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1. Introduction

In 2007, Bashirov [1] defined multiplicative calculus and gave the notion of multiplicative met-

ric spaces as follows.
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Let X be a non empty set. A multiplicative metric is a mapping d : X x X — R™ satisfying the

following conditions:

(ml) d(x,y) > 1forall x,y € X and d(x,y) = | if and only if x =y,

(m2) d(x,y) =d(y,x) forall x,y € X,

(m3) d(x,z) <d(x,y)-d(y,z) for all x,y,z € X (multiplicative triangle inequality).

The pair (X,d) is called a multiplicative metric space.

For more detail on multiplicative metric spaces, one can refer to [7].

In 2006, Mustafa and Sims [6] introduce the notion of G-metric space as follows.

Let X be a non empty set and let G: X x X x X — R" be a function satisfying the following:
(G1) G(x,y,z) =0ifx=y=z,

(G2) 0 < G(x,x,y) for all x,y € X with x #?y,

(G3) G(x,x,y) < G(x,y,z) for all x,y,z € X with z #?y,

(G4) G(x,y,2) = G(x,2,y) = G(y,z,x) = - -+ (symmetry in all variables),

(G5) G(x,y,2) < G(x,a,a)+ G(a,y,z) for all x,y,z,a € X (rectangular inequality),

Then the function G is called a generalized metric and the pair (X, G) is known as generalized
metric spaces.

We note that the set of positive real numbers R is not complete according to the generalized

metric G defined as
G(x,y,2) = (x—y|+|y—z|+|z—x]) forallx,y,z € X.

. 1 . . . .
Let X = R,. Consider the sequence x, = {—} It is obvious {x,} is a Cauchy sequence in X
n
with respect to generalized metric and X is not complete G-metric space, since 0 ¢ R .
Now to overcome this problem we introduce the notion of multiplicative generalized metric

spaces similar to notion of multiplicative metric spaces defined by Bashirov [1] as follows:

Definition 1.1. Let X be a non empty set. Let G : X x X x X — R be a function satisfying:
(GM1) G(x,y,z) =1lifx=y=z,

(GM2) 1 < G(x,x,y) for all x,y € X with x #7?y,

(GM3) G(x,x,y) < G(x,y,z) for all x,y,z € X with z # y,

(GM4) G(x,y,z) = G(x,z,y) = G(y,z,x) = --- (symmetry in all variables),
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(GMS) G(x,y,z) < G(x,a,a)-G(a,y,z) for all x,y,z,a € X (rectangular multiplicative inequal-
ity),

Then the function G is called a multiplicative generalized metric and the pair (X,G) is called

multiplicative generalized metric spaces. We shall denote it for briefly multiplicative G-metric

spaces.

We note that if (X,d) be a multiplicative space then we can define multiplicative G-metric on
X by setting G(x,y,2) = {d(x,y,)d(y,2) -d(z,x)}.

Now

(GM1) G(x,y,z) = 1ifd(x,y) =d(y,z) =d(z,x) = 1, impliesx =y =z,
(GM2) G(x,x,y) = {d(x,x) -d(x,y) - d(y,x)}5 = {d(x,,) -d(y,x)}3 > 1 forx # .
(GM3) Since d(x,y) < d(x,z)-d(z,y), implies (d(,x,y)-d(y,x))3 < (d(x,2)-d(z,y)-d(y,x))3
ie., G(x,x,y) < G(x,y,z) forall x,y,z € X.
(GM4) Symmetry is obvious.
|

(GMS) G(x,a,a)-G(a,y,z) = (d(x,a)-d(a,a) - d(a,x))3 - (d(a,y) -d(y,2) -d(z,a))}
> ((x,y)-d(3,2) -d(z,%)3 = G(x,7,2).

Hence G is multiplicative generalized metric on X.

Remark 1.2. We note that R is complete in case of multiplicative generalized metric spaces.

. 1 . .
For this we take sequence x, = {an }, where a > 1. Then {x,} is a Cauchy sequence since for

n>m>l,
X, * X * X ¥
n m [
G(-xn7er17-xl) = | _ —
Xm X] Xn
1|* L|*¥] 1 |*
an am al
| (1] |1
am al an
1_1 1_1 1_1
e |an m|*|am l|*|al n‘*|
1 1
— a2t
1.1 ) loga
<t < g if n,m,l >4 £

loge’
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a ifa>1;
where |a|* = |
- ifa<l.

a
Since {x,} — 1l asn — o0 and 1 € Ry. Hence (X,d) is complete multiplicative metric space

Example 1.3. Let X = R*". Define G* : X x X x X — [1,0) as
x| *)

y

Y

*
‘ Z
Z

X

G*(x,y,2) = <

x if fx>1

where |x|* = 1

if x < 1.
X
Obviously the properties (GM1), (GM2), (GM3) and (GM4) hold clearly.

For (GM 5), we have

*
X

X * a * a * a * y *
G*(x,a,a).G*(a,y,2) = |=| -|-| -|=| -|=| -|=] |~

a a X X y a

“la X y V4 a
* *

X Z|*
NN

yiolzl Ix

=G"(x,y,z) forall x,y,z € X.

Hence G* is multiplicative generalized metric on X and (X,G*) is a multiplicative G-metric

space.

Example 1.4. Let X = R. Define G* : X x X x X — [1,00) as G*(x,y,z) = a(F=yl+y—dtz=)

where x,y,z € X and a > 1. Then clearly G* is a multiplicative generalized metric space.

Remark 1.5. We note that Example 1.3 is valid for positive real numbers and Example 1.4 is

valid for all real numbers.
Now we state some useful properties of multiplicative G-metric spaces.

Proposition 1.6. Let (X,G) be a multiplicative G-metric space, then for any x,y,z,a € X, we

have

(1) G(x,y,z) =1thenx=y=z
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x,a,a)-G(y,a,a)-G(z,a,a)

~~

(iii) G(x,y,z) < G(x,x,y)-G(x,x,2)

(ii) G(x,5,2) <G
(iv) G(x,,y) < G*(y,x,x).

It is easy to prove (i) to (iv).

Proposition 1.7. Let (X, G) be a multiplicative G-metric space and let k > 1 then G| is also a

multiplicative G-metric on X, where G(x,y,z) = min{k,G(x,y,z) }.

Remark 1.8. For any non empty set X, we can define a multiplicative G-metric on X and

conversely.

For any multiplicative G-metric on X, we define dg(x,y) = G(x,y,y) - G(x,x,y)
(i) Clearly dg(x,y) > 1.
(i) dg(x,y) = 1iff G(x,y,y) - G(x,x,y) = 1
iff G(x,y,y) = G(x,x,y) =1
iff x = y.
(iii) dg(y,x) = G(y,x,x)- G(y,y,x) = G(x,,y) - G(x,x,y) = dg(x,y).
(iv) dg(x,2) - dG(z,y) = G(x,2,2) - G(x,x,2) - G(2,y,) - G(2,2,Y)
2 G(x,,y) Gx,x,y) = dg(x, ).

Hence dg is multiplicative metric on X.

Remark 1.9. It can easily be shown that every generalized metric need not be multiplicative
generalized metric and conversely i.e., generalized metric spaces and multiplicative generalized

metric spaces are independent.

Consider X = R, and generalized metric be defined as G(x,y,z) = (|x —y|+ |y —z| + |z — x]|)
for all x,y,z € X.
Then (X, G) is a generalized metric space. But it is not multiplicative generalized metric space.
For this take x =2, y =4, z=6 and @ = 2. Then G(x,y,z) = 8 and G(x,a,a) - G(a,y,z) =0
implies

G(x,y,2) > G(x,a,a) - G(a,y,z).

This implies that (X, G) is not a multiplicative generalized metric space.
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Now consider X = R and define G* : X X X x X x X — [1,0) as

X

y

Yy

Z

G*(x,y,2) = <

x ifx>1

where |x|* = ]

ifx<1.

X
Then (X, G) be a multiplicative generalized metric space.

Now forx=2,y=4,z=10and a =6, G*(x,y,z) = 25 and G*(x,a,a) + G*(a,y,z) =9+6.25 =
15.25.

Then clearly G*(x,y,z) > G*(x,a,a)+G*(a,y,z) implies that G is not a generalized metric on X.
2. The multiplicative G-metric topology

Definition 2.1. Let (X, G) be a multiplicative G-metric space then for xg € X, r > 1, the multi-

plicative G-open ball with centre x( and radius r is defined as
Bg(xo,r) = Br(x0) = {y € X, G(xo,x,x) <r}.
Similarly, we can define multiplicative G-closed ball as Bg(xq,7) = {y € X, G(xg,x,x) < r}.

Proposition 2.2. Let (X, G) be a multiplicative G-metric space. Then for any xo € X and r > 1,
we have

(i) if G(Go,x,y) <r, then x,y € Bg(xo,r).

(ii) If y € Bg(xo,r), then there exists 8 > 1 such that Bg(y,8) C Bg(xo,r).

Proof. (i) The proof follows obviously from (GM3) since
G(xg,x,x) < G(xp,x,y) < r implies x € Bg(xo,r).

Also, G(xg,y,y) < G(xp,x,y) < r implies x € Bg(xo, ).
(ii) The proof follows from (GMS5) with & = r/G(xp,y,y).
For y € Bg(xo,r) implies G(xg,y,y) < r with § > 1.

Let z € Bg(y, ) implies G(y,x,x) < 6 = ie., G(xo,v,y) - G(y,z,2) <r.

G(x0,y,y)
Therefore, by rectangular inequality, we have G(xg,z,z) < ri.e., z € Bg(xo,r).
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Hence Bg(y,0) C Bg(xo, 7). O

Remark 2.3. It follows from Proposition 2.2(ii) that the family of G-balls B = {Bg(x,r) : x €

X,r > 1} is the base for the multiplicative G-metric topology.

Proposition 2.4. Let (X, G) be a multiplicative G-metric space.

Forall xo € X and r > 1, we have
Bg <XO, g) C Bg(x0,r) € Bg(xo,7).

Consequently, the multiplicative G-topology T (G) coincides with the multiplicative topology
arising from dg. Thus every multiplicative G-metric space is topologically equivalent to a

multiplicative metric space.

Definition 2.5. Let (X,G) be a multiplicative G-metric space and A C X. We callx € A is a
multiplicative G-interior point of A if there exists € > 1 such that B¢(x) C A.
The collection of all the interior points of A is called multiplicative G-interior of A and denoted

by int(A).

Definition 2.6. Let (X,G) be a multiplicative G-metric space and A C X. If every point of A is

a multiplicative G-interior point of A, then A is called a multiplicative G-open set.

Lemma 2.7. Let (X,G) be a multiplicative G-metric space then each multiplicative G-open

ball of X is a multiplicative G-open set.

Proof. Let x € X and B¢(x) be a multiplicative G-open ball. For y € B¢(x), consider 6 =

£
——— and z € Bg(y) then G(y,z,2) < d, i.e., G(y,2,2) <
Glrx.3) ) then G022 a2

This implies G(y,z,z) - G(x,y,y) < €.

G(x,y,y

Now G(x,z,2) < G(y,z,2) - G(x,y,y) < € implies GBg i.e., Bg(y) C Be(x).

Thus Bg(x) is multiplicative G set. O

Lemma 2.8. Let (X,G) be a multiplicative G-metric space then X and ¢ are multiplicative

G-open sets.

Lemma 2.9. The union of any countable or uncountable family of multiplicative G-open sets is

also a multiplicative G-open set.



FIXED POINT RESULTS IN MULTIPLICATIVE GENERALIZED METRIC SPACES 359

Lemma 2.10. The intersection of any finite family of multiplicative G-open sets is also a mul-

tiplicative G-open set.

Proof. Let By and B; be two multiplicative G-open sets and y € B; N B, then there exists 6; and
0 > 1 such that Bs, C By and Bs, C Bs. Letting 6 = min{&;,0,}, we conclude that B5 C Bj.
Hence the intersection of any finite family of multiplicative G-open sets is a multiplicative G-

open set. 0

Definition 2.11. Let (X, G) be a multiplicative G-metric space. A point x € X is said to be a
multiplicative G-limit point of S C X iff (Bg){x} \ {x}) NS # ¢ for every € > 1. The set of all

multiplicative G-limit points of the set S is denoted by .

Definition 2.12. Let (X, G) be a multiplicative G-metric space. We call a set S C X multiplica-

tive G-closed in (X, G) if S contains all of its multiplicative G-limit points.

Proposition 2.13. Let (X,G) be a multiplicative G-metric space and S C X. Then SUS' is a

multiplicative G-closed set. This set is called multiplicative G-closure of the set S, which is

denoted by S.

Proposition 2.14. Let (X, G) be a multiplicative G-metric space and S C X. S is multiplicative

G-closed iff X \ S, the complement of S, is multiplicative G-open.

Definition 2.15. Let (X,G) be a multiplicative G-metric space. The sequence {x,} in X is said

to be

(i) multiplicative G-convergent to x € X if for every multiplicative G-open ball B¢ (x), there
exists a natural number N such that x,, € Bg(x) for all n > N. In brief denoted by x, — x
as n — o,

(ii) multiplicative Cauchy if for all € > 1, there exists a natural number N such that G(x;,,x;,x,,) >

—¢ for all m,n,l > N.

Lemma 2.16. Let (X,G) be a multiplicative G-metric space and {x,} be a sequence in X. The

sequence {x,} in X is multiplicative G-convergent to x € X iff G(x,,x,x) — 1 as n — co.
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Lemma 2.17. Let (X, G) be a multiplicative G-metric pace and {x, } be a sequence in X. If the

sequence is multiplicative G-convergent then it is multiplicative G-Cauchy sequence.

Proof. Let x € X such that x, — x. So we have for any € > 1, there exists a natural number N

such that
G(xp,x,x) < €3 and G(xp,x,x) < €3 and G(x,x,x) < e3 for all n,m,1 > N.

By multiplicative rectangular inequality, we get

Wl
oM
wl—
oM
ol —
oM
W=
I
v(‘f>

G (X, xn,x1) < G(X,%,%), G (X, X, %) - G (X, X, X) < €3 -
which implies that {x, } is a multiplicative G-Cauchy sequence. O

Definition 2.18. Let (X, G) be a multiplicative G-metric space and A C X. The set A is called

multiplicative G-bounded if there exists x € X and M > 1 such that A C By(x).
Lemma 2.19. A G-multiplicative Cauchy sequence is multiplicative G-bounded.

Proof. Let (X,G) be multiplicative G-metric space and {x,} be a multiplicatve G-Cauchy se-
quence in X. From definition of Cauchy sequence for € =2 > 1, there exists a natural number

no such that G(x,,x,,,x;) < 2 for all n,m,l > ngy. Hence we have
M = max{x,G(x,, Xy, X,) } <m forallneN.
Thus we have
G (X, Xn,x1) < G(Xn, Xy, Xng) + G (X Xng s Xng ) - G (X1, Xng s Xng) < M? forall m,n,l €N.
Thus the sequence is multiplicative G-bounded. UJ

Lemma 2.20. Let {x,} be a multiplicative G-Cauchy sequence in a multiplicative G-metric
space (X,G). If the sequence {x,} has a subsequence {xy,} such that x,, — x € X as ny — oo,

then x, — X as n — oo,

Lemma 2.21. Let (X, G) be a multiplicative G-metric space and {x,} be a sequence in X. If the

sequence {x,} is multiplicative G-convergent then the multiplicative G-limit point is unique.
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Proof. Let x,y € X such that x, — X and y, — y as n — oo i.e., for every € > 1, there exists
N € N such that for all n > N, we have G(x,,x,x) < v/€ and G(x,,y,y) < /€. Then we have

G(x,y,y) < G(xp,x,x)-G(xn,y,y) < €. Since € is arbitrary, therefore G(x,y,y) = lie.,x=y. O

Proposition 2.22. Let (X,G) be a multiplicative G-metric space and {x,} be sequence in X

and a point x € X. The following are equivalent:

(i) {x,} is multiplicative G-convergent to x.
(i) dg(xp,x,x) = 1 as n — oo i.e., {x,} converges to x relative to metric dg.
(iii) G(xp,Xp,x) = 1 asn — co.

(iv) G(xp,Xpn,x) — 1 asn — oo.

Definition 2.23. Let (X,G) and (Y,G’) be two multiplicative G-metric spaces and f : X — Y is
said to be continuous if given an € > 1, there exists § > 1 such that f(Bg(x)) C B € (f(x)), for

all xin X.

Theorem 2.24. Let (X,G) and (Y,G') be two multiplicative G-metric spaces and f : X — Y be
a mapping. Then f is multiplicative G-continuous at a point x € X iff f{x,} — f(x) for every

sequence {x,} with x, — x as n — o.

Proof. Suppose that f is multiplicative G-continuous at x and x,, — x. From the definition of G-
multiplicative continuity of f, we have, for every € > 1, there existsé > 1 such that f(Bg(x)) C
Be(f(x)).

Since x, — x as n — oo, there exists N such that n > N implies x, € Bg(x). Then f(x,) €
B¢ (f(x)) and hence f(x,) — f(x) (n — o).

Conversely, assume that f is not G-multiplicative continuous at x, i.e., there exists an € > 1 such

that for each 8 > 1, we have x’ € X with G(x/,x,x) < 6 but

(2.1) G (f(x'), f(x), f(x)) > €.

Let us take any sequence of real numbers {5, } such that §, — 1 and &, > 1 for each n.

For each n choose x that satisfy (2.1) and call this x/,.
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It is clear that x/, —, x. but f(x,) is not multiplicative G-convergent to f(x) implies f is not
G-multiplicative continuous then not every sequence {x,} with x, — x will yield a sequence

f(xn) — f(x), a contradiction. Hence the result. O

3. Fixed point theorems

Now we introduce the multiplicative G-contraction map as follows.

Definition 3.1. Let (X, G) be a multiplicative G-metric space. A mapping f : X — X is called

multiplicative G-contraction if there exists a real constant A € [0, 1) such that
3.2) G(fx, fy,f2) < G*(x,y2) forallx,y,z€X.

Now in the setting of multiplicative G-metric spaces, we state Banach contraction principle in

the setting of multiplicative G-metric space as follows:

Theorem 3.2. Let T be a multiplicative G-contraction mapping from complete multiplicative
G-metric space (X,G) into itself. Then f has a unique fixed point or every multiplicative G-

contraction mapping on a complete multiplicative G-metric space has a fixed point.

Proof. Consider the point xg € X then there exist X € X such that fxo = x1, for this x; € X there
exists xp € X such that fx; = x».
Continuing like this, we get a sequence {x,} in X such that fx, | = x,,.
Now consider
G(xn—l—l 7xn>xn) = G(fxn;fxn—l 7fxn—1)

< GM( )

> XnyXn—1,Xn—1)-
Similarly, we get G(x,, Xp—1,X,—1) < G*" (x1,%0,x0).
Let m,n,l € N such that m > n > [, then we have

G(-xm7xn7xl) < G(-xm7xm—17xm—l) : G<xm—l7-xn7xl)

< G(xmvxm—l ;xm—l) : G(xm—l 7xm—27xm—2) : G(G(xm—2>xn7x1)
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< G(-xmrxm—lv-xm—l) ot G(xn—lv-xn—27xn—2) tte G(G(-xl+1 7-xlaxl)

-1 !
< GMT A (xy,x0,%0)
Al
S G112 (X] ,X(),X()).
This implies that G(x,,,x,,x1) — 1 as m,n,l — oo. Hence the sequence {x,} is a multiplicative
G-Cauchy sequence in X. Since X is complete, so there exists z € X such that x,, — z as n — oo,
Also
G(fz:2,2) < (fz, [Xn, fXn), G(fxn,2,2)
<G* (z,%n,%n) - G(xp+1,2,2) = 1 as n — oo,

i.e., G(fz,z,z) = 1. Therefore, fz =z.

Hence z is a fixed point of f i.e., fz =1z

Now if there is another point y(# z) such that fy =y then from (3.1)

G(z,y,y) = G(fz, /3, fy) < G*(z,,y).

Hence G(z,y,y) = 1 and y = z, a contradiction.

This implies that z is the unique fixed point of f. U

Corollary 3.3. Let (X,G) be a complete multiplicative G-metric space. For € with € > 1 and
xo € X, consider multiplicative G-closed ball B¢ (xg). Suppose the mapping f : X — X satisfies

the multiplicative G-contraction condition

G(fx, £y, fz) < G*(x,y,2) forall x,y € Be,

where A € [0,1) is a constant and G(xo, fxo, fxo) < €',

Then f has a unique fixed point Be(xg).

Proof. We only need to prove Bg(xp) is complete and fx € Bg(xp) for all x € B¢ (xp).
Suppose {x,} be a multiplicative Cauchy sequence in Bg(xp). Then {xo} is also a multiplicative

Cauchy sequence in X. By completeness of X, there exists x € X such that x,, — X, therefore,

G(x0,x,x) < G(x0,%n, %) - G(xp,x,%) < G(xp,x,) - €.
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Since x, — x, therefore, G(x,,x,x) — 1. Hence G(xg,x,x) < € and x € Be. It follows that B, (xo)

is complete. For every x € Bg(xp),
G(x(),fx,fx) < G(X(),fX(),f.X()) ’ G(fx(),fx,fx) < 8171 ’ Gl ()C(),X,X) < 8171 ’ 81 =€
Thus fx € Be(xo). O

Corollary 3.4. Let (X,G) be a complete multiplicative G-metric space. If a mapping f: X — X

satisfies for some positive integer n,
G(f"x,f"y,f"2) < G*(x,y,2) forallx,y,z €X,
where A € [0,1) is a constant then f has a unique fixed point in X.

Proof. From Theorem 3.2, f" has a unique fixed point say z € X. Also f"(fz) = f(f"z) = fz,
implies fz is also fixed point of f”*. But from uniqueness of fixed point, we have fz = z, implies
z 1s fixed point of f. Since the fixed point of f is also fixed point of f”, so the fixed point of f

is unique. O

Example 3.5. Let X = R" = (0, ) be given space.
Define G*: X x X x Xx — [1,0) as

*

X
G* X, ¥,2) = '_
(x,,2) S

Z
Then (X, G) is complete multiplicative metric space let f : X — X be a map defined as fx = /x.

Then by Banach contraction principle unique fixed point 1.

Theorem 3.6. Let (X,G) be a complete multiplicative G-metric space. Suppose the mapping

f: X — X satisfying the following condition:
B2 G(fx.frf2) < (G(fxxx).8(fr.09).G(fz,22)* forallxyzeX,

1
where A € [0, 5)
Then f has a unique fixed point in X, and for any x € X, iterative sequence { f"x} converges to

a fixed point.
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Proof. Choose xy € X, set x| = fxo, X2 = fx1 = f2x0,...,%, = " lxo,. ...
Consider
G<xn+laxl’hxn> - G(fxn7fxn717fxn71>
A
S (G(fxnyxnvxn) : G(fxn—l s Xn—1 7xn—l) : G(fxn—l s Xn—1 7-xn—l))

< (G<xn+1 7xn;xn) : G(xmxn—l ;xn—l) : G(xnvxn—l ;xn—l))l-
Thus we have

Az
G(xn+17xn7xn) <G (xn,xn—laxn—l) = Gh(xnaxn—lvxn—l)a
2
1-1°

For m > n > [, consider

where h =

G(xmaxmxl) < G(xmaxm—l 7xm—1) : G(xm—l axm—27xm—2) e 'G(X1+1,X1,Xl)

nl

-1 ! T
= G () x0,x0) < GTH (x1, X0, %0)

which implies that

G(xp,xn,x;) — Lasn,m, 1 — co.

Hence {x,} is a multiplicative G-Cauchy sequence. Since X is complete, so there exists a z € X
such that x,, — z as n —> oo,

Consider
G(fZ7Z7Z) S G(fz7fxn7f-xl’l) : G(f-xn,Z7Z)
< (G(£2:2,2) - G(fXns Xns Xn) - G(n, X, X)) - G 11,2,2).

1
ie., G(fz,z,2) < (Glz(fxn,xn,xn) G(Xp41,2,2))TF — lasn — oo,

Hence G(fz,z,z) = 1, implies fz = z. The uniqueness follows easily. 0J

Example 3.7. Let X = R* = (0,0). Define G* : X X X X X — [1,0) as

*

X *
G*(X,y,Z - '_‘ '
) y

Then (X,G*) is complete multiplication metric space.
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Let f : X — X( be a map defined as

1 ifx<1
fx=
xtoifx>1
We find that G*(fx, fy, fz) < (G*(fx,x,x) - G*(fy,5,y) - G*(f2,2,2))* holds for all x,y,z € X

1 1
and for some A = = € {O, 5)

3
Also for any x € X, iterative sequence {f"x} converges to fixed point. Since all conditions of

Theorem 3.6 is satisfied. Hence f has a unique fixed point 1.

Theorem 3.8. Let (X,G) be a complete multiplicative G-metric space. Suppose the mapping
f: X — X satisfied the following

(3.3) G(fx, [y, f2) < (G(fx,0,2) - G(f,%,2) - G(fz,%,3))*

1
forall x,y,z € X, where A € [O, 5)
Then f has a unique fixed point in X and for any x € X, iterative sequence { f"x} converges to

fixed point.

Proof. Choose xo € X and define x; = fxo, x2 = fxo, X2 = fX1 = f2X0,.- ., Xpp1 = fXpn =

Flxg,. ..

Consider

G(Xn11,%n,Xn) = G(fXn, fXn—1, fXn—1)
< (G(fnsXn—152%n-1) * G(fXn—1,%nsXn—1) - G* (fX1, X0, Xn—1))
< (G (X1 %n—15%n-1) * G (s Xty X—1) * G (X Xy 1)
< (G(Xnt1,%n,Xn) - G(Xn, Xn—1,%0-1) - G(Xn, Xn—1,Xn—1) - G(Xn—1,Xn, X 1)
-G (Xns X 1,%n—1) - G 1, X0, X 1))

Thus we have

A5
G(xn—}—l;xn?xn) <G (xnaxn—laxn—l> = Gh(xnaxn—lvxn—l)a

where h = 7
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For m > n > [, we can consider

G(xXmyXn, X)) < G(Xmy Xm—1,%m—1) - G(Xm—1,Xm—2,Xm—2) - G(X14-1, X1, X;)
Y
=G T (v, x0,%0)

-
< G1-h ()C],X(),XO),
which implies that G(x,,, ,X,,x;) — 1 as n,m,l — oo.
Hence {x, } is a multiplicative G-Cauchy sequence. Since X is complete, therefore, there exists
z € X such that x,, — z as n — oo,

Consider

G(fZ,Z,Z) S G(fzafxmfxn) ' G(fxn,Z,Z)
S (G(fzuxnvxn) : G(fxnuzu-xn) : G/l (fxnaz7xn) : G(fxfhzvz)
S (G(fZ’Z,Z) : G(Zaxl’hxn) : G(xn+l7zax}’l) : G;L (anrl»Zaxn)) : G(-xn+l7Z7 Z)'

A2 1
G(f2,2,2) < G*(z,%p, %) - GTF (Xps1,2, %) - GTE G (Xt 1,2,2) — 1 as n — oo,
Hence G(fz,z,z) = 1, implies fz = z. The uniqueness follows easily. 0

Example 3.9. Let X = R = (0,0) be given space. Define G*: X x X x Xx — [1,0) as

* *

*

X
G* X, ¥,2) = '_
(x,,2) S

Y
z

‘ Z

X

Then (X, G*) is complete multiplicative metric space.

Let f: X — X be a map defined as

1 ifx<1
fx=
Vi oifx> 1.

Then G*(fx, fy, fz) < (G*(fx,y,2) - G*(f¥,x,2) - G*(fz.x,))* holds for all x,y,z € X and for

1 1
some?l,—ge {O,E).

Also for any x € X, iterative sequence {f"x} converges to the fixed point. Since all conditions

of Theorem 3.8 are satisfied. Hence f has a unique fixed point 1.
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4. Weakly commuting

In 1982, Sessa [11] introduced weakly commuting mappings in metric space.

In the similar mode, we state this in the setting of multiplicative G-metric spaces as follows:

Definition 4.1. Two self mappings f and g of a multiplicative G-metric space (X, G) are called

weakly commuting iff G(fgx,gfx,gfx) < G(fx,gx,gx) and G(fgx, fgx,gfx) < G(fx, fx,gx)
for all x € X.

* * %
Example 4.2. Let X = [0, 1]. Define G: X X X x X — [0,0) as G(x,y,z) = Y ‘E where
v |z] Ix
x ifx>1
|x|* = | . i.e., absolute multiplicative.
- ifx<1

X
Then (X, G) be multiplicative generalised metric space.

Define constant mappings f,g : X — X by
fx=a and gx =D, a #?, wherea,b € [0,1].

Then G(fgx,gfx,gfx) = G(fb,ga,ga) = G(a,b,b) and G(fx, gx,gx) = G(a,b,b), implies that,

f and g are weakly commuting maps.
Remark 4.3. Every weakly commuting mappings need not be commuting.

Example 4.4. Let X = [0, 1] with multiplicative generalized metric G defined as G(x,y,z) =

x|y (2 x ifx>1
= 1=, —‘ where |x|* = ! , absolute multiplicative value.
Yol x S oifx<1
X
Define f,g: X — X as
flx) = 2x and g(x)=x forallx € X.
—x

Then f and g are weakly commuting maps but not commuting.

Theorem 4.5. Let (X,G) be a complete G-multiplicative metric space. Let f and g be self

mapping of X satisfying the following conditions

@.1) f(X) < g(X),
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(4.2) f or g is continuous,
4.3) G(fx, fy, fz) <mk(X,Y,Z), where
M(x,y,z)) = max{G(Gx, gy, 8z), G(gx, fy,8z), G(8y, [x,82), G(gx, fx,82), G (8 f¥,82),
1
forall x,y,z € X, where k € (O, —).

2
(4.4) f and g are weakly commuting maps,

Then f and g have a unique fixed point in X.

Proof. Let xo be an arbitrary point in X. From hypothesis there exists a point x; € X such that
fxo = gx1. In general there exists x,+ such that y, = fx, = gx,+1,n=0,1,2,....

We may assume that gx,, # gx,1 1, for each n. Since if there exists n such that gx,, = gx, 11, then
8Xn = 8Xn+1 = fXpn, yields f and g have a coincidence point.

From hypothesis,

G(8%n, 8%n, 8Xn+1) = G(fXn—1, fXn—1, f%n)
< max{G(gxy—1,8%n—1,8%n) G(8%n—1, [Xn—1,8%n), (G(&Xn—1, fXn—1,8%n),
G(gxn—1, fXn—1,8%n), G(8Xn_1, [Xn_1,8%) }*
< max{G(gxn—1,8%n—1,8%n), G(8Xn—1,8%n, 8%n), G(8Xn—1,8%n, §Xn),

G(gxn—lagxnagxn)vG(gxn—lvgxmgxn)}k
S maX{G<gxn717gxn717gxn)7G(gxnflagxnvgxI’l)}k
But G(gx,—1,8%n,8%n) < G*(8X%n—1,8Xn—_1,8%n)-
8Xn—1,8%n,8%n) > 8Xn—1,8%n—1,8%n
2
Hence G(gxn, gxn,8xn+1) < Gk (8Xn—1,8%n—1,8%n)-

Let k> = g then 0 < ¢ < 1, continuing the above process, we obtain

G(8Xn, 8%n, 8Xn 1) < G (gx0, g%0,8X1)-

For every m,n € N, m > n, and by repeated use of inequality, we have

m—1

G(8%n,8%n,gxm) < [ | Glex).8xj,8x11)

j=n

m—1

S H qu (gx()?gx()?gxl)

Jj=n
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qn

< GT4(gxo,8x0,8X1)-

Therefore, G(gxp, gxn,8xm) — 1 as m,n — oo. Hence {gx,} is a G-multiplicative Cauchy se-
quence. Since (X,G) be complete, therefore, lim fx, = lim gx, = z.
n—oo n—soo

Since f and g are weakly commuting therefore,

G(fgxn, 81 %n, 8f%n) < G(fXn,8%n,8%n))-
Letting n — oo, and using continuity of g, we have
lim fgx, = lim ggx, = lim ggx, = gz.
Consider
G(f 8% fXn, fxn) < max{G(ggxn,8%n, 8Xn), G(88%n; [Xn,8%n), G(8Xn, £ 8%n; 8%n),
G(88%n, [ 8%n, 8%n) G(8%n, [ 8%, g5n) }*
Proceeding limit n — oo, we have
G(gz,2,2) < max{G(gz,7,2),G(82,2,2),G(z,82,2), G(82,82,2), G(2,82,2) }*
< max{G(gz,2,2),G(gz,2,2),G(z, 82,2), G(g2,2,2), G (2, 82,2), G(2,82,2) }*
G(gz,2,2) < G¥ (g2,2,z), which is contradiction since k € (0, l) .

2

Therefore, gz = z.
Now we show that fz = gz =1z.

Consider

G(fxn,fZ, fZ)) S max{G(gxn,gz,gz), G(gxn,fZ,gZ>, G(gZ,an,gZ), G(gxn,fxn,gz), G(gZ,an,gZ)}k

Proceeding limit n — oo, we have

G(z, fz, fz) < max{G(z, gz, 82), G(z, f2,82), G(g2,2,82), G (2,2, 82), G(gz, 2, 82) }*

1
< Gk(z,fz,fz), which is contradiction since k € <O, 5) )

Therefore, fz = z.

Hence z = gz implies z be common fixed point of f and g.
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Assume that there exists another p € X; such that fv = gv =v. Then if gv # gz.

From hypothesis

G(gv,82,82) = G(fv, [z, f2)
< max{G(gv.8z.82), G(gv, f2,82)G(8z, fv,82), G(gv, [, 82), G(gz, f2.82) }*
= max{G(gv, 8z, 82), G(gv. gv, g2) }*
<GF (gv,g7,87), acontradiction Hence gv = gz.

So g and f have unique common fixed point.
5. Compatible maps and its variants

In 1986, Jungck [3] introduced compatible mappings in metric spaces as follows:

Definition 5.1. Let f and g be two self mappings on a metric space (X,d). The mappings f
and g are said to be compatible if lgll d(fgxn,gfx,) =0 whenever {x,} is a sequence in X such
n—roco

that lim fx, = lim fx, = z for some z € X.
n—oo n—yoo

In 2012, Choudhury et al. [2] introduced the notion of compatible maps in G-metric space as

follows:

Definition 5.2. Let f and g be self maps of a G-metric space as (X,G). The maps f and g are
said to be compatible map if

lim G(fgxn, 8f%n:8f%n) = 0 or im G(gfxn, f¢xn, fgxn) =0,

n—oo n—oo

whenever {x,} be a sequence in X such that lim fx, = lim gx, = for some 7 € X.
n—soo n—soo

In 1993, Jungck et al. [4] introduced compatible mappings of type (A) in metric spaces as

follows:

Definition 5.3. Let f and g be self maps of a metric space (X,d). The maps f and g are said to
be compatible maps of type (A) if

lim d(f fxn, g fxn) =0 and " lim d(ggxa, fgx,) = 0.
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whenever {x,} be a sequence in X such that lim dfx, = lim gx, = for some ¢ € X.
n—soo n—soo

In 1995, Pathak and Khan [8] introduced compatible mappings of type (B) as follows:

Definition 5.4. Let f and g be self maps of a metric space (X,d). The maps f and g are said to
be compatible maps of type (B) if

. L, .. .
and
. L, . .
Jim d(g foxn, 88n) < 7 (lim d(gfxn, 81) + lim d(gt,88xn)),
whenever {x,} be a sequence in X such that li_r>n Sfxn= li_r}n gx, =t for some t € X.
Nn—oo n—oo
In 1995, Pathak et al. [9] introduced compatible mappings of type (P) as follows:

Definition 5.5. [[9]] Let f and g be self maps of a metric space (X,d). The maps f and g are
said to be compatible maps of type (P) if

hm (ffxmggxn) = 0 or hm d(ggxnuffxn) = 07
n—oco n—oo

whenever {x,} be a sequence in X such that lgn Sfxn= li_r)n gx, =1t for some t € X.
n =] n (o)
In 1998, Pathak et al. [10] introduced compatible mappings of type (C) as follows:

Definition 5.6. [[10]] Let f and g be self maps of a metric space (X,d). The maps f and g are
said to be compatible maps of type (C) if

lim d(fgxn, ggxn) < (lim d(fgxn, ft) + lim d(ft, ffxn) + lim d(ft,ggxn)}
n—oo n— oo n—oo n—oo

and

. 1, . .
lim d(gfxn, ffxn) < 3 (lim d(g fxn, g7) + lim d(gt, ggn)) + lim d(gt, f fxn))-

whenever {x,} be a sequence in X such that lim fx, = lim gx, = ¢ for some 7 € X.
n—soo n—soo

Recently Kang et al. [5] introduced the notion of compatible maps and its variants as follows:
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Definition 5.7. Let (X,d) be a multiplicative metric space and f,g : X — X be mappings. The

mappings f and g are called

(i) compatible if lim d(fgx,,gfx,) = 1, whenever {x, } is a sequence in X such that lim fx, =
n—oo

n—oo

lim gx, =t for some ¢ € X.
n—oo

(i) compatible of type (A) if lim d(fgx,,g>fx,) = 1 and lim d(gfx,, f>x,) = 1 whenever
n—oo n—oo

{x,} is a sequence in X such that lim fx, =1 lim gx, = for some € X.
n—soo n—soo

(ii1)) compatible of type (B) if

lim d(f g%, 8%%,) < [1im d(fgxa, 1), lim d(ft, f2x,)]'/
n—oo n—oo n—oo

and

. 2 <1 : 2 1/2
lim d(gfxn, g7xn) < [lim d(gfxn, 1), lim d(gt,8"xn)]

whenever {x,} is a sequence in X such that lim fx, = lim gx, = for some 7 € X.
n—oo Nn—yoo

(iv) compatible of type (C) if

lim d(fgxa, g%x) < (lim d(fgx, f1)- lim d(f1, fx)) - lim d(f1,g%%,))"

n—oo

and

lim d(g fxu, f2xn) < (lim d(fgxn, f1) - lim d(f1, fx) lim d(f1,8%x)"

n—oo

whenever {x,} is a sequence in X such that lim fx, = lim gx, = for some 7 € X.
n—oo n—oo

(v) compatible of type (P) if

li_r}n d(f%x,,8°x,) = 1 whenever {x,} is a sequence in X such that lim fx, li_r>n gx, =t
n—o0 n—ro0

n—oo

for some ¢ € X.

Now we state compatible maps and its variants in setting of multiplicative G-metric space as

follows:

Definition 5.8. Let f and g be self maps of a multiplicative G-metric space (X, G). The maps

f and g are said to be

(i) compatible map iff

lim G(fgxn,8fxn, 8fxn) =1 or lim G(gfxn, f8Xn, f&xn) =1,
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(i1) compatible of type(A) iff
r}gEoG(ffxnagfxmgfxn) =1 or ,}gl;loG(ggxn;fgxmfgxn) = 17
(ii1)) compatible of type (B) iff
) . . 1
lim G(fgxn, f8xn,88xn) < (1im G(fgxn, f8xn, f1) im G(f1, f.fXn, ffxn))?
n—yoo n—oo n—yoo
and
) . . 1
im G(8fXn,&fXn, [fxn) < (1im G(gfxn,8f%n,81) lim G(gr,88%n,88%n)?,
n—yoo n—oo n—yoo
(iv) compatible of type (C) iff
) . . ) 1
lim G(fgxn, fgxn,88%n) < (im G(fgxn, f8%n, f1) im G(f1, f f,xn, ffXn) lim G(f1,88%n,88%n))3
n—oo n—oo n—oo n—soo
and
) ) . . 1
lim G(gfxn,8fXn, ffxn) < (im G(gfxn,8fxn, gt) lim G(gt,88Xn,88%n) im G(gt, f fxn, [ fXn))3
n—oo n—oo n—roo n—soo
(v) compatible of type (P) iff
im G(f fxn, ffxn,88%) = 1 or lim G(ggxn,88Xn, ffxn) =1
n—oo n—oo
whenever {x,} be a sequence in X such that li_r)n fx, = 1i_r>n gx, =t for some r € X.

Now we highlight relationship between compatible mappings and its variants.

Proposition 5.9. Let f and g be compatible of type (A) if one of f and g is continuous then f

and g are compatible.
Proof. Since f and g are compatible of type (A), therefore

’}E}(}oG(ffxnvgfxn7gfxn) = 1 or J%G(ggxn,fgxn,fgxn) = 17

whenever {x,} be a sequence in X such that lgn fxn = li_r>n gx, =t for some t € X.
n—soo n—oo
Suppose f is continuous. Then lim ffx, = lim fgx, = ft for some r € X and lim ggx, =
n—oo n—roo n—roo
lim fgx, = ft for some t € X. Now we get lim gfx, = lim fgx, =1, i.e., f and g are compat-
n—oo n—oo n—o0
ible maps. Similarly if g is continuous then we also have f and g are compatible maps. (]

Proposition 5.10. Let f and g be compatible of type (A) then f and g are compatible of type (B).
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Proof. Since f and g are compatible of type (A) therefore

r}i_g}oG(ffxmgfxn:gfxn) =1 or r}i_g}loc(ggxmfgxn:fgxn) =1,

whenever {x,} be a sequence in X such that lim fx, = lim gx, = ¢ for some 7 € X.
n—soo n—oo

Now

1 = lim G(ggxn, f8%n, f8Xn)
n—soo

—_

S (hm G(gfxn7gfxnagt> hm G(gt7ggxl’laggxn))j
n—roo n—roo
and
1= ,}ggloG(gfxmgfxn,ffxn)
. . 1
< (lim G(g/fxn, 8.fxn, g1) lim G(gt, 88%n, 88%n))

Implies f and g are compatible of type (B). 0

Proposition 5.11. Let f and g be continuous mappings from a multiplicative G-metric space

(X, G) into itself. Then the following are equivalent:

(1) f and g are compatible of type (A),
(i1) f and g are compatible of type (B),

(ii1) f and g are compatible.
Proof. Suppose f and g are compatible of type (B) therefore

1im G(fgxn, fgxn, 88%n) < (lim G(fgxn, fgxn, f1) lim G(ft, [ xu ffxn))?

and

—_

lim G(gfxn,&fXn, ffxn) < (1im G(gfXn,8f%n,8t) lim G(gt,88xn,88%n))?,
n—oo n—oo n—oo

whenever {x,} be a sequence in X such that lim fx, = lim gx, = ¢ for some ¢t € X for some
n—soo n—oo
reX.

Since f and g are continuous therefore,

i G(fg,xn, fgxn, 88%n) < (}gQOG(fg,fgxn,ft)gggoG(ft,ffxn,ffxn))% =1
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and

. . . 1
lim G(gfxn, 8 Xn, [fxn) < (lim G(gfXn, 8 %n,gt) lim G(gt,ggxn,88%n)2 = 1.
n—soo n—oo n—oo

Implies f and g are compatible of type (A).

Suppose f and g are compatible of type (B). Let {x,} be sequence in X such that lim fx, =

n—oo

lim gx, =t for some ¢t € X. Since f and g are continuous therefore lim ffx, = lim fgx, = ft
n—oo n—yoo n—yoo

and lim gfx, = lim ggx, = gt.
n—yo0 n—yoo

Now
lim (fg2, g%, 88%:) < (1im G(fgx, /g, f1) im G(f1, £ fxn, £ f52)
and
1im G %, 8%, £ fxn) < (1im G(f¥n, 8 Fxns 1) lim Glgr, 8%, 88%))?
This implies that ’}grolo fex, = r}grgo fgx,, hence f and g are compatible maps.
Now suppose f and g are compatible maps. Therefore,

’}gEOG(fgxnafgxnagfxn) =1and r}i_?}oG(gfxnagfxmfgxn) =1,

whenever {x,} be a sequence in X such that 1i_r>n Sfxn= li_r}n gxn =t for some t € X.
n—soo n—oo
Since f and g are continuous maps therefore lim fgx, = lim ffx, = ft and lim gfx, =
n—yoo n—oo n—oo
lim ggx, = gr implies lim ffx, = lim fgx, = lim gfx, = lim ggx,.
Now
1 = lim G(ggxn, fgxn, f8%n)
n—oo

. . 1
< (lim G(gfxn,8f%n,gt) lim G(gt,88xn,88%n))?
n—oo n—oo

and

1 == I/}EEOG(gfaxnvgfxnuffxn)

< (lim G(gfxn,8f%n,gt) lim G(gt, ggxn,88%n))? .
n—oo n—oo

Implies f and g are compatible of type (B). 0

Remark 5.12. Every weakly commuting mapping is compatible but converse need not be true.
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Proof. Since f and g are weakly commuting mappings, therefore
G(fgx,gfx,gfx) < G(fx,gx,gx) forallx€X.
Let lim fx, = lim gx, = ¢ for some ¢ € X, then
n—oo n—oo

G(fgxmgfxn?gfxn) S G(r}gl;lofxmgxn?gxn) and G(fgxmfgxnagfxn) S G(fx)n,fxn,gxn).

Implies
’}E;I‘}OG(fgxngfgxnygfxn> - land’}glgoG(fgxnagfxnvgfxn) - 1
Hence f and g are compatible. 0

Remark 5.13. Compatible maps need not be weakly commuting.

Example 5.14. Let X = [0, 1] with multiplicative generalized metric G defined as G(x,y,z) =

k
‘
X

Define f,g: X — X as

ifx>1
i.e., absolute multiplicative value.

*
X

y

Y

<

*
where |x|* =

X
1
X

f(x) =x° and g(x) =2x forallxeX.
Then clearly f and g are compatible maps but not weakly commuting.

Example 5.15. Let X = [2,12] and let f,g : X — X be defined as

(

3 ifx=2
3 ifx=2o0rx>5
flx) = and g(x) =412  if2<x<5
12 if2<x<5 x+1
[ ifx>5

Then clearly f and g are compatible of type (A), type (B), type (C) and also of type (P) but not
1

compatible maps. We can see this by taking a sequence {x, } defined as x, =5+ —;n > 0.
n

Then clearly lim fx, = li_r)n gx, = 3.
n—oo n—oo

1im G(f g, /%, /%) #= 1.

But

’}l_rg)G(ffxn,gfxn,gfxn) - 17 nlgloloG(ggxmfgxn,fgxn) = 1a
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’}EIgoG(ffxnvffxmggxn) =1, and lilgn — mG(ggxn,ggxn,ffxn) =1

As well as condition of compatible of type (B) and type (C) are satisfied.
Here f and g are not continuous maps. This show that Proposition 5.11 is not valid if f and g

are not continuous maps.

Proposition 5.16. Let f and g be continuous self mappings of a multiplicative G-metric space

(X,G). If ft = gt for somet € X, then fgt = gft = fft = ggt.

Proof. Suppose that {x,} be a sequence in X defined by x, =1, n =1,2,3,... for some t € X

and ft = gt. Then G(fx,,gxy,8x%,) — 1 as n — 0. Since f and g are compatible, therefore, we

have
G(fst:gft,8/1) = lim G(fgxn, 8fxn, &%n) = 1).
Hence we have fgt = gft. Since ft = gt, therefore, fgt = fft = ggt = gft. U

Proposition 5.17. Let f and g be continuous self mappings of a multiplicative G-metric space
(X, G). Suppose that ,}1_r>r°10 Gfx, = nlgrologxn =t for somet € X. Then

(1) Jii?ogfxn = ftif f is continuous at t.

(i1) r}grolo fex, = gt if g is continuous at t.

(ii1) fgt = gft and ft = gt if f and g are continuous at t.

Proof. (1) Suppose that f be continuous at t. Since lim fx, = lim gx, =t for some t € X, we
n—so0 n—yo0

have fgx, — ft as n — 0. Since f and g are compatible, we have

lim G(gfx, /1, f1) < 1im G(gfxn, £, f2%) - G(fg¥n, 1, 1)
< lim G(gfxn,gfn, fgn) - G{f g, f1, ft) = 1 implies that lim — gfx, = f1
n o n

(i1) This proof follows similar to (i).
(iii) Suppose that f and g are continuous at ¢. Since f is continuous, therefore 1i_r>n gfx, = ft.
n—yoo
Also, since g is continuous, therefore 1i_r>n fgx, = gt. Therefore ft = gt by uniqueness of the
n—oo

limit. Using Proposition 5.15. fgt = gft. 0

Now we prove some fixed point theorems for compatible maps and its variants as follows:
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Theorem 5.18. Let (X,G) be a complete G-multiplicative metric space. Let f and g be self
mapping of X satisfying the following conditions (4.1), (4.2), (4.3) and the following
(5.1) f and g are compatible maps. Then f and g have a unique fixed point in X.

Proof. Proceeding as in Theorem 4.5, we have Cauchy sequence {x,} such that 1i_r>n fxn =
Nn—yoo

lim gx, = z.

n—oo

Since f and g are compatible and suppose g is continuous, therefore,

lim fgx, = lim gxx, = lim ggx, = gz.

Rest part follows from Theorem 4.5. U

Theorem 5.19. Let (X,G) be a complete G-multiplicative metric space. Let f and g be self
mapping of X satisfying the following conditions (4.1), (4.2), (4.3) and the following
(5.2) maps f and g are compatible maps of type (A)

then f and g have a unique common fixed point.

Proof. Since f and g are compatible of type (A). From the Proposition 5.9 we have f and g
are compatible maps. Hence using Theorem 5.17 we have f and g have unique common fixed

point. 0

Theorem 5.20. Let (X,G) be a complete G-multiplicative metric space. Let f and g be self
mapping of X satisfying the following conditions (4.1), (4.2), (4.3) and the following
(5.3) maps f and g are compatible maps of type (B)

then f and g have a unique common fixed point.

Proof. From Theorem 4.5 we get the sequence {x,} is such that

lim fx, = lim gx, = u.
n—oo n—oo

As g is continuous there lim g fx, = lim ggx, = gu.
n—oo n—oo

Since f and g are compatible of type (B), therefore

. . . 1
Tim G(gfxn, 8. %ns f£xn) < (1im G(gfxn, gf%n, gut) lim G(gu, 88%n, 88%n))?
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implies
) ) ) 1

lim G(gu,gu, ffx,) < (lim (gu, gu,gu) lim G(gu, gu,gu))? = 1

n—oo n—oo n—oo
Thus, we have lim ffx, = gu.

n—yoeo
Consider

G(ffxmfxn»fxn) < maX{G(gfxmgxm gxn) ) G(gfxm fxnu gxn)a G(gxnyffxnvgxrt)y
: G(gfxn»fgxnagxn) ) G<gxnafxnagxn)}k
Letting n — o, we get
G(gu7 u, l/t) < maX(G(gua u, Lt), G(gl/t7 u, l/l) ) G(u,gu, l/t), G(gl/l, 8u, u)a G(”a u, u))k
< GK (gu,u,u), acontradiction

Hence gu = u.
Now to show fu = gu = u.

Consider

G(fxn, fu, fu) < max{G(gxn, gu,gu),G(gxn, fu,gu), G(gu, fxn, gu),
G(g%n, fxn, gu), (gu, fu, gu) 1.
Letting n — oo, we have
G(u, fufu) < max{(G(u,gu, gu), G(u, fu, gu), G(gu,u,gu), G(u,u, gu), G(gu, fu,gu))}*
< max{(G(u,u,u),G(u, fu,u),G(u,u,u),G(u,u,u),Gu, fu,u))}*
= G (u, fu,u) < GK (u, fu, fu), acontradiction.
Hence fu = gu = u.
Implies u is fixed point of f and g.

Now to prove uniqueness. Let v be another common fixed point of f and g.

Consider

< max{G(gv,gu,gu),G(gv, fu,gu),G(gu, fv,gu),G(gv, fv, gu), G(gu, fu, gu) }*
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<max{G(v,u,u),G(v,u,u),G(u,v,u),G(v, v,u),G(u,u,u)}k

2 . .
<Gt (v,u,u), acontradiction.
Hence u = v shows uniqueness of common fixed point. 0

Theorem 5.21. Let (X,G) be a complete G-multiplicative metric space. Let f and g be self
mapping of X satisfying the following conditions (4.1), (4.2), (4.3) and the following
(5.4) f and g are compatible maps of type (C)

then f and g have a unique common fixed point.

Proof. From Theorem 4.5 we get the sequence {x,} is such that
fm 5 = fm g3 =

As g is continuous therefore lim gfx, = lim ggx, = gu.
n—soo n—soo

Since f and g are compatible of type (C), therefore

wl—

hm G<gfxnagfxn7ffxn) S (hm G(gfxn7gfxnagt) hm G(gt7ggxnaggxn) hm G(gtvffxn7ffxn)) .
n—oo n—roo n—oo n—oo
Implies
lim G(gu, gu, f fx) < (1im G(gu, gu, gu) lim G(gu, gu, gu) im G(gu, ffxn, ff3n))3
n—oo n—roo n—oo n—roo
< lim G3 (gu, gu, £ fxn)-

Thus, we have lim f fx,,= gu.
n—oo

Rest part of proof follows from Theorem 5.20. UJ

Theorem 5.22. Let (X,G) be a complete G-multiplicative metric space. Let f and g be self
mapping of X satisfying the following conditions (4.1), (4.2), (4.3) and the following
(5.5) f and g are compatible maps of type (P)

then f and g have a unique common fixed point.

Proof. From Theorem 4.5 we get the sequence {x,} is such that

lim fx, = lim gx, = u.
n—oo n—yoo
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As g is continuous therefore lim gfx, = lim ggx, = gu.
n—oo n—oo

Since f and g are compatible of type (P), therefore
lim G(ggxn, ggxn, ffx,) =1, implies lim ffx, = gu.
n—oo n—soo
Rest part of proof follows from Theorem 5.20. UJ

Example 5.23. Let X = [1,0) be multiplicative G metric space. Let f,g: X — X be defined as
fx=xand gx = x>. Then clearly f(X) C g(X). f and g are continuous.
1

* *
<
X

1
All the conditions of Theorem 5.17 are satisfied for k = 3‘? Here we also find that f and g are

* *

*

)C3
y3

3
Y
23

Z3

33

X

Y

<

And also G(fx, fy, fz) =

*\ 3 ] |
) < G3(gx,8y,82) <M3(x,y,2).

compatible maps. So from Theorem 5.17 f and g have unique common fixed point 1. Also as
f and g are continuous so from Proposition f and g are compatible of type (A), type (B), type

(C) and also of type (P). Hence f and g have unique common fixed point.

6. Weakly compatible

In 1996, Jungck [3] introduce the notion of weakly compatible maps as follows:

Definition 6.1. Two maps f and g are said to be weakly compatible if they commute at coinci-

dence points.

Proposition 6.2. Let f and g be weakly compatible self maps of a set X. If f and g have a

unique point of coincidence w = fx = gx, then w is the unique common fixed point of f and g.

Proof. Since w = fx = gx and f and g are weakly compatible, we have fw = fgx = gfx = gw
implies w is point of coincidence of f and g. So w = fw = gw. Moreover if z = fz = gz, then z
is the point of coincidence of f and g and therefore z = w. By uniqueness of coincidence point,

w is the unique common fixed point of f and g. 0

Theorem 6.3. Let (X,G) be a complete G-multiplicative metric space. Let f and g be self
mapping of X satisfying the following conditions (4.1), (4.3) and the following

(6.1) fX or gX be closed,
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(6.2) f and g are weakly compatible maps.

then f and g have a unique common fixed point.

Proof. Proceeding as in Theorem 4.5, we have Cauchy sequence {x,} such that

lim mfx, = lim gx,, = z.
n—yoo S n—>oogn

Suppose gX be closed. Therefore, there exists p € X such that gp = z.
Now we claim that fp =gp =z.
Consider
G(fxn, [P, fp) < max{G(xn,gp,8p), G(8xn, fP,8P),G (&P, [Xn,&P),

G(8%n, fxn,8P), G(gD, fP,gP) }-

Proceeding limit n — oo, we have

383

G(z, fp, fp) < max{G(z,gp,gp),G(z,z, fp,&p),G(gp,2,8P), G(2,2,8p),G(gp, f P, &p) }*

=max{G(z,2,2),G(z, fp,2),G(2,2.2),G(2,2,2),G(z, fp,2) }*
= G (z,/p2) < G¥ (2, /P, fP).

Implies fp =z = gp. Thus p is coincidence point of f and g.
Since f and g are weakly compatible maps. Therefore fgp = gfporfz = gz.
Now we will show that fz = z.

Consider

G(fxn,fxn,fz) S max{G(gxn,gxn,gz), G(Gxn,fxn,gZ), G(gxn,fxn,gz),
G(gxn,fxn,gz),G(gxn,fxn,gp))}k.
Proceeding limit n — oo, we have

G(z,2, fz) < max{G(z, fz, f2),G(2,2, f2),G(2,2, £2), G(2,2, ), G (2,2, f2) }*

<G’ (z,2,fp).

Implies that fz = z. Therefore we have fz = gz = z implies z is fixed point of f and g.

Uniqueness follows easily.



384 POONAM NAGPAL, SANJAY KUMAR, S.K. GARG

7. Weakly compatible with (E.A) property

Amari and Moutawakil [12] introduced property (E.A) in metric spaces as follows:

Definition 7.1. Let f and g be two self maps of a metric space (X,d). The pair (f,g) is said to

satisfy property (E.A), if there exists a sequence {x,} in X such that
fim = Jim g =
Theorem 7.2. Let (X,G) be a complete G-multiplicative metric space. Let f and g be self

mapping of X satisfying the following conditions (4.3) and the following conditions:

(7.1) f and g satisfy the (E.A) property,
(7.2) g(X) is closed subspace of X,

(7.3) f and g are weakly compatible maps,

then f and g have a unique common fixed point.

Proof. Since f and g satisfy the Property (E.A), therefore there exists a sequence {x, } in X such

that lim fx, = lim gx,, = z for some u € X.
n—oo n—yoo

Since g(X) is closed subspace of X, therefore
lim fx, =z=gp= lim gx, forsomep € X.
n—oo n—oo

Rest proof follows from Theorem 6.3. UJ

8. Weakly compatible with (CLRg) property

Sintunavarat and Kumam [13] introduced a new property called Common Limit Range property

(i.e.,(CLR) property) as follows:

Definition 8.1. Let (X,d) be a metric space and f,g : X — X two mappings. The maps f and g
are said to be satisfy the common limit in the range of g property if there exists a sequence {x;, }

in X such that lim fx,, = lim gx,, = gx for some x € X.
n—yoo n—oo

The common limit in the range of g property will be denoted by (CLRg) property.
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Theorem 8.2. Let (X,G) be a complete G-multiplicative metric space. Let f and g be self
mapping of X satisfying the following conditions (4.3) and the following conditions:
(6.1) f and g satisfy the (CLRg) property,
(6.2) f and g are weakly compatible maps,

then f and g have a unique common fixed point.

Proof. Since f and g satisfy (CLRg) Property, so there exists a sequence {x, } in X such that

’}grgofxn:l}grgogxn:gp:u for some u € X.

Rest proof follows from Theorem 6.3. UJ
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