,W)5).
Case I.
If max {S(w,w,x,),S(Tw,Tw,w),S(x,.1,%,.1,W)}
= S(w,w,x,),
then
S(w,w,Tw) < S(w,w,x,,1) + S(w,w,x,.,) + H(S(w,w,x,))
<Sw,w,x,.;)+S(w,w,x,,;) + S(w,w,x,).

Letting n — oo, we have Tw = w.

Case Il.

If max{S(w,w,x,),S(Tw,Tw,w),S(x,,,1,%,.1,W)}
=S(Tw,Tw,w),

then

S(w,w,Tw) < S(w,w,x,,1) + S(w,w,x,.,,) + ¢(S(Tw,Tw,w))
<S(w,w,x,.1) +S(w,w,x,,1) + STw, Tw,w).
Using Lemma 2.3, we get
S(w,w,Tw) < S(w,w,x,.;) + S(w,w,x,,,) + S(w,w,Tw).
Letting n — oo, we get T'(w) = w.
Case III.

If maX{S(wywaxn)a S(TLU,TLU,LU), S(xn+1 ’xn+1 ,LU)}
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= 8(%p415%n41,0)
then
S(w,w, Tw) < S(w,w,x, 1) + S(w,w,x,,1) +S(x,.,1,%,.1,W).
Letting n — oo, we get Tw = w.
Hence, we can say that w is a fixed point of T.
If v is another fixed point of T, then

S(w,w,v) = S(Tw,Tw,Tv)

< g(max{S(w,w,v),S(Tw,Tw,w),S(Tw,Tw,w),S(Tv,Tv,w)})

< g(max{S(w,w,v),S(w,w,w),S(w,w,w),S(,v,w)})

< g(max{S(w,w,v),S(v,v,w)})
= ¢(S(w,w,v)) (- by Lemma 2.3, S(v,v,w) = S(w,w,v))
< S(w,w,v), (- ¢ is ®-map)
which is not possible and hence w is a unique fixed point of 7'.
Corollary 3.7. Let X be a complete S -metric space. Suppose there is k € [0,1) such that the
mapping 7' : X — X satisfies the condition:
(3.9) S(Tx,Ty,Tz) < kmax{S(x,y,z),S(Tx,Tx,x),S(Ty,Ty,y),
S(Tz,Tz,x)} ,
forall x,y,z € X. Then T has a unique fixed point.
Proof. Define ¢ : [0,00) — [0,0) by ¢(w) = kw.
Then clearly ¢ is non-decreasing function with
rlLi_IgW(t) =0, forall £t >0.
Using condition (3.9) and by virtue of ¢, we get
S(Tx, Ty, Tz) < ¢(max{S(x,y,z),S(Tx,Tx,x),
S(Ty,Ty,y),S5(Tz,Tz,x)}),

forall x,y,ze X.

Now the result follows from Theorem 3.6.
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Corollary 3.8. Let X be a complete S -metric space and suppose the mapping 7': X — X
satisfies the condition:

S(Tx,Tx,Tz) < g(max{S(x,x,z),S(Tx,Tx,x),S(1z,1z,x)}),
forall x,z € X . Then T has a unique fixed point.

Proof. We obtain the result by taking y = x in Theorem 3.6.
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