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Abstract. In this paper, we prove some quadruple coincidence and quadruple common fixed point theorems for
F:X* - X and g: X — X satisfying weak contractions in partially ordered G-metric spaces. We illustrate our

results based on an example on the main theorems. We also give an application of obtained results of this paper.
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1. Introduction

In 1992, B.C. Dhage introduced a new class of generalized metric space called D-metric spaces
(see [7]). In a subsequent series of papers, Dhage attempted to develop topological structures
in such spaces (see [8],[9],[10]). In [11], Mustafa and Sims demonstrate the claims concerning
the fundamental topological structure of D-metric space are incorrect, also introduce a valid
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generalized metric space structure, which we call G-metric spaces. Some other papers dealing
with G-metric spaces are those in ([2, 3, 4, 5, 6],[14] - [25]). Recently, there has been growing
interest in establishing fixed point theorems in partially ordered complete G-metric spaces with
a contractive condition which holds for all points that are related by partial ordering ([26],[29]
and [46]).

The aim of this paper is to prove some quadruple coincidence and quadruple common fixed
point theorems for F : X* — X and g : X — X satisfying weak contractions in partially ordered
G-metric spaces. We illustrate our results based on an example on the main theorems. We also

give an application of obtained results of this paper.

Definition 1.1. ([12]) Let X be a nonempty set, and let G : X x X x X — R™, be a function
satisfying the following properties:

(G1) G(x,y,2) =0ifx=y=1z

(G2) 0 < G(x,x,y); forall x,y € X, with x #y;

(G3) G(x,x,y) < G(x,y,2), for all x,y,z € X, with 7 #y;

(G4) G(x,y,z) = G(x,2,y) = G(y,z,x) = ..., (symmetry in all three variables); and

(G5) G(x,y,2) < G(x,a,a)+ G(a,y,z), for all x,y,z,a € X, (rectangle inequality ).
Then the function G is called a generalized metric, or, more specifically a G-metric on X, and

the pair (X, G) is called a G-metric space.

Example 1.1. ([12]) Let (X,d) be a usual metric space, and define Gy and G, on X x X x X to
R* by

Gs(x,y,2) =d(x,y) +d(y,z) +d(x,z),and

Gm(x,y,z) = max{d(x,y),d(y,z),d(x,z)}
forall x,y,z € X. Then (X,G;) and (X, G,,) are G-metric spaces.
Definition 1.2. ([12]) Ler (X,G) be a G-metric space, and let (x,) be a sequence of points of

X. A point x € X is said to be the limit of the sequence (x,) if 1imy ;—se0 G(X,Xn, %) = 0, and

one say that the sequence (x,) is G-convergent fo x.
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Thus, that if x, — 0 in a G-metric space (X,G), then for any € > 0, there exists N € N

such that G(x,x,,xp,) < €, for all n,m > N, (we mean by N the Natural numbers).

Proposition 1.1. ([12]) Let (X,G) be G-metric space. Then the following are equivalent.

(1)  (xn) is G-convergent to x.
(3)  G(xp,%5,x) = 0, as n — oo.
(4)  G(xp,x,x) =0, as n — oo,

(5)  G(xm,xn,x) = 0, as m,n — oo.

Definition 1.3. ([12]) Let (X,G) be a G-metric space, a sequence (x,) is called G-Cauchy if
given € > 0, there is N € N such that G(x, Xpm,x;) < €, foralln,m,1 > N. That is G(x,xp,x;) —

0asn,m,| — oo

Proposition 1.2. ([12]) In a G-metric space, (X,G), the following are equivalent.

(1) The sequence (x,) is G-Cauchy.

(2) For every € >0, there exists N € N such that G(x,, X, Xm) < €, for all n,m > N.

Proposition 1.3. ([12]) Let (X,G), and (X/,G/) be two G-metric spaces. Then a function f :
X — X' is G-continuous at a point x € X if and only if it is G-sequentially continuous at x;

that is, whenever (x,) is G-convergent to x we have (f(xy,)) is G-convergent to f(x).

Definition 1.4. ([12]) A G-metric space (X, G) is called symmetric G-metric space if G(x,y,y) =
G(y,x,x) forall x,y € X.

It is clear that, any G-metric space where G derives from an underlying metric via G or G,

in Example 1.1 is symmetric.

Proposition 1.4. ([12]) Let (X,G) be a G-metric space, then the function G(x,y,z) is jointly

continuous in all three of its variables.
Proposition 1.5. ([12]) Every G-metric space (X, G) induces a metric space (X ,d¢) defined by

dg(x,y) = G(x,y,y) + G(y,x,x),Vx,y € X.
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Note that if (X, G) is symmetric, then
(1.1) dg(x,y) =2G(x,y,y),Vx,y € X.
However, if (X, G) is not symmetric then it holds by the G-metric properties that

3
(1.2) EG(x,y,y) <dg(x,y) <3G(x,y,y),Vx,y € X.

Definition 1.5. ([12]) A G-metric space (X, G) is said to be G-complete ( or complete G-metric

) if every G-Cauchy sequence in (X, G) is G-convergent in (X, G).

Definition 1.6. Let (X, G) be a G-metric Space. A mapping F : X x X x X x X — X is said to
be continuous if for any G-convergent sequences {x, }, {yn}, {zn} and {w,} converging to x,y,z

and w respectively {F (xn,yn,2n,Wn) } is G-convergent to F(x,y,z,w)

Proposition 1.6. ([12])A G-metric space (X,G) is G-complete if and only if (X,dg) is a com-

plete metric space.
Following Erdal [52] we introduced the following definitions.

Definition 1.7. [52] Let X be a nonempty set and F : X x X x X x X — X be a given mapping.
An element (x,y,z,w) € X x X X X x X is called a quadruple fixed point of F if

F(x,y,z,w) =x, F(y,z,w,x) =y, F(z,w,x,y) =z and F(w,x,y,z) =w.

Definition 1.8. [52] Let (X, <) be a partially ordered set and F : X x X x X x X — X be a
mapping. We say that F has the mixed monotone property if F(x,y,z,w) is monotone non-

decreasing in x and z and is monotone non-increasing in 'y and w; that is, for any x,y,z,w € X,
x1,0 €X, x1<xy implies F(x1,y,z,w) < F(x2,y,z,w),
Y1,Y2 EX? Y1 §y2 lmplles F(X,y%Z;W) < F(X,YI72;W)7
Z17Z2€X7 <1 SZZ lmplles F(x7y7Z17W) SF('x7y7Z27W)7

and

wi,wr €X, wy<wy implies F(x,y,z,w2) < F(x,y,z,w1).
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Definition 1.9. [52] Let X be a non-empty set. Then we say that the mappings F : X* — X and

g : X — X are commutative if for all x,y,z,w € X

g(F(x,y,z,w)) = F(gx,8y,82,8W).

Definition 1.10. [57] Let (X, <) be a partially ordered set. Let F : X* — X and g : X — X. The

mapping F is said to has the mixed g-monotone property if for any x,y,z,w € X

x;, 0 €X, gx<gxn = F(x,y,z,w) < F(x2,y,z,w),
YL €X, gn<gy = Fxynzw)=F(xy,zw),
2, 02€X, gu<gn = F(x,y,z21,w) < F(x,y,22,w) and
wi, wo €X, gwy <gwy = F(x,y,z,w1) > F(x,y,z,w2).

Definition 1.11. [57] Let F : X* — X and g : X — X. An element (x,y,z,w) is called a quadruple

coincidence point of F and g if
F(x,y,z,w) =gx, F(y,zw,x) =gy, F(z,wx,y) =gz and F(w,x,y,z) = gw.
(gx,8y,8z,8w) is said a quadruple point of coincidence of F and g.

Definition 1.12. [57] Let F : X* — X and g : X — X. An element (x,y,z,w) is called a quadruple

common fixed point of F and g if

F(x,y,z,w) = gx =x, F(y,z,w,x) =gy =1y,
F(z,wx,y)=gz=z and F(wx,y,2)=gw=w.

2. Main result

Denote @ be the set of functions ¢ such that ¢ : [0,00) — [0, 00) satisfying the following condi-

tions,

(1) ¢ is continuous and non decreasing,
(ii)) ¢(z) =0if and only ifr =0,
(iii) ¢ (ar) < o (t) for o € (0,00)
iv) ¢(t+s5) < @(t)+ ¢(s) for all 5,7 € [0,00).
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Also, W be the set of all functions y such that y : [0,00) X [0,00) X [0,00) X [0,00) — [0, o)
satisfying condition lim, 1, 1 1) (ry ra.rs,r) W(t1522,83,14) > 0 for all (r1,72,73,74) € [0,00) X
[0,00) % [0,00) x [0,00) with r| + 1y + 13 414 > 0. For example
(@) Y(ty,tp,13,14) = kmax{t|,tp,13,14} for some k € [0,1),
(b) W(t1,t2,13,14) = out]" + ath? + astl® + outl* for oy, iz, 03, 04, p1, p2, 3, pa >0

() l//(tl,tz,l‘3,t4) = l—gk(tl +hHh+1H +l‘4) for some k € [0, 1).

Theorem 2.1. Let (X, <) be a partially ordered set and (X,G) be a G-metric space. Let F :
XXXXxXXX—Xand g: X — X such that F has the mixed g-monotone property. Assume

that there exists a ¢ € ® and vy € ¥ such that
M(x,y,z,w,u,v,s,t,a,b,c,d) = oG(F(x,y,z,w),F(u,v,s,t),F(a,b,c,d))
+0G(F (y,z,w,x),F (v,s,t,u),F(b,c,d,a))
+o3G(F(z,w,x,y),F(s,t,u,v),F(c,d,a,D))

+o4G(F (w,x,y,2),F(t,u,v,s),F(d,a,b,c))

G G . gb) + G(gz, g5, G(gw, gt,gd
M(xyzwuvsitiabe.d) < ¢( (gx,gu,ga) + G(gy, gv,¢b) + G(gz, gs,8¢) + G(gw, gt, ¢ ))

4
—y(G(gx,gu,ga),G(gy,gv,gb),G(gz,gs,8c),G(gw, gt gd)).

2.1

forall oy, 0, 03,04 € (0,0), x,y,z,w,u,v,s,t,a,b,c,d € X with gx > gu > ga, gy < gv < gb,
8z > gs > gc, and gw < gt < gd. Suppose F (X4) C g(X), g is continuous and commutes with

F. If there exist xq,Y0,20,wo € X such that

gxo < F(x0,Y0,20,w0), 8yo = F(y0,20,wo0,%0),
820 < F(z0,wo,%0,y0) and gwo = F(wo,%0,Y0,20),
Suppose either
(a) (X,G) is a complete G-metric space and F is continuous or,

(b) (8(X),G) is complete and (X,G, <) has the following property:
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(i) if non-decreasing sequence x,, — a, then x, < x for all n,

ii) if non-increasing sequence y, — vy, then y <y, for all n.
g seq y y Y=y

then there exist x,y,z,w € X such that
F(x,y,z,w) =gx, F(y.z,w,x) =gy, F(z,wx,y) =gz and F(w,x,y,z) =gw
that is, F and g have a quadruple coincidence point.

Proof. Let xq,Y0,20,wo € X such that

gxo < F(x0,Y0,20,W0), gyo > F (0,20, W0,%0),

820 < F(z0,w0,X0,y0) and gwo > F(wg,X0,Y0,20)-

Since F(X*) C g(X), then we can choose x1,y1,z1,w; € X such that

(2 2) 8X1 :F(XO,)’O7207W0)7 &1 :F(yO,ZO,W(),XO),

871 = F(ZOaW07x07y0) and W1 = F(WoaanyOaZO)'

Taking into account F(X*) C g(X), by continuing this process, we can construct sequences

{xn},{n}, {zn} and {w, } in X such that

(2.3) 8Xn+1 :F(xnaYmZnaWn)? 8¥Yn+1 =F(yn,zn,wn,xn),
8Znt1 = F (20, Wn, Xn,¥n)  and  gwp1 = F(Wn,Xn,Yn,2n)-
‘We shall show that

2.4) 8xn < 8Xnt1, &Vn+1 < &Vny, 8Zn < 8Zn+1 and gw, < gw, for n=0,1,2,...

For this purpose, we use the mathematical induction. Since, gxo < F(xo,Y0,20,W0),

8yo > F(y0,20,w0,%0), 820 < F(z0,w0,X0,Y0) and gwo > F (wo,X0,Y0,20), then by (2.2), we get

gxo < gx1, g&y1<gy, 8z <gz1 and gw; < gwp

that is, (2.4) holds for n = 0.

We presume that (2.4) holds for some n > 0. As F has the mixed g-monotone property and
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8Xn < 8Xnt1, 8Vn+1 < &Vn> 8Zn < &Zn+1 and gwy 11 < gwy, We obtain
8Xn+1 = F(xn,yn,zn,wn) < F(xn+17ynyzn7wn)
< F(xn+17Ynazn+1>Wn> < F(xn+1ayn+lazn+1awn)

< F(xn+17yn+17zn+1vwn+l) = 8Xn+2,

8¥n+2 = F(yl’l-i-lazl’l-i-lawn-i-l;xn-‘rl) S F(yn+1,Zn;Wn+1;xn+l)
< F(ynaznywn+17xn+l) < F(yn,Zn,Wn,an)

S F(YnaZmWn;xn) = 8Vn+1,

8in+1 = F(Znawmxn,yn) < F(Zn—O—laWnaxn»yn)
< F(Zn+1,Wn+1,Xn;Yn) < F(Zn+1,Wn+1 ,Xn+1,}’n)
S F(Znt1,Wnt 1, X0t 1Yt 1) = 8Znt2
and
8Wn42 = F(Wn+17xn+17yn+lyzn+l) < F(Wn+17xn7yn+lyzn+1)
< F(Wnaxnayn—i-lazn—i-l) < F(Wn7xn7yn72n+l)
< F(Wns X0, Yn,2n) = 8Wn+1-

Thus, (2.4) holds for any n € N. Assume for some n € N,

8Xn = 8Xn+1, 8Yn = 8Yn+1, 8<n = 83n+1 and gw, = EWn+1

then, by (2.3), we have gx, = F (Xn,Yn, 20, Wn)>8Yn = F (Yn, Zns W, Xn)
82n = F (20, Wn,Xn,yn) and gw, = F(Wy, Xn,Yn,2n) = (Xn,Yn,2n, W) is @ quadruple coincidence

point of F" and g. From now on, assume for any n € N that at least

(2.5) 8Xn 7é 8Xn+1 O  gyp 7£ 8Yn+1 O gy % 8%n+1 O gwy 7é EWn+1-

Since gx; < gXnt1, 8Vn+1 < &Vn» 8Zn < 8Zn+1, and gwy1 < gwy, then from 2.1 and 2.3 we

have
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M (X, Y, Zny Wi Xns Yy Zns Wiy Xn—15Yn—15Zn—1> Wn—1)
= 0 G(F (Xn, Y020, Wn), F (X0, Y0, 20 Wn) s F (Xn—1,Yn—1,Zn—1, Wn—1))
+00G(F (Vs 2nsWns Xn ) s F (Vs Zns Wy Xn ) s F (Va1 Zn—1,Wn—1,%n—1))
+03G(F (2n, Wny Xn, Yn ) F (20 Wiy Xy Yn) s F (21, Wi 1, Xn—1, Yn—-1))
+04G(F (W, X0, Yn52n), F (Was X, ¥n,2n) s F (Wi 1, %01, Yn—1,Zn—1))
= 00 G(gXn+1,8%n+1,8%n) + C2G(8Yn+1,8Vn+1:8Vn)

(2.6) +03G(82n+1,82n+1,82n) + 04G(8Wnt1,8Wn+1,8Wn)

M(Xm)’mznawn,xn,ymznamenfl7yn717znfl7wn71)

< ( G(8%n, 8%, 8%n—1) + G(8Vn,8Vn:8Yn—1) + G(82n, 82n, 82n—1) + G(8Wn, 8Wn, an—l))

= 4
2.7 —y(G(gxn,8%n:8%n—1),G(8Yn,8Vn:8Yn—1), G(8Zn: 82n: 8Zn—1) G(Wn, 8Wn; 8Wn—1)).

Similarly we have,

M (Y, Zns Wns Xns V> Zns Wi X Y15 1, Wn— 1> Xn—1)
= 0UG(F(Yn,20,Wn, Xn)s F Vs 20 Wy Xn) o F (Vn— 1,201, Wn—1,Xn—1))
+00G(F (2n, Wny X, Yn ) F (20 Wiy Xy Yn) s F (21, W 1, Xn—1,Yn-1))
+03G(F (Wns Xn, Y 2n) s F (Wi Xy Y 2n) s FF (W15 X015 Yn—1,2n-1))
+04G(F (Xn,Yn:2n,Wn)s F (Xn, Yy Zns W ) s F (Xn—1, Yn—1>Zn—1,Wn—1))
= 1G(gVn+1,8Vn+1:8Vn) + 02G(82Zn+1,8%n+1,8%n)

(2.8) +03G(gWn11,8Wnt1,8Wn) + 04G(8Xnt1,8%n+1,8%n)
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M(yn72n7 Wn;xmynaznamemyn—l7Zn—lawn—laxn—l)

< @ (G(gyn,gyn,gynl) +G(82n,82n,82n—1) + G(&Wn, 8Wn,8Wn—1) + G(gxn, gxn,gxnl))

4
(29) _W(G(gynagynagYnfl%G(anameanfl)a G<gwnvgwn7gwn71)a G(gxnagxnvgxnfl))'

M (20, Wns Xns Y Zns W Xns Yy Zne 1, W15 Xn—15Yn—1)

= o G(F (20, WnsXn;Yn)s F (20, Wiy X Yn) s F (Zn— 1, Wn—1,Xn—1,Yn—1))
+00G(F (Wns X, Yns2n)s F (Wny X0, Yy 2n)s E(Wa 15 X01,Yn—1,20-1))
+03G(F (Xn,Yns 20y Wa ) F (X, Yy 20 Wi ) s F (Xn— 15 Yn—1,Zn—1, Wn—1))

(2.10)

+(X4G(F(yn,Zn,Wn,Xn),F(yn,Zn,Wn,Xn),F(ynfl,anl,anl,anl))
= alG(ngH—lngrH—laan)+a2G(an+laan+laan)

+03G(8Xn+1,8%n+1,8%n) + 4G (8Yn+1,8Yn+1,8Vn)

M(ZmWnaxnaYnaZnaWnaxn»ynyznfl7Wn717xn717yn71)

0 (G(gznagznagzn—l) + G(gwn,gwn,gwn_l) + G(gxn,gxn,gxn_l) + G(gYnagJ’nvg)’n—l))

<
= 4

A —y(G(82n:82n:8Zn—1) G(&Wn: 8Wn,8Wn—1), G(8Xn, 8%n; 8Xn—1), G(8Yn, 8Vn: 8Yn—1))-

M (W, Xn, s Zns Wiy Xy Y Zns Wn— 1, Xn—15Yn—1>Zn—1)

= 1 G(F(Wn, X0, Y0, 2n)s F (Wny X, Y, 20), F (W15, X0 1, Yn—1,2n-1))
+00G(F (Xn,Yn:2n,Wn) s F (Xn, Yy Zns W) s F (Xn—1, Yn—1>Zn—1,Wn—1))
+03G(F (Yn, 20, Wns Xn) s F (Y0, 20 Wy Xn) o F (Vn—1,20—1, Wn—1,Xn—1))

(2.12)
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+a4G(F(Zn7Wnaxnayn)7F(Znawnaxny))n)aF(anlvwnflvxnflvynfl))
= 01G(gWn11,8Wnt1,8Wn) + 002G (8Xn11,8%n11,8%)

+03G(8Yn+1,8Vn+1,8Vn) + Q4G (82n11,82n+1,8%n)

M(meny)%avawnyxnaynaznywnfl7xn717yn7172n71)

< ¢ (G(gwn,gwn,gwn_1) + G(gxn,gxn,gxn_l) + G(gyn7gyn7gyn—l> + G(an,an,an_l))

4
(2.13)—y(G(gWn,8Wn, 8Wn—1), G(8%Xn> 8Xn, 8%n—1), G(&Yns 8Yn> 8Yn—1)5 G(82n, 82n, 8Zn—1))-

We suppose that

£+1 = G(gxn+1agxn+lagxn)» Q,y1+1:G(gyn+l7gyn+lagyn)
(2.14) Q1 = G(82n+1,82n+1,8%n); L1 = G(8Wn+1,8Wnt1,8Wn)-

From 2.6, 2.8,2.10, 2.12,2.7, 2.9,2.11, 2.13 and 2.14 we have

(o +om+o5+0ou)(Q +Q  +Q0 +Q0 ) < o(Q+Q+Q5 + Q)
Qo+ +Q QY
Q + QO QY

Qi+ Q2 QY

Qo+ O Q)
(2.15)

As y(t1,t2,13,14) > Oforall (1, 12,13,14) € [0,00)* and from the property of ¢ (kt) <kt for any k >

0 (it should be noted that (o + 0 + 03 + 0t4) > 0) we have

(atot+as+ou) (@ +Q +Q +QL) < (+o+o3+0u)(Q+Q + Q5 +Q))
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(@1 + @+ TQ) < (Q+ Q5+ Q5+ Q)

forall n > 0.

Then the sequence {Q | + Q) , +QF , +Q  } is decreasing. Therefore, there exists

n > 0 such that

(2.16’11)1'_{1010(051 toptos+og) (4, +Q  + QL +Q) ) = (a+ 0+ o3+ ou)n.

Now, we show that 1 = 0. Suppose that 1 > 0. From 2.16, the sequences {G(gx,+1,8Xn+1,8%n) }»
{G(gyn+1,8ynt1:8Yn)}> {G(82n11,82n11,820)} and {G(gWn11,8Wn+1,8Wn)} have convergent

subsequences {G(8X,(j)+158%n(j)+158%n(j)) 11 G(&n(j)+18Vn(j)+158Vn(j)) } 1 G(8Zn(j)+158Zn(j)+1,8Zn(j)) }
and {G(8Wn(j)+1>8Wn(j)+1,8Wn(j)) }» respectively. Assume that

Jlgljo(al Topt+oz+oy) ) = (at+omto +a4)}EI;(G(gxn(j)7gxn(j)7gxn(j)—l))
= (a +062+OC3+OC4)Q)6
Jll_l')l:)lo(al+a2+a3+a4)gy( ) = (al+a2+a3+a4)}gltl(G(gyn(J)7gyn(])7gyn(J)fl))

= (g+om+os+ OC4)Q8

lim (o + o + 03 + 0t4) QF ) = (o +a2+a3+a4)}i_>r§o(G(gzn( )>8Zn(j)>8Zn(j)—1))

J=ee
= (OCl —+ 0+ 03 + OC4)Q.6
and
jh_fg(al totoztos)Q, = (a+on+os+oy) }i_EIolo(G(an(j)aan(j)ngn(j)—l))

= (a1 + o+ o3+04)Qy
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which gives that

() + o+ o3+ aq) lim [QF —l—.Qz

Jim 1€, ) + €y + Q)+ ) = (1 + 0o+ 03+ )7

From 2.15, we have
(en1+ 00 0+ 0) (] 1 R0 Ripan) S 0@+ +0 + )
y
Q)+,

X Yy
2, +<2,

X y
2,5+,
2.17)

Then taking the limit as j — o in the above inequality, we obtain

(o + 0+ o3+ 0u)(Qy+Q+ Q)+ Q) = (o +0n+o3+0u)n

< ¢(n)—4y(n,n,n,n)

< ((Xl +(X2+OC3—|-OC4)TI

which is contradiction. Thus 7 =0, that is

(2.18) ,}E‘}o(“l +o+o3+0) (4 +Q . +Q0, +Qp ) =0

Next, we show that {g(x,)}, {g(vx)}, {g(zx)} and {g(w,)} are G—cauchy sequences. On
the contrary, assume that at least one of {g(x,)} or {g(y,)} is not G—cauchy sequence. By
Proposition 1.2 there is an € > 0 for which we can find subsequencs {g(x,x))}> {g(*m))} of

{8(xn) by {8nw))}s {80mw)} of {8n)}s {8(zaw))}s {8(zm@))} of {g(zn)} and {g(w,))}
{8(Won(e))} of {g(wn)} with n(k) > m(k) > k such that

G TG T )
X y w

Q) T8y + 2y + g

G) T i) T )

G TG T )
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G(8(Xn(k))s 8(Xn(k) ) 8 (Xm(x))) + G(&Wn(k))s 8 V(i) 8 Vm(x))) .
€.

G(8(zn(k)):8(Zn()) &(Zm(x))) + G(€(Wn(k))> 8 Wn(k)), € Win(x)))
(2.19)

Further corresponding to m (k) we can choose n(k) in such a way that it is the smallest integer

with n(k) > m(k) > k and satisfies 2.19. Then

G(8(Xn(k)—1), 8 Xn(k)—1), 8 X)) + G(8Vn(k)—1)s 8 Wn(k)—1)> 8 Wm(r)))
<Ee.

G(8(zn(k)-1):8(Zn(k)~1):8(@m(k))) + G(€Wnk)-1)> 8 Wn(k)~1): 8 Win(x)))
(2.20)

By Lemma 1.2, we have

G(8(Xn(k)), 8(Xni)), & Xmr))) < G(&(Xn(k))s & (Xnk))s & (Xn(r)—1))

IN
Q
—~
oo
P
<
=
=
N~—
oo
VS
<
=
=
N~—
oo
VS
<
=
Ko
|
N~—
SN~—

G(gVn(k))» & n(r))» 8 mx)))

G(8(za(k)),8(Znk)) 8 (@mr))) < G(8(zuk))»8(Znk)) &(Zn(k)—1))

IN
Q
—
o0
—
=
=
=
~—
oQ
—
=
=
=
N——
oQ
—~
=
=
=
|
-
N—

G(g(wn(k) ) ) g(wn(k) ) ) g(wm(k) ))

(2.21) +G(&(Wa) 1) 8Wn(t)=1): 8 Wim(k)))-

Form 2.19, 2.20 and 2.21 we have
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€ < G(g(xn(k))7g(xn(k))ag(xm(k)))+G(g(yn(k))vg(yn(k))7g(ym(k)))

+G(8(zu(k)): 8(Znk)): 8 (Zmx) ) + G(&(Wn(k)): 8 Wa(k) )s 8 Win(x)))

IN

G(8(Xn(k))s 8(Xn(k) )+ 8 (Xn(r)—1)) + G(8(Xn(k)—1)> 8 Xn()—1)> 8 Xim(k) )
+G(&Vn(k) s 8nk)): 8Om(x))) + G(&€Wn(x)): 8 Vak))s 8 Vn(k)—1))

+G(g(zn(k) ) ) g(zn(k) ) ) g(zn(k)—l )) + G(g(zn(k)—l ) ) g(zn(k)—l )a g(Zm(k)))

+G(EWn(k))»8(Wn(k))s 8 Wa(t) 1)) + G(€(Wnk)—1): 8 Wn(k)—1): 8 Wim(x)))
< G(8(Xnk))8(Xn(k))» 8 Xn(k)—1)) + G(8nx)) s 8 Wn(k) ) 8 Wn(k)—1))
G(8(zn())>8(zn(r))8(Zn()=1)) + G(&(Wn(k))s 8 Wn(k))» § Wn(k)—1)) + €

Then letting kK — oo in the above inequality and using 2.18, we have

G(8(Xn(k))> 8(Xn(k) ) 8 Xm(i))) + G(&Wn(k))s 8 V(i) s 8 Vm(x)))
(2.22) lim — €.

N+ G8(2u1)+ 8w 8 Em))) + G War))s & W)+ 8 Win(ay))

Again by rectangle inequality and using the fact that G(x,y,y) < 2G(y,x,x), we have

€ < G<gxn(k)agxn(k)7gxm(k))+G(gyn(k)7gyn(k)7gym(k))

+G(an(k) 1 8Zn(k)s gzm(k)) + G(gwn(k) y8Wn(k)» Wm(k))

IN

G(8Xn(k)» 8Xn(k)» 8¥n(k)+1) T G(8Xn(k)+1> 8Xn(k)+1> &Xm(k)+1)
+G(&Xm(k)+18%m(k)+18%m(k)) T G(8Vn(k)> 8n(k)> &Y n(k)+1)
+G(8Yn(k)+158Vn(k)+1:8Ym(k)+1) T G(&Ym(k) +1>8Ym(k)+1>8Ym(k))
+G(82n(k): 8Zn(k): 8Zn(k)+1) T G(8Zn(k) + 1+ 8Zn(k)+1> 8Zm(K)+1)

+G(8Zm(k)+1>8Zm(k)+1>8Zm(k)) + G(8Wn(k)> 8Wn (k) 8Wn(k)+1)
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+G(8Wn(k)+1>8Wn(k)+158Wm(k)+1) T G(EWim(k) 15 8Wm (k) +158Wm(k))

IN

2o+ o+ o3+ 0u) (1 +Q), +Q0 +Q0 )]

(o + 0o+ 05+ ) (Qpy + Q0 Q4+ Q)]
+G(8%n(k)+ 11 8%n(k)+1:8%m(k) +1) T G(&Vn(k) +1:8Yn(k) + 1 8Vm(k)+1)
+G(82n(k)+ 1> 8Zn(k) +18Zm(k)+1) T G(8Wn(k) +1: 8Wn(k)+1: 8Wm(k) +1)

Since n(k) > m(k) then

8Xn(k) = 8Xm(k)s  8Vn(k) < 8Vm(k)
8Zn(k) = 8Zm(k)s  8Wn(k) = 8Wm(k)-

Then from 2.1, we have

M (Xn(k) yYn(k)sZn(k)>s Wn(k)»Xn(k)» Yn(k) > Zn(k)s Wn(k) » Xm(k) » Ym(k) » Sm(k) s Wm(k))
= 0 G(F (Xn(ky, Yn(k)> Zn(k) Wnk)) s F n(ie) > Yn(k) s Znk) s Wak) ) s F (Xm(icy s Ym(k) » (i) s Wm(ic))
+0G(F (Yn(k)s Znk)s Wa(k) s Xn (k) )s F (k) s Zn(k)s Wak) s Xn(k) )s F Vi) s Zm(k) s Win (k) Xm())
F0BG(F (Zu(k)s W) s Xn(k) s Yn (k) )s F (Zn() s Wa(k) s Xn (k) s V() ) s F (@) s Win(k) s Xm(i) > V()
+0G(F (W) Xn(k)s Yn(k) s Zn(k))s - Wa(ky s Xn(k)s Yn(e) s Zn(k) )s - (Win(ie) s Xm() s Ym(k) s Zm(ie))
= 0 G(8X(k)+1>8%n(k)+158%m(k)+1)) T 02G(8Vn(k)+1> 8V n(k)+15 8Ym(k)+1))
+03G(82n(1)+18Zn(k)+158Zm(k)+1)) T 4G (8Wn ()41, 8Wn(k)+1,8Wm(k)+1))-

Hence,

M(xn(k) (k) Zn(k)> Wn(k)»Xn(k)» Yn(k)» Zn(k)s Wn(k) » Xm(k) » Ym(k) » Sm(k) s Wm(k))
G(8%n(k)> 8%n (k) 8¥m(k)) + G(&Yn(k)> 8Vn(k)» 8Ym(k))

+G(an(k) 1 8Zn(k)> me(k)) + G<gwn(k) 1 8Wn(k)s ng(k))
4

IN
=

(2.23)
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G(gxn(k) 1 8Xn (k) 8Xm(k) ) ) G(gyn(k) y8Yn(k)> 8Ym(k) ) )
—y
G(82n(k)> 82n(k)> 8Zm(k))> G(8Wn (k) EWn(k)» &Wm(k))

Similarly we can prove that

M(yn( k)>Zn(k)> Wn(k) > Xn(k)> Yn(k)» n(k)s Wn(k)> *n(k)» Ym (k) <, (k)awm(k)vxm(k))
= 00G(8Vn(k)+1>8Yn(k)+1:8Vm(k)+1)) + 02 G (8Zn(k)+ 11 8Zn(k)+ 1+ 8Zm(k) +1))

+a3G(an(k)+l y8Wn(k)+1 78Wm(k)+1)) + OC4G(an(k)+1 1 8%n(k)+158%m(k)+1 )-

then,
M(yn(k) 1 Zn(k)s Wn(k)»Xn(k)s Yn(k)» Zn(k)s Wn(k)»Xn(k) s Ym(k) » Zm(k) s Wm(k) 7xm(k))
G(8Yn(k)»8Vn(k)» 8Ym(k)) + G(8Zn(k)> 8Zn(k)> 8Zm(k))
+G(gwn(k) ' 8Wn(k)s gwm(k)) + G(gxn(k) ) 8Xn(k)> gxm(k))
< ;
G(gyn(k) y8Yn(k) s 8Ym(k) )a G(an(k) ) 8%n(k)s me(k))v
-y )
G(8Wn(k)» 8Wn(k)» 8Wm(k))s G(8%n(k) s 8%n(k)> 8Xm(k))
(2.24)
Also,

M(Z"(k) Wa(k) s Xn(k)> Yn(k)> Zn(k) s Wn(k) > *n(k)» Yn(k)> % (k)’wm(k)’xm(k)’ym(k))
= 1G(8Zn(k)+158Zn(k)+158Zm(k)+1) T 02G(EWn(k)+1, 8Wn (k) +15 8Wm(k)+1)

+a3G<gxn(k)+1 1 8Xn(k)+15>8%m(k)+1 ) + a4G(gyn(k)+l ' 8Yn(k)+158Ym(k)+1 ) .



hence,

(2.25)

and,

Thus,

(2.26)

IA

IN
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M(Zn(k) s Wh(k) s Xn(k)s Yn(k) > Zn(k)» Wn(k)» Xn(k)s Yn(k) » Sm(k) » Wm(k) » Xm (k) 7ym(k))
G(8Zn(k)» 8Zn(k)+ 8Zm(k)) T G(8Wn (k) 8Wn(k)» 8Wm(k))

+G(8%n (k) 8%n (k) 8¥m(k)) T G(&Yn(k)> 8Vn(k)» 8Ym(k))
4

G(an(k) 1 8Zn(k)> 8Zm(k) )7 G(gwn(k) 1 8Wn(k)» 8Wm(k) )7
—y

G(8Xn(k)» 8%n(k)» 8¥m(k))s G(&Yn(k)» 8Vn(k)> & m(k))

M (W) Xn(k) s V() Zn(k) s W) s Xn(k) s Y(k) s Zn(k) s Wn (i) s Xm () s Ym(k) s S (i) )
U G(8Wn (k) +1>8Wn(k)+158Wm(k)+1) T 02G (8% (k)4 15 8Xn(k)+1> 8Xm(k)+1)

+03G(8Yn(k)+18Vn(k)+1:8Ym(k)+1) T C4G(8Zn(k) 415 8Zn(k)+ 1> 8Zm(k)+1)-

M(Wn(k) 1 Xn(k)s Yn(k)»<n(k)s Wn(k)» Xn(k) > Yn(k)» <n(k) s Wm(k) » Xm(k) » Ym(k) » <m (k) )
G(8Wn(k), 8Wn(k)» 8Wm(k)) T G(8%n(k)> 8Xn(k)> &Xm(k))

+G(8Yn(k)> 8Yn (k) 8Ym(k)) + G(8Zn(k)» 8Zn(k) > 8Zm(k))
4

G(8Wn (k) 8Wn(k)» 8Wm(k)) > G(8Xn(k)> 8%n(k)» &¥m(k) )
-y
G(8Yn(k)» &Yn(k)> 8Ym(k))s G(8Zn(k)» 8Zn(k) &Zm(k))

From 2.23, 2.24, 2.25 and 2.26 we have

429
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G(8Xn(k)+ 8%n(k)> 8Xm(k)) T G(&Vn(k)+ 8Yn(k)> &Y m(k))
(061 +op+ 03+ 064)

+G(82n(k)» 8Zn(k) s 8Zm(k)) T G(8Wn (k) 8Wn(k)» 8Wm(k))

G(gxn(k) 1 8Xn(k)> gxm(k)) + G<gyn(k) 1 8Yn(k)> gym(k))

IN
=

+G(an(k) 1 8%n(k)s me(k)) + G<gwn(k) »8Wn(k)> ng(k))

. G(8%n(k)> 8%n (k) 8%m(k))» G(&Yn(k)> 8Yn(k) &Y m(k) )»
—4y
G(8Zn(k)» 82n(k)» 8Zm(k))> G(8Wn(k)> Wn(k)» @Wm(k))

(2.27)

Letting, k — oo in above and using 2.18, then

(o + 0+ 053+ o) [+ + Qf + Q0] < 99 +Q+Qf +Q05) — 4y (€, 2, 95, )

(2.28) < (ou+ o+ o+ o) (Qp+ Q-+ Q)+ QF)

A contradiction, this implies that (gx,), (gyx), (gz») and (gw,) are G-cauchy sequences in

(X,G).

Now suppose that assumption (a) holds.

Since X is G-complete metric space, there exists x,y,z,w € X such that

r}g{}og(xn) =ux, r}g{}og(yn) =y

(2.29)
lim g(z,) =z, lim g(wn) =w

From 2.29 and continuity of g we have

lim g(g(x)) = gx, lim g(g(yn)) = g

lim g(g(z,)) = gz, and lim g(g(w,)) = gw.
n—oo n—oo

From the commutativity of F and g we have,
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(2.30) g(8xn+1) = g(F (Xn;Yns2nsWn)) = F (8%, 8Yn, 8Zn, 8Wn),
(2.31) g(&yn+1) = &(F (Yns2n, Wn»2n)) = F(8Yn>8Zns8Wn, &%n),
(2.32) 8(8zn+1) = &(F (2ns Wi, Xn,¥n)) = F (82n, 8Wn, 8Xn,&Vn):
and

(2.33) 8(8Wnt1) = 8(F Wi, Xn,Yn:2n)) = F(8Wn, 8Xn, 8Yn, 8n)-

We shall show that gx = F (x,y,z,w), gy =F(y,z,w,x), gz=F (z,w,x,y) and gw = F (w, x,y,2).
By Letting n — oo in (2.30) — (2.33) and using the continuity of F' we obtain
gx = lim g(gxy41) = lim F(gxn, gYn, 82, 8Wn) =

F(lim gx,, lim gy,, lim gz,, lim gwy,) = F(x,y,2,w).

Similarly, gy = F(y,z,w,x), gz= F(z,w,x,y) and gw = F(w,x,y,z).

Hence, (x,y,z,w) is coincidence point of F and g.

Now suppose that the assumption (b) holds.
Since {gx,}, {gvn}, {gz»} and {gw,} are G-Cauchy sequences in the complete G-metric
space (g(X),G). Then, there exist x,y,z,w € X such that

(2.34) Xy —> 8X, gVn — &Y, 8Zn — gz and gw, — gw.

Since {gx,}, {gzn} are non-decreasing and {gy, }, {gwn } are non-increasing and since (X, G, <)

satisfy conditions (i) and (i1), we have
8xXn < gx, gyn > 8y, 87n < 8z, gwy, > gw  for all n.

If gx, = gx, gyn = &Y, §2n = gz and gw,, = gw for some n > 0, then gx = gx, < gxp41 < gx =

8%n> &Y < &Vn+1 < 8Vn = 8Y» 82 = 8%n < 8Zn+1 < g2 = gZn and gw < gwy 1 < gwy, = gw, which
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implies that

8Xn = &Xn+1 = F(xnaYnaZmWn)) 8Yn = 8Vn+1 = F(yn,zn,wn,xn),

and
8%n = 8in+1 = F(vawn;x}’t?yn)? 8Wn = &Wn+1 = F(Wi’l;wmymzf’l)?

that is, (x,,Vn,zn,wn) is a quadruple coincidence point of F and g. Then, we suppose that

(8Xn,8Vn,82n,8Wn) 7 (gx,8Y,82,gw) for all n > 0. By (2.1), consider now

G(gx,F(x,y,z,w),F(x,y,z,w)) + G(gy,F (y,z,w,x),F (y,2,w,x))
+G(gZ>F(Z7W7x7y)7F(Z7W7x>y)) + G(gw7F(W7x7y7z)7F(W7x>y7Z>)
G(gx7gxn+lagxn+l) + G(gx,H_l,F(x,y,z,w),F(x,y,z,w))

G(8y,8Vn+1,8Vn+1) + G(&Ynt1,F (y,2,w,x), F (y,2,w,x))

IN

G(8Z782n+1782n+1)+G(an+17F(Z7W:xa)’)aF(Z:WaX7)’))

G(gW,an+1,an+1>+G(an+1,F<W,X,y,Z),F(W,x7y,Z)>
G(nggxn+lagxn+l)+G(F(xnvynaZn7wn)aF(x7y7ZaW)ﬂF('x?y)Zaw))
G(gy,gyn+1,gyn+1)—i—G(F(yn,zn,wn,xn),F(y,z,w,x),F(y,z,w,x))

G(82,82n+1,8n+1) + G(F (20, Wny X, Yn), F (2, w,x,y), F (2, W, X, y))

G(gWaanJrl,anJrl)+G(F<mena)’naZn)aF(W7xay7Z)7F(Waxayuz))

Taking the limit as n — oo in above equation and using property of @, ¥ and fact that ¢t;, 0, 3, 04 €
(0,00) we get that

G(gx,F(x,y,z,w),F(x,y,z,w)) = 0. Thus, gx = F(x,y,z,w). Analogously, one finds
F(y,z,w,x) =gy, F(z,wx,y) =gz and F(w,x,y,z) = gw.

Thus, we proved that F' and g have a quadruple coincidence point. This completes the proof of

Theorem 2.1.
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Corollary 2.1. Let (X,<) be a partially ordered set and (X,G) be a G-metric space. Let
F: XXX xXxX — X such that F has the mixed monotone property. Assume that there exists
a @ cPand y €Y such that
M(x,y,z,w,u,v,s,t,a,b,c,d) = aG(F(x,y,z,w),F(u,v,s,t),F(a,b,c,d))
+0G(F (y,z,w,x),F(v,s,t,u),F(b,c,d,a))
+o3G(F(z,w,x,y),F (s,t,u,v),F(c,d,a,b))

+o4G(F (w,x,v,2),F(t,u,v,s),F(d,a,b,c))

4
—y(G(x,u,a),G(y,v,b),G(z,s,¢),G(w,t,d)).

b t.d
M(x,y,z,w,u,v,s,t,a,b,c,d) < ¢(G<x7u,a)+G(y7v, )+ 6(z,5,0), G, ))

(2.35)

Sforall oy, 00,03,04 € (0,00), x,y,z,w,u,v,8,t,a,b,c,d € X withx>u>a,y<v<bz>s>c
and w < t < d. Suppose F(X*) C g(X), g is continuous and commutes with F. If there exist

X0,Y0,20,Wo € X such that
Xxp < F(x07y07Z07W0)7 80 > F()’07ZO>W0,XO)7
70 < F(zo,WO,xo,YO) and go > F(Wo,xo,yo,m%

Suppose either
(a) (X,G) is a complete G-metric space and F is continuous or,

(b) F has the following property:

(i) if non-decreasing sequence x, — a, then x,, < x for all n,

il) if non-increasing sequence y,, — vy, then y <y, for all n.
g seq Y y Y=y

then there exist x,y,z,w € X such that
F(‘x7y’z7w) :x7 F<y7Z7W7‘x) :y7 F(Z7W"x7y) = Z and F(W"x7y7z) =w

that is, F' have a quadruple fixed point.
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Proof. Setting g(x) = I(Identity mapping) in Theorem 2.1, then the result follows. U

Corollary 2.2. Let (X,<) be a partially ordered set and (X,G) be a G-metric space. Let
F:XXXXxXxX—Xandg:X — X such that F has the mixed g-monotone property. Assume

that there exists a y € ¥ such that

M(x,y,z,w,u,v,s,t,a,b,c,d) = a1G(F(x,y,z,w),F(u,v,s,t),F(a,b,c,d))
+oG(F (y,z,w,x),F(v,s,t,u),F(b,c,d,a))
+o3G(F (z,w,x,y),F(s,t,u,v),F(c,d,a,b))

+o4G(F (w,x,y,2),F (t,u,v,s),F(d,a,b,c))

G G b)+G G t,gd
M(-x7y7z7 W7u7v7 s7t7a7b7cﬂd) S ( (gx, gu,ga) + (gy, gv,g ) + (gZ, gs, gC), (gw,g ,g ))

4
—y(G(gx,gu,ga),G(gy,gv,gb),G(gz,gs,8c),G(gw, gt gd)).

(2.36)

forall r,0,03,04 € (0’00), X,y,Z,W,M,V,S,t,Cl,b,C,d € X with gx > gu > ga, gy < gv < gb’
gz > gs > gc, and gw < gt < gd. Suppose F(X*) C g(X), g is continuous and commutes with

F. If there exist x¢, 0,20, Wo € X such that
gxo < F(x0,Y0,20,W0), gy0 > F(y0,20,W0,X0),
g20 < F(z0,wo0,x0,y0) and gwo > F(wo,x0,Y0,20),
Suppose either

(a) (X,G) is a complete G-metric space and F is continuous or,

(b) (g(X),G) is complete and (X ,G,<) has the following property:

(i) if non-decreasing sequence x, — a, then x,, < x for all n,

ii) if non-increasing sequence y,, — vy, then y <y, for all n.
8 seq y y Y=y

then there exist x,y,z,w € X such that

F(x,y,z,w) =gx, F(y,z,w,x) =gy, F(z,w,x,y) =gz and F(w,x,y,z) =gw
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that is, F' and g have a quadruple coincidence point.
Proof. Tt is sufficient if we take ¢ (¢) =t in Theorem 2.1 then the result follows. 0

Corollary 2.3. Let (X,<) be a partially ordered set and (X,G) be a G-metric space. Let
F:XXXXxXxX—Xandg:X — X such that F has the mixed g-monotone property. Assume

that there exists a ¢ € ® and y € ¥ such that

M(x,y,z,w,u,v,s,t,a,b,c,d) = oG(F(x,y,z,w),F(u,v,s,t),F(a,b,c,d))
+062G(F(y,z,w,x),F(v,s,t,u),F(b,c,d,a))
+o3G(F(z,w,x,y),F(s,t,u,v),F(c,d,a,D))

+o4G(F (w,x,y,2),F (t,u,v,s),F(d,a,b,c))

G G b)+G G(gw, gt,gd
M(x,y,z,w,u,v,s,t,a,b,c,d) < (P( (nggu7ga)+ (gy’gV7g)+ (gZ7gs’gC)+ (gW7g’g ))

4
—max{G(gx, gu,ga), G(gy,gv,8b),G(gz, gs,gc),G(gw, gt,8d)}.

(2.37)

forall ay, 0, a3,04 € (0,00), x,y,z,w,u,v,s,t,a,b,c,d € X with gx > gu > ga, gy < gv < gb,
gz > gs > gc, and gw < gt < gd. Suppose F(X*) C g(X), g is continuous and commutes with

F. If there exist xo,yo,20,Wo € X such that

gxo < F(x0,Y0,20,W0); gyo > F (0,20, w0,%0),

820 < F(z0,wo,%0,y0) and gwo > F(wo,X0,Y0,20),

Suppose either
(a) (X,G) is a complete G-metric space and F is continuous or,

(b) (g(X),G) is complete and (X, G, <) has the following property:

(i) if non-decreasing sequence x,, — a, then x, < x for all n,

ii) if non-increasing sequence y, — vy, then y <y, for all n.
g seq y y Y=y
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then there exist x,y,z,w € X such that
F(x,y,z,w) =gx, F(yz,wx)=gy, F(z,wuxy)=gz and F(wx,y,z)=gw

that is, F' and g have a quadruple coincidence point.

Proof. 1t is sufficient if we take y/(t1,1,,13,14) = max{t;,t,,13,14} in Theorem 2.1, we get the

above result. ]

Corollary 2.4. Let (X,<) be a partially ordered set and (X,G) be a G-metric space. Let
F:XXxXXxXxX—Xandg:X — X such that F has the mixed g-monotone property. Assume

that there exists a ¢ € ® and vy € ¥ such that
M(x,y,z,w,u,v,s,t,a,b,c,d) = oG(F(x,y,z,w),F(u,v,s,t),F(a,b,c,d))
+oG(F (y,z,w,x),F(v,s,t,u),F(b,c,d,a))
+a3G(F (z,w,x,y),F(s,t,u,v),F(c,d,a,b))

+o4G(F (w,x,y,2),F (t,u,v,s),F(d,a,b,c))

4

9 (G(gx, gu,ga) + G(gy,gv, gb) + G(gz, 8s,8¢) + G(gw, g1, 8d) )
i .

G G b)+G G t od
M(xyzwivstabed) < ( (gx,gu,ga) + G(gy, gv,gb) + G(gz, gs,8¢c) + G(gw, gt, & ))

(2.38)

forall r,0,03,04 € (0’00), X,y,Z,W,M,V,S,t,Cl,b,C,d € X with gx > gu >g8a, gy < gv < gb’
gz > gs > gc, and gw < gt < gd. Suppose F(X*) C g(X), g is continuous and commutes with

F. If there exist xq,Y0,20,wo € X such that

gxo < F(x0,Y0,20,w0), 8yo = F(y0,z0,w0,%0),
820 < F(z0,wo,X0,y0) and gwo = F(wo,%0,0,%0),
Suppose either
(a) (X,G) is a complete G-metric space and F is continuous or,

(b) (8(X),G) is complete and (X, G, <) has the following property:
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(i) if non-decreasing sequence x,, — a, then x, < x for all n,

(i) if non-increasing sequence y, — v, then'y <y, for all n.
then there exist x,y,z,w € X such that
F(x,y,z,w)=gx, F(y,z,wx) =gy, F(z,wx,y)=gz and F(w,x,y,z) =gw
that is, F and g have a quadruple coincidence point.

Proof. It is sufficient if we take (1) =1, y(t1,02,13,14) = ¢ (12555) in Theorem 2.1, we

get the above result. U

Corollary 2.5. Let (X,<) be a partially ordered set and (X,G) be a G-metric space. Let
F:XXXXxXxX—Xandg:X — X such that F has the mixed g-monotone property. Assume

that there exists a ¢ € ® and vy € ¥ such that

M(x,y,z,w,u,v,s,t,a,b,c,d) = a1G(F(x,y,z,w),F(u,v,s,t),F(a,b,c,d))
+0G(F (y,z,w,x),F(v,s,t,u),F(b,c,d,a))
+o3G(F(z,w,x,y),F(s,t,u,v),F(c,d,a,D))

+0o4G(F (w,x,v,2),F(t,u,v,s),F(d,a,b,c))

G G b)+G G 1. ed
M(xyzwivstabed) < k( (gx,gu,ga)+ G(gy,gv.g ): (82,85,8¢) + G(gw, gt, g ))

Sfor all ay,on,03,04 € (0,00), k € (0,1), x,y,z,w,u,v,s,t,a,b,c,d € X with gx > gu > ga,
gy < gv<gb, gz>gs>gc, and gw < gt < gd. Suppose F(X*) C g(X), g is continuous and

commutes with F. If there exist xo, Yo, 20, wo € X such that

8xo < F (x0,Y0,20,w0), 8y0 = F(y0,20,w0,%0),
820 < F(z0,wo,%0,y0) and gwo = F(wo,%0,Y0,20),
Suppose either
(a) (X,G) is a complete G-metric space and F is continuous or,

(b) (g(X),G) is complete and (X,G, <) has the following property:
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(i) if non-decreasing sequence x,, — a, then x, < x for all n,

(i) if non-increasing sequence y, — v, then'y <y, for all n.
then there exist x,y,z,w € X such that
F(x,y,z,w) =gx, F(yz,wx)=gy, F(z,wuxy)=gzand F(wx,y,z)=gw
that is, F and g have a quadruple coincidence point.

Proof. Tt is sufficient if we take ¢ (z) = kt and y(t1,12,13,14) = (%) (t1 +1 +13+14) in Theo-

rem 2.1, we get the above result. 0J

Corollary 2.6. Let (X,<) be a partially ordered set and (X,G) be a G-metric space. Let
F:XXXXXxX—Xandg:X — X such that F has the mixed g-monotone property. Assume

that there exists a ¢ € ® and y € ¥ such that
M(x,y,z,w,u,v,s,t,a,b,c,d) = G(F(x,y,z,w),F(u,v,s,t),F(a,b,c,d))
+G(F(y,z,w,x),F(v,s,t,u),F(b,c,d,a))
+G(F(z,w,x,y),F(s,t,u,v),F(c,d,a,b))

+G(F (w,x,y,2),F(t,u,v,s),F(d,a,b,c))

G(gx,gu,ga) +G(gy,gv,gb) + G(gz, gs,8¢) + G(gw, gt, gd)

M(X,y,z,w,u,v,s,t,a,b,c,d) S (P( 4

—y(G(gx,gu,ga),G(gy,gv,gb),G(gz,gs,8c),G(gw, gt gd)).

(2.39)

for all x,y,z,w,u,v,s,t,a,b,c,d € X with gx > gu > ga, gy < gv < gb, gz > gs > gc, and
gw < gt < gd. Suppose F(X*) C g(X), g is continuous and commutes with F. If there exist

X0,Y0,20,Wo € X such that

gxo < F(x0,Y0,20,W0), gyo > F (0,20, w0, X0),
8z0 < F(z0,w0,%0,Y0) and gwo > F(wo,x0,Y0,20),
Suppose either

a) (X,G) is a complete G-metric space and F is continuous or,
) p P

)
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(b) (8(X),G) is complete and (X, G, <) has the following property:

(i) if non-decreasing sequence x,, — a, then x, < x for all n,
(ii) if non-increasing sequence y, — v, then'y <y, for all n.
then there exist x,y,z,w € X such that

F(x,y,z,w) =gx, F(y,z,w,x) =gy, F(z,w,x,y) =gz and F(w,x,y,2) =gw

that is, F and g have a quadruple coincidence point.
Proof. 1f we take ot = oo = a3 = a4 = 1 in Theorem 2.1, we get the above result. O

Corollary 2.7. Let (X,<) be a partially ordered set and (X,G) be a G-metric space. Let
F:XXXXxXxX—Xandg:X — X such that F has the mixed g-monotone property. Assume

that there exists a ¢ € ® and vy € ¥ such that

G(F(x,y,z,w),F(u,v,s,t),F(a,b,c,d))

o ( G(gx, gu,ga) + G(gy,gv, gb) + G(gz, gs,8¢) + G(gw, gt,gd))
4

<

—y(G(gx,gu,ga),G(gy,gv,gb), G(gz,8s,8¢),G(gw, gt gd)).

(2.40)

Sfor all x,y,z,w,u,v,s,t,a,b,c,d € X with gx > gu > ga, gy < gv < gb, gz > gs > gc, and
gw < gt < gd. Suppose F(X*) C g(X), g is continuous and commutes with F. If there exist

X0,Y0,20,Wo € X such that

8xo < F (x0,Y0,20,w0), 8y0 = F(y0,20,w0,%0),
820 < F(z0,w0,%0,y0) and gwo > F(wo,%0,0,%0),
Suppose either
(a) (X,G) is a complete G-metric space and F is continuous or,

(b) (g(X),G) is complete and (X ,G,<) has the following property:

(i) if non-decreasing sequence x,, — a, then x, < x for all n,
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(ii) if non-increasing sequence y, — v, then'y <y, for all n.
then there exist x,y,z,w € X such that
F(x,y,z,w) =gx, F(yz,wx) =gy, F(z,wx,y) =gz and F(w,x,y,z) = gw
that is, F and g have a quadruple coincidence point.

Proof. If we take @) =1 and ap = a3 = 04 = 0 in Theorem 2.1, we get the above result. [J

Corollary 2.8. Let (X,<) be a partially ordered set and (X,G) be a G-metric space. Let
F:XXXXXXxX—Xandg:X — X such that F has the mixed g-monotone property. Assume

that there exists a ¢ € P such that

G(F(x,y,z,w),F(u,v,s,t),F(a,b,c,d))

<G(gx, gu,ga) +G(gy, gv,¢b) + G(gz,8s,8¢) + G(gw, gt,gd))
4

< ¢

(2.41)

for all x,y,z,w,u,v,s,t,a,b,c,d € X with gx > gu > ga, gy < gv < gb, gz > gs > gc, and
gw < gt < gd. Suppose F(X*) C g(X), g is continuous and commutes with F. If there exist

X0,Y0,20,Wwo € X such that
gxo < F(x0,Y0,20,W0), 8y0 > F(y0,20,W0,%0),
g20 < F(z0,wo,X0,y0) and gwo > F(wo,X0,Y0,20),
Suppose either

(a) (X,G) is a complete G-metric space and F is continuous or,

(b) (g(X),G) is complete and (X ,G,<) has the following property:

(i) if non-decreasing sequence x,, — a, then x, < x for all n,

ii) if non-increasing sequence y, — vy, then y <y, for all n.
8§ seq y y Y=y

then there exist x,y,z,w € X such that

F(x,y,z,w) =gx, F(y,z,w,x) =gy, F(z,w,x,y) =gz and F(w,x,y,z) =gw



QUADRUPLED FIXED POINT IN G-METRIC SPACE WITH AN APPLICATION 441

that is, F' and g have a quadruple coincidence point.

Proof. If we take a; =1 and o = a3 = oy = 0 also y(t1,1,13,t4) = 0 in Theorem 2.1, we get

the above result. O

Corollary 2.9. Let (X,<) be a partially ordered set and (X,G) be a G-metric space. Let
F:XXXXxXxX—Xandg:X — X such that F has the mixed g-monotone property. Assume
that there exists a ¢ € P such that
M(x,y,z,w,u,v,s,t,a,b,c,d) = G(F(x,y,z,w),F(u,v,s,t),F(a,b,c,d))
+G(F(y,z,w,x),F(v,s,t,u),F(b,c,d,a))
+G(F(z,w,x,y),F(s,t,u,v),F(c,d,a,b))

+G(F (w,x,y,z),F(t,u,v,s),F(d,a,b,c))

M(x,y,z,w,u,v,s,t,a,b,c,d)
< % (G(gx, gu,ga) +G(gy,gv,8b) + G(gz, 8s,8¢) + G(gw, gt, gd) )

4
(2.42)

forall oy, 0, 03,04 € (0,0), x,y,z,w,u,v,s,t,a,b,c,d € X with gx > gu > ga, gy < gv < gb,
8z > gs > gc, and gw < gt < gd. Suppose F (X4) C g(X), g is continuous and commutes with

F. If there exist xq,Y0,20,wo € X such that

gxo < F(x0,y0,20,w0), 8yo = F(y0,20,wo0,%0),
820 < F(z0,wo,%0,y0) and gwo = F(wo,%0,Y0,20),
Suppose either
(a) (X,G) is a complete G-metric space and F is continuous or,

(b) (g(X),G) is complete and (X, G, <) has the following property:

(i) if non-decreasing sequence x,, — a, then x, < x for all n,

ii) if non-increasing sequence y, — vy, then y <y, for all n.
g seq y y Y=y
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then there exist x,y,z,w € X such that
F(x,y,z,w) =gx, F(v,z,wx) =gy, F(z,wx,y)=gzand F(w,x,yz)=gw
that is, F' and g have a quadruple coincidence point.

Proof. If we take oy = 0p = o3 = g = 1 also y(ty,12,13,24) = 0 in Theorem 2.1, we get the

above result. O

Corollary 2.10. Let (X,<) be a partially ordered set and (X,G) be a G-metric space. Let
F:XxXXXxXxX—Xandg:X — X such that F has the mixed g-monotone property. Assume
that there exists a ¢ € ® and y € ¥ such that

G(F(x,y,z,w),F(u,v,s,t),F(a,b,c,d))
+G(F(y,z,w,x),F(v,s,t,u),F(b,c,d,a))

M(x,y,z,w,u,v,s,t,a,b,c,d) = «
+G(F(z,w,x,y),F(s,t,u,v),F(c,d,a,b))

+G(F (w,x,y,2),F(t,u,v,s),F(d,a,b,c))

G(gx,gu,ga) +G(gy,gv,gb) + G(gz, gs,8¢) + G(gw, gt, gd)

M(X,y,z,w,u,v,s,t,a,b,c,d) S (P( 4

—y(G(gx,gu,ga),G(gy,gv,gb),G(gz,gs,8c),G(gw, gt gd)).

(2.43)

forall o € (0,00), x,y,z,w,u,v,s,t,a,b,c,d € X with gx > gu > ga, gy < gv < gb, g7 > gs >
gc, and gw < gt < gd. Suppose F(X*) C g(X), g is continuous and commutes with F. If there

exist xo,Y0,20,wo € X such that

gxo < F(x0,y0,20,w0), 8yo = F(y0,20,wo0,%0),
820 < F(z0,wo,%0,y0) and gwo = F(wo,%0,Y0,20);
Suppose either
(a) (X,G) is a complete G-metric space and F is continuous or,

(b) (g(X),G) is complete and (X ,G,<) has the following property:

(i) if non-decreasing sequence x,, — a, then x, < x for all n,

)
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(ii) if non-increasing sequence y, — v, then'y <y, for all n.

then there exist x,y,z,w € X such that
F(x,y,z,w) =gx, F(y,z,w,x) =gy, F(z,w,x,y) =gz and F(w,x,y,z) = gw
that is, F' and g have a quadruple coincidence point.
Proof. If we take a; = oty = 03 = a4 = ¢ in Theorem 2.1, we get the above result. O
Example 2.1. Let X = R. Define G: X x X X X — [0,0) by
G(x,y.z)=[x—y|+[y—z|+|z—x]

F(x,y,z,w) =2x—3y+2z—3w, g(x)=x

also 0 = 0y = 03 = Oy = %, O (1) =22t and y(ty,tp,t3,14) = w. Then we have from

2.1 we have a fixed point (0,0,0,0).

3. An Application

Theorem 3.1. Let (X,<) be a partially ordered set and (X,G) be a G-metric space. Let F :
X XX xX xX — X such that F has the mixed monotone property. Assume that there exists a

¢ € ® such that

G(F(x.y.2) Fluv.5.0).Fla.b.e.d)) < (P(G(x,u,s)+G(y,v,b):G(z,s,c)—kG(w,t,d))

(3.1)

forall x,y,z,w,u,v,s,t,a,b,c,d e X withx>u>a, y<v<b z>s>c,andw <t <d. If

there exist xo,Yo,20,wo € X such that

X0 S F(x07y07Z07W0)7 Yo Z F(}’07ZO=WO,XO)7
z0 < F(z0,w0,%0,¥0) and wo > F(wo,X0,Y0,20),
Suppose either

a) (X,G) is a complete G-metric space and F is continuous or,
) p P
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(b) (X,G,<) has the following property:

(i) if non-decreasing sequence x, — a, then x,, < x for all n,

il) if non-increasing sequence y,, — vy, then y <y, for all n.
(i) if g seq Yn =Y y<y

then there exist x,y,z,w € X such that
F(x,y,z,w)=x, F(y,z,wx)=y, F(z,wxy)=z and F(wx,y,z)=w
that is, F' has a quadruple coincidence point.

Proof. If wetake a; =1 and op = 03 = o4 =0, Y(ty,12,13,14) = 0 also g(X) = Ix in Theorem

2.1, we get the above result. 0

Finally by using the above results, we show the existence of solutions for the following

integral equation:

[ G00)175.6) 4 25(5) = (75305 + (s,

[ G )156.3(6) + 2305) = (s2ls) + Acls)) s,
G (0.w0) = |
|| Ge8)1(5,2(6) + 22(5) = (£ (5, w(s) + Aw(s) s,

/OT G(t,8)[f(s,w(s) +Aw(s) — (f(s,x(s)) + Ax(s))]ds

where x,y,z,w € C(I,R) where C(I,R) is the set of continuous functions from / into R, T > 0,

f:1I xR — R is continuous function and

AT +s1) .
<s<t<T
o AT if 0<s<tr<
(3.3) Glrs)=1 *' _
W—_] lf 0 S r<s S T

Definition 3.1. A lower solution for the integral type equation 3.2 is an element (o, 3,7,1) €
(c! (I,R))4 such that
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o () +AB(E) +AY()+An() < fta(r) = f(t,B() - f(t,7() — f(£.0(1), @(0) < a(T),
B't)+2y(t)+An(t)+Aa(t) < f(t.B(1) = f(t,7(1) = f(t,n(t)) — f(t,e(r)), B(0) = B(T),
YO +An@)+Aa()+ABE) < f(t,v()—f,n(0) = ft,a)—f(,B(1), 1(0)<nT),
n'(t)+Aa(t) +AB) +Ay(t) < f(t,n() = f(t, () = f(t,B(2)) = £(£,7(r)), B(0) = B(T),

(3.4)
where C'(I,R) denotes the set of differentiable functions from I to R.
Next we prove the existence of solution for the integral equation 3.2.

Theorem 3.2. Let ® be the class of the functions ¢ : [0,00) — [0,00) satisfying the following

conditions:

(a) ¢ is nondecreasing,

(b) for any x > 0, there exists k € [0,1) such that ¢ (x) < (k/4)x.

In the integral equation 3.2 suppose that there exists A > 0 such that for all x,y € R withy > x

(3.5) [f(#,y) + Ay = [f(t,x) + Ax] < Ay(y —x),

where ¢ € . If a lower solution of the integral equation 3.2 exists then the solution of integral

equation 3.2 exists.
Proof. Define a mapping F : (C(I,R))* — C(I,R) by

F0.0mw0) = [ Glsl5.x6)+ 2x(5) = (F5:3(6) + ()
(3.6) —(f(5,2(5)) + A2(s)) = (f (s, w(s)) + Aw(s))]ds,
Note that, if (x(z),y(t),z(¢),w(t)) € (C(I,R))* is quadrupled fixed point of F, then (x(z),y(t),z(t),w(t))

is the solution of integral equation 3.2.

Now, we check the hypothesis in Theorem 3.1 as follows:
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(1) X* = (C(I,R))*is a partially ordered set if we define the order relation in X* as follows;

3.7) (u(t),v(t), p(1),q(t)) < (x(1),¥(t),2(t), w(t))
iff
u(t) <x(1), v(t) 2 y(t), p(t) <z(1), q(t) = w(),
for all
(u(r),v(1), p(),q(1)), (x(2),¥(t),2(1), w(r)) € X*

andt € I.

(2) (X,G) is a complete G-metric space if we define a metric G as follows;

(3.8) G(a(t),b(t),c(r)) = sup{| a(r) = b(1) [,| b(r) = c(t) [,| c(t) —a(t) |- a(t),b(r),c(t) € X}

tel
(3) The mapping F has the mixed monotone property. In fact by hypothesis, if x, > x1, then

we have
3.9 f(t,xz) +Axy > f(l‘,)q) + Ax

which implies that for any 7 € I,

F(xa(t) (1) = [ G025+ Aals) — (Fs:3(5)) + 26)
) (F(s.2(5)) + Az(s)) — (Fls,w(s)) + Aw(s)Ids

and

Fxi(0),y(t),2(1),w(t)) = /OT G(t,5)[f(s,x1(s)) +Ax1(s) = (f(s,5(s)) + A¥(s))
—(f(s5,2(s)) +Az(5)) = (f(s,w(s)) + Aw(s))]ds,

that is,

(3.10) F(x2(1),3(t),2(t),w(t)) = F(x1 (), 3(1),2(1),w(t)).

Similarly if y; > y;, then we have

(3.11) f(t,y2) +Ay2 > f(t,y1) + Ay
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which implies that for any ¢ € I,

Fx(1),y2(1),2(2),w(t)) = /OT G(t,5)[f (,x(s)) + Ax(s) = (f(5,32(5)) + Aya(s))
—(f(s5,2(s)) +Az(s)) = (f(s,w(s)) + Aw(s))]ds

and

F(x(t),y1(t),2(1),w(t)) = /0 ' G(t,5)[f(s,x(s)) + Ax(s) — (f(s,y1(5)) +Ay1(s))
—(f(s,2(s)) +Az(s)) — (f(s,w(s5)) + Aw(s))]ds.

that is

(3.12) F(x(t),y2(t),2(1),w(t)) < F(x(t),y1(2),2(1),w(1))

foranyr e l.

Also if 73 < 75, then we have

(3.13) flt,z2)+ Az > f(t,z1) +Azy

F(x(t),y(t),22(t),w(t)) = /OT G(t,5)[f(5,x(s)) + Ax(s) — (f(s,5(s)) + 2y(5))
—(f(s,22(s5)) + A22(5)) = (f (s, w(s)) + Aw(s))]ds

and

F(x(1),y(t),21(1),w(t)) = /OT G(t,5)[f (5,x(s)) + Ax(s) — (£ (s,5(s)) + Ay(s))
—(f(s,21(5)) +A21(5)) (f (5, w(s)) + Aw(s))]ds

that is

(3.14) F(x(t),y(t),22(1),w(t)) = F (x(2),y(t),21(1),w(1))
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FU0,20ma6) = [ Gl f(5.x6))+ 2x(5) = (523(6) + ()
~((5,2(5)) + A2(6)) = (£ (s w2(6)) + Area(s))]ds

and
FU (020 (0) = [ G530+ 25(5) = (752306 + 2305
~(F(5:2(5)) + 22(5)) (£ (5.1 (5) + A1 s))Jds
that is
G.15) F(x(0).5(0).2(0).w2(0)) < F(x(0) 3(0).2(0) w1 (1)

In fact, let (x,y,z,w) < (u,v,p,q) and ¢ € I then we have

G(F (x(2),y(2),2(2),w(r)), F (u(t),v(t), p(),q(t)), F (a(t),b(t),c(t),d(t)))
| F(x(1),y(2),2(t), w(t)) = F (u(t),v(1), p(t),4(1) |,

= sup | [F(u(t),v(1), p(1),q(t) = F(a(t),b(t),c(),d(1)) |, | (1 €1)
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[ 69)15.x) 4 25(5) ~ (F(56) + A3(5)
(705, 26)) 4 A2(6)) — (75, 0(5) + Aw(s) s

[ G0 560) + 20) — FG5(6)+ A1)
(/05,5 + (5 (5:4(5)) + A5l .

[ G0+ Aats) (15000 + 205
L U o) - ) + Aglods
T Gl s+ Al 500+ 26
~(7(5,€(6) + Aels))  (f(s.d(5)) + Ad(5)Jds |

[ G9)17s,a(5)+ Rats) — (705, b(5)) + A5(5)
~(705,6(6) + Aels))  (5.(5)) + Ad(5)]ds |
[ G55 x(5)) + A~ (Flsor(5) + Ar(s)
(705, 26)) 4 2206)) — (75, (5) + Av(s) s

I/ G(1,s)| ) +Ax(s)) = (f(s,u(s)) + Au(s)) = [(f(s,y(s)) + A¥(s)) = (f(5,v(s)) + Av(s))]

—[(F(s,2(5)) +A2(s)) + (f (5, p(5)) + Ap(s))] = [(f (5, w(5)) + Aw(s)) = (f(5,4(s)) + 2q(s))]] [ ds,

- I/ G(1,s)| $)) +Au(s)) = (f(s,a(s)) +Aa(s))] = [(f (s, v(s)) + Av(s)) = (f(s,b(s)) + Ab(s))]
“ —[(#(s,p(s)) +Ap(s)) = (f(s,¢(5)) + Ae(5))] = [(f(5,q(s)) + 2q(s)) = (F(5,d(s)) + Ad(s))]}ds |,
/ G(1,9)] )+ Aa(s)) = (f(s,x(s)) + Ax(s))] = [(f (s, b(s)) + Ab(s)) — (f (5, 3(5)) + Ay(s))]

—[(f(s,c(s)) +Ac(s)) = f(s,2(s)) +Az(s)] = [(f (s, d(5)) + Ad(s)) = ((f (s, w(s)) + Aw(s))]]ds |

Since the function ¢ (x) is nondecreasing and (x,y,z,w) < (u,v, p,q), we have
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¢ (max{|x(s) —u(s)|, [u(s) —a(s)],la(s) =x(s)[}) < @(G(x(s),u(s),als))

¢ (max{[y(s) —v(s), [v(s) =b(s)|[b(s) =y(s)[}) < @(G(y(s),v(s),b(s))

¢ (max{|z(s) = p(s)l,|p(s) —c(s)],[c(s) =2(s)[}) < @(G(z(s), p(s),c(s))
(3.16) ¢ (max{|w(s) —q(s)],lq(s) —d(s)[,|d(s) =w(s)[}) < @(G(w(s),q(s),d(s))-

By using property of ¢, 3.2, 3.3, 3.16,3.16,3.16 we get (a(t),B(t),y(t),n(t)) € (C'(I,R))*

be a lower solution for the integral equation 3.2 then we show that

GBI a<F(a,B,7,m), B=F(B,v,n,a), Y<F(y,n,a,B8), n>F(n,o,B,7).

Indeed, we have

o' (t) + AP () + Ay(t) + An(e) < f(t,0(0)) = f(t,B(1)) — f(t,7(2)) — £(£,1(2))

for any t € I and so

(3.18)
o () + A ax(t) < f(t, 0(t)) = F(0.B(6)) = F(2,7(0))) — £ (1,11(6)) + A ex(e) — AB () = Ay(t) — A (1)

foranyt e l.

Multiplying 3.18 by M we get the following:

() < (£ (0)+Aal) ~ (£,B() - 1B()
(3.19) (£ (1) = A1) = (1,0 (0) = An(e)) e

for any ¢ € I, which implies that

ae < a0)+ [ (7o) +2a() = (F(5,(5) - AB(6))
(3.20) ~(F(57(5)) = A7) = (F(5.1() ~ An(s) e ds
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for any ¢ € I, this implies that

a(0)e* < a(T)e*
= a0+ / )+ Aas)) = (£ B(5)) ~ AB(s))
(3.21) —(f(s:7(s)) = A¥(s)) = (F(s,n(s)) = An(s))]e**dls

and so

T e?Ls
o(0) < [ S lUGals) +2als)

(3.22) —(f(5,B(s)) =AB(5)) = (f(s,7(s)) = A¥(s)) = (f(s,m(5)) = An(s))]ds

Thus it follows from 3.20 and 3.22 that

ers
a < [ ol a(s) + Aals)
~((5,B(5) = 2B() = (£(s.7(5)) = A7(5)) = (£(s,0(5)) = An(s))lds
t oMT—s)
+ [ G UG a(s) + 2a(s)
(3.23) ~(/(5,B(5) = 2B() = (£(s.7(5)) = A7(5)) = (£(s,1(5)) = An(s))lds

and so

T pA(s—1)
o) < [ Sr—lUG.als)+2a(s)
(/5 B(s)) = AB() — (/. 16) = A7(5))lds
t AT +s—1)
+ [ S (s a9) +2a(s)
(324 ~(/(s,B(5)) = AB(s) = (£(5.9) = 27(5)) = (F(5,1(5)) = An s))Jds

then,
T
a(t) < [ Gl)lf(s.as) + Aol

—(f(s;B () +AB(5)) = (f(5,7(s)) + A¥(s)) = (f(s,n(s)) + An(s))lds
(3.25) = F(a(t),B(1),y(),n(1))

451
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foranyt € l.

Similarly, we have

and

Therefore by Theorem 3.1, F has a quadrupled fixed point. (]
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