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Abstract. In this paper, we introduce the notion of coupled fixed point for a mapping in complex valued Gb metric
space and prove some coupled fixed point theorems in this space and provide an example in support of our main

theorem.
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1. Introduction

The concept of a metric space was introduced by Fréchet [16]. The first important result
on fixed-point for contractive-type mappings was the well-known Banach fixed point theorem,
published for the first time in 1922. After that many researchers proved the Banach fixed point
theorem in a number of generalized metric spaces. Bakhtin [7] presented b-metric spaces as

a generalization of metric spaces. In 2011, Azam et al. [4] introduced the notion of complex

*Corresponding author
E-mail address: kumar.jmaths @ gmail.com

Received March 2, 2016
341



342 JITENDER KUMAR AND SACHIN VASHISTHA
valued metric space which is a generalization of the classical metric space. Rao et al. [12]
introduced the concept of complex valued h-metric space.

Mustafa and Sims [9] presented the notion of g-metric spaces, many researchers [1, 2, 3, 10,
11] obtained common fixed point results for G-metric spaces. The concept of Gp,-metric space
was given in [6].

E. Ozgur [15] presented the notion of complex valued Gp-metric space. In 2006, Bhaskar et
al. [5] introduced the notion of coupled fixed point and proved some fixed point results in this
context. Similarly, we introduced the notion of coupled fixed point for a mapping in complex

valued Gj,-metric spaces.

2. Preliminaries

In this section will recall some properties of Gj-metric spaces.

Definition 2.1 ([6]). Let X be a nonempty set and s > 1 be a given real number. Suppose that a
mapping G : X x X x X — R satisfies:

(Gby) G(x,y,z) =0ifx=y =7

(Gby) 0 < G(x,x,y) for all x,y € X with x # y;

(Gb3) G(x,x,y) < G(x,y,z) for all x,y,z € X with y # z;

(Gby) G(x,y,z) = G(p{x,y,z}), where p is a permutation of x, y, z;

(Gbs) G(x,y,z) <s(G(x,a,a)+ G(a,y,z)) for all x,y,z,a € X (rectangle inequality).

Then, G is called a generalized b-metric space and (X, G) is called a generalized b-metric or a

Gj,-metric space.
Note that each Gp-metric space is a G-metric space with s = 1.

Proposition 2.2 ([6]). Let X be a Gy,-metric space. Then for each x,y,z,a € X, it follows that:
(D) IfG(x,y,2) =0thenx=y =z
(2) G(x,y,z) <s(G(x,x,y) +G(x,x,2)),

(3) G(x,y,y) <25G(y,x,x);
@) G(x,y,2) <s(G(x,a,z) + G(a,y,2)).
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Let C be the set of complex numbers and z;,z, € C.
Define a partial order on C as follows:
71 S 7o if and only if Re(z;) < Re(zp) and Im(z;) < Im(zp).

It follows that z; = z; if one of the following condition is satisfied.

(1) Re(z1) =Re(z2), Im(z1) < Im(z2),
(2) Re(z1) <Re(z2), Im(z1) = Im(22),
(3) Re(z1) < Re(z2), Im(z1) < Im(z3),
(4) Re(z1) =Re(z2), Im(z1) = Im(z2).

In particular, we will write z; =3 z2 If z; # 22 and one of (i), (ii) and (iii) is satisfied and we
will write z; < zp iff (iii) is satisfied.
The followed statements hold:
(i) If a,b € R with a < b, then az < bz, for all z € C.
(i) If 0 T z1 3 22, then |z1] < |z3].

(iii) If z1 3 22, 22 < 73, them 27 < z3.

Definition 2.3 ([15]). Let X be a nonempty set and s > 1 be a given real number. Suppose that
a mapping G : X x X x X — C satisfies:

(CGpl) G(x,y,2) =0ifx=y=2z

(CGp2) 0 < G(x,x,y) forall x,y € X with x # y;

(CGp3) G(x,x,y) 3 G(x,y,z) for all x,y,z € X withy # z;

(CGpd) G(x,y,2) = G(p(x,y,2)), where p is a permutation of x,y,z;

(CGp5) G(x,y,2) 2 s(G(x,a,a)+G(a,y,z)) for all x,y,z,a € X (rectangle inequality).

Then, G is called a complex valued Gp,-metric and (X, G) is called a complex valued Gp,-metric

space.

Proposition 2.4 ([15]). Let (X, G) be a complex valued Gy-metric space. Then for any x,y,z € X,
 G(x,y,2) T 5(G(x,x,y) + G(x,x,2)),
* G(x,y,y) T 25G(y,x,y)-

Definition 2.5 ([15]). Let (X,G) be a complex valued Gp,-metric space, let {x,} be a sequence
inX.



344 JITENDER KUMAR AND SACHIN VASHISTHA

(i) {x} is complex valued Gy,-convergent to x if for every a € C with 0 < a, there exists N € N
such that G(x,xp,xn) < a for all n,m > N.
(ii) A sequence {x,} is called complex valued Gp,-Cauchy if for every a € C with 0 < a, there
exists N € N such that G(x,,xm,x;) < a for all n,m,¢ > N.
(iii) If every complex valued Gy-Cauchy sequence is complex valued Gy-convergent in (X, G),

then (X, G) is said to be complex valued Gp,-complete.

3. Main Results

Theorem 3.1. Let (X, G) be a complete complex valued Gy-metric space with coefficient s > 1

and F : X x X — X be a mapping satisfying:
G(F(x,y),F(u,v),F(z,w)) 3 AG(x,u,2) + uG(y,v,w) 3.1

for all x,y,u,v,z,w € X, where A and | are non-negative constants with sA + u < 1. Then F

has a unique coupled fixed point.
Proof. Choose xp,yo € X and set

x1 = F(x0,y0), y1=F(o,X0)

Xn+1 :F(xrhyn)a Yn+1 :F()’mxn)

From (3.1), we have

G(xnaxn+17xn+l) :G(F(xnfhynfl);F(xnuyn%F(xnayn))

j AG(xnfl 7xn7xn) + .UG(ynfl 7ynayn)

and similarly

G()’na)’nHaYnH) :G(F(yn—l7-xn—1)7F(ynaxn)7F(ymxn))

j AG(ynfl »ynyyn) + .UG(xnfl 7xnaxn)
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Therefore, by letting G, = G (X, Xy41,%n+1) + G(Vns Ynt+-1,Yn+1), We have
Gn = G(xn,Xn+1,%+1) + G(Vn, Yn+1,Yn+1)
ZAG(xn—1,%n,%0) + UG (Yn—1,Yn:Yn) + AG(Yn-1,Yn,¥n) + UG (Xn—1,Xn, %)
= (A + W) [G(Xn—1,Xn,%n) + G(Yn—1,Yn,Yn)]
=(A+u)Gu1.

That is G, X PG,_1, where P=A +u < 1.

In general, we have forn =0,1,2,...
Gn 3 PGyt 3P2Gya 3+ 3 P"Go.
Now, for all m > n
G(Xn, X, Xm) Z S[G(Xns Xn1,Xn41) + G (X1, %m, Xom )|
3 SG(Xn, Xnt1,Xn41) +SZ[G(XnH X2, Xn12) + G (X125 Xm, Xm)]
385G (X X 1,0 41) 57 G (X 1, X042, Xn42) + -+ "G (X1, Xy Xim)

and

Gy Yy Ym) = SGVnsYnst,Yni1) +5°GnitsYni2,Yni2) + 5" "Gm—1,YmsVm)

Therefore, have

G(-xn,xm,xm)—}—G(ymym’ym) jSGn +S2Gn+l—}—-~-—}—sm_n 1
r_jSPnG0+S2Pn+1G0+.'__’_SmfanflGO

= sP"[14 5P+ (sP)*>+---+ (sP)" "G,

= sP"
1—sP

Go.

Thus, we obtain
"

S
1—sP

|G (Xns%msXm) + G ns Yy Ym) | < |Gol -

Since P < 1, taking limit as n — oo, then

sP"
1—sP

‘Go’ — 0.
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This means that |G (X, X, Xm))| — 0 and (G(yn,Ym,ym)) — O.

By Proposition 2.4, we get
G (xn, Xm; X¢) + G (Y, Yms Vo)
2 G(xn, Xy Xm) + G(x0, X, Xm) + G (Vs Yis Ym) + G(Vey Y, Ym) for £,m,n € N.

Thus

|G (X, X, X¢) + G (Vs Y V)|

< (G, Xm,%m) + Gy Yo ym) | + (G (%0, %m, %m) + G (Ve Y, Ym)| -
If we take limit as n,m, ¢ — oo, we obtain
|G (xp,Xm,x¢)| =0 and  |G(yu,Ym,ye)| — 0.

which implies that {x,} and {y,} are complex valued G,-Cauchy sequences in X. By X is

complete, there exists x’,y’ € X such that
lim x, =x and lim y, =y

Let ¢ € C with 0 < ¢. For every m € N, there exits N € N such that

G(xp,Xm,x¢) < ¢ and G(yu,ym,y¢) <c¢ Vn,ml>N.
Thus, we have

G(xur1, F(,Y), F(x',Y)) = G(F (xn,yn), F(X',Y'), F (' ,y"))
SAG(, X x) + uG(n,y'Y)
This implies that
(G, F(X,3), F (X Y))| < ANG(xn, X' x) [+ ]G (ym, Yy
Taking limit as n — oo, we get
GO F(x')), F(xX YY) =0

that is G(x', F(x',y'),F(x’,y’)) = 0 and hence F(x,y") = x'.

/

Similarly, we have F(y',x') = '
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Hence (x',y’) is a coupled fixed point of F.

Now, if (x”,y") is another coupled fixed point of F, then
G X" X") = G(F(X,y'),F(x",y"),F(x",y"))
SAGH XA+ uGh YY)
and
GO YY) =GF (Y ), FO +"), F(y" %)
SAG(K YY)+ uGE A" X
Thus we have
G 1)+ Gy 3 (A WG ) 4 FY .y )
which implies that
G )+ Gy )] 3 (A + G ) + GO )

Since sA +u < 1, we have |G(x,x",x") + G(y',y",y")| = 0.
That iS G(X’,X",X”) + G(y/’y//’y//) — 0.
Thus we have (x',y") = (x",y").

Therefore F has a unique coupled fixed point. 0

From Theorem 3.1 with u = A, we have the following corollary:

Corollary 3.2. Let (X, G) be a complete complex valued Gy-metric space with coefficient s > 1

and F : X x X — X be mapping satisfying:
G(F(x,y),F(u,v),F(z,w)) T A[G(x,u,2) + G(y,v,w)] (3.2)

for all x,y,z,u,v,w € X, where A is a non-negative constant with A < % then F has a unique

coupled fixed point.

Example 3.3. Let X = [—1,1] and G: X x X x X — C be defined as follows:

G(x,y,z) = |x—y[+|y—z|+|z—x] (3.3)
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for all x,y,z € X. (X, G) is complex valued G-metric space. Define
Gi(x,7,2) = G(x,5,2)°.

G, is a complex valued Gp-metric with s =2 (see [6]).
If we define F : X x X — X with F(x,y) = %i. Then F satisfied the contractive condition

(3.2) for § <A < 1 thatis
G(F (x.3). F (), F (e, w) < A[G(x,10,2) + Gy, vow)].
Here (0,0) is the unique coupled fixed point of F'.

Theorem 3.4. Let (X,G) be a complete complex valued Gpmetric space. Suppose that the map-

ping F : X x X — X satisfies

G(F(x,y),F(u,v),F(u,v) SAG(x,F(x,y),F (x,y)+G(u,F (u,v),F(u,v)]. (3.4)
where A € [O, %) Then F has a unique coupled fixed point.
Proof. Choose xp,yo € X and set

x1 = F(x0,y0), y1=F(o0,X0)

Xnt1 = F (X, Yn)s  Ynt1 = F (Yn,%n)
From (3.4), we have
G (X, Xnt15Xn+1) = G(F (Xn—1,Yn—1), F (X0, ), F (Xn, Yn))
S AG(n—1, F(Xn—1,Yn-1), F (Xn—1,Yn—1) + G(xn, F (Xp,yn), F (Xn, yn))]
3 AG(xn—1,%n,%n) + G0, Xn 1, Xn+1)]

which implies
A
G(xn7xn+l7xn+1) 3 mG(xn—l,xmxn)

and similarly

G(yn7yn+17yn+1) :G(F(yn—17xn—1)7F(yn7xn)7F(yn7xn)]
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j )’[G<yn—lvF(yn—l7xn—l)3F<yn—lv-xn—l)) + G(ynaF(ynrxn)?F(ynaxn))

which implies that
A
GOyt ¥n1) T 7= GOn=1,Ym,n)

Now, by setting G, = G(xp,Xp+1,Xn+1) + G(Vns Yn+1,Yn+1), we have

Gn = G(xn7xn+1 ,xn-i-]) + G(yn,yn—i-] 7yn+1)

1N

A
11— [G(Xn—1,%n,%n) +G(Yn—1,Yn,Yn)]

that is

A
G, 2 PG,y where P = -7 <1.

In general, we have forn =0,1,2,---
G 3 PGy 3P°Gry 3+ 3 P"Go.

This implies that {x,} and {y,} are Cauchy sequence in (X, G). and therefore, by completeness

of X, there exists x’,y’ € X such that lim x, = x' and lim y, =y'.
n—roo

n—soo

Let ¢ € C with 0 < c¢. For every m € N, there exists N € N such that
G(xp,Xm,x¢) < ¢ and G(yn,ym,v¢) <¢ Vm,n, > N.
Thus, we have
G(xnr1, F(X,3),F(x,Y) = G(F (xn, ), F (x',Y'), F (x',)')]
S AG(n, F (xXn, ), F (ny yn) + G F (X)), F(X,y)]
which implies that
G(xnr1, F(X,Y), F(x'Y)| < AG(n, Xnge1,%041) + G F(Xy), F (X))
Taking limit as n — oo, we get
GO F( ), F(X YY) < AIGW, F(X,y), F(x',y'))].

This implies that |G(x', F (x',y), F(x’,y")| — 0 and therefore F (x',y") =X, similarly F (y/,x") =y'.

Hence (x',y’) is a coupled fixed point of G.
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Now if (x”,y") is another coupled fixed point of F, then

G(X/,X”,X”) — G(F((X/,yl),F(X//,y”), (F(X//,y//))

:5, A[G(X/,F(X/,yl),F(xl,yl) —|—G(x",F(x",y"),F(x'/7y//)]

Thus we have x’ = x similarly, we get y =y".

Therefore F has a unique coupled fixed point.
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