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Abstract. In this paper, by using the classes € and @, of functions to introduce a generalization of the known
class ¥ of 5-dimensional functions, we discuss the existence problems of common fixed points for two mappings

of integral type with semi-implicit contractive conditions and give more general results and some particular forms.

Keywords: class ¢; class W*; class ®,; semi-implicit; sub-additive; common fixed point.

2010 AMS Subject Classification: 47H05, 47H10, 54E40, 54H25.

1. Introduction and Preliminaries

Throughout this paper, we assume that Rt = [0, +eo) and

®=1{¢:¢:R" — Rfsatisfying that ¢ is Lebesgue integral, summable oneach compact
subset of R and [ ¢()dt > 0 for each € >0}

The famous Banach’s contraction principle is as follows:
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Theorem 1.1.[1] Let f be a self mapping on a complete metric space (X,d) satisfying

d(fx, fy) <cd(x,y), Vx,y € X, (1.1)

where ¢ € [0, 1) is a constant. Then f has a unique fixed point £ € X such that lim,,_,c f"x = £
for each x € X.

It is known that the Banach contraction principle has a lot of generalizations and various
applications in many directions, see, for examples, [2-12] and the references cited therein. Es-
pecially, in 1962, Rakotch[13] extended the Banach contraction principle with replacing the
contraction constant ¢ in (1.1) by a contraction function ¥ and obtained the next theorem:

Theorem 1.2.[13] Let f be a self-mapping on a complete metric space (X,d) satisfying

d(fx, fy) < y(d(x,y))d(x,y), Vx,y € X, (1.2)

where y: R — [0,1) is a monotonically decreasing function. Then f has a unique fixed point
X € X such that lim,,_,. f"x = X for each x € X.
In 2002, Branciari[14] gave an integral version of Theorem 1.1 as follows:

Theorem 1.3.[14] Let f be a self-mapping on a complete metric space (X,d) satisfying

d(fx.fy) d(x.y)
/ ¢(t)dt§c/ o(r)dt, Vx,y e X, (1.3)
0 0

where ¢ € (0,1) is a constant and ¢ € ®. Then f has a unique fixed point £ € X such that
lim;, . f"x = X for each x € X.

In 2011, Liu and Li[15] modified the method of Rakotch to generalize the Branciari’s fixed
point theorem with replacing the contraction constant ¢ in (1.3) by contraction functions & and
B and established the following fixed point theorem:

Theorem 1.4.[15] Let f be a self-mapping on a complete metric space (X,d) satisfying
d(fx.fy) d(x,fx) d(y.fy)
L7 ewar< st [T owar+plat) [T owanvvyex, (1.4)

where ¢ € ® and o, : R — [0, 1) are two functions with

at)+B() <1,V eRT; limsupB(s) < 1; limsup o(s)

<l1,Vt>0.
s—0t s—tt _ﬁ(s)

Then f has a unique fixed point a € X such that lim,_,. f"x = a for each x € X.
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In [16], Jin and Piao discussed the existence problems of unique common fixed points for
two mappings of integral type with variable coefficient in metric spaces and obtained the more
general results, the main results generalize and improve Theorem 1.4. Also they introduce the
following two definitions and obtain a unique common fixed point theorem for two mappings
of integral type with semi-implicit contractive conditions:

The function ¢ € P is called to be sub-additive if and only if for all a,b € R,

/0 P oyt < /O " o(0)dt + /0 o(n)dr.

Lety € w0l if and only if y: R+> — R is a continuous and nondecreasing function about
the 4th and 5th variables and the following conditions hold:

(i) there exists 4 € (0,1) such that u < y(v,u,v,0,u+v) implies u < hyv;

(ii) there exists i € (0,1) such that u < y(v,v,u,u+v,0) implies u < hyv;

(iii) y(z,0,0,¢,1) <t, y(0,7,0,0,7) < t and y(0,0,7,¢,0) < ¢ for all r > 0.
Theorem 1.5.[16] Let (X,d) be a complete metric space, f,g : X — X two mappings. If for

eachx,y € X,

d(fx.gy) d(x.y) d(x.fx) d(v.gy) d(x.8y) d(v.fx)
L e ([ owar, [ o, [T owar, [ owar, [T o(war).
(1.5)

where ¢ € ® is sub-additive and y € ¥. Then f and g have a unique common fixed point.

The aim of this paper is to use two classes % and ®, of real functions to introduce a real
generalization of the above class ¥ and to discuss the unique existence problems of common
fixed points for two self-mappings of integral type with a new semi-implicit limitation in a non-
complete metric space. The obtained results further generalize and improve the corresponding
conclusions in the literature.

To do this, we introduce the definitions of 4" and ®, and give a well-known lemma.

The following concept of class % of functions was introduced by A.H.Ansari [17].
Definition 1.6.[17]A mapping F : [0,%0)? — R is called C-class function if it is continuous and
satisfies following axioms:

(DF (s,1) <s;

(2) F(s,t) = s implies that either s = 0 or t = 0 for all s,7 € [0,0).
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Note for some F' we have that F(0,0) = 0.
We denote C-class functions as %.

Example 1.7.[17]The following functions F : [0, oo)2 — R are elements of &, for all

s,t € [0,00):

(1) F(s,t) =s—t,F(s,t) =s=1=0;

(2) F(s,t) =ms,0<m<1, F(s,t) =s =5 =0;

(3)F(s,t): +t,,re(0 ), F(s,t) =s=s=0ort=0;

4) F(s,t) =log(t+a*)/(14+t),a>1,F(s,;t)=s=s=0ort =0;

(5) F(s,t) =In(1+a*)/2, a>e, F(s,1) = s = s = 0;

(6) F(s,t) = (s+D)W/UH)) _[ 1> 1,r € (0,00), F(s,t) =5 =1 =0;
(7) F(s,t) =slog,,,a,a>1,F(s,;t)=s=s=0ort=0;

(8) F(s,1) = s— () (15). Flst) =5 = 1 =0;

9) F(s,t) =sPB(s), B :[0,00) — [0,1) is continuous, F(s,t) =s =5 =0;
(10) F(s,t) =s—@(s),F(s,t) =s=s=0here ¢ : [0,00) — [0,00) is a continuous function

such that (1) =0t =0;

(11) F(s,t) = sh(s,t),F(s,t) =s = s = 0,here h : [0,00) X [0,00) — [0,00)is a continuous
function such that a(z,s) < 1 for all ¢, 5 > 0,

(12) F (s, t)—s—(1 Dt, F(s,t) =s=>1=0;

(13) F(s,t) = /In(1+s"), F(s,t) =5 = s =0;

(14) F(s,t) = ¢(s),F(s,t) = s = s = 0,here ¢ : [0,00) — [0,00) is a upper semicontinuous
function such that ¢(0) =0, and ¢(z) < ¢ fort > 0,

(15) F(5,1) = 115

(16) F(s,t) = ¥(s); ¥ : RT x RT — R is a generalized Mizoguchi-Takahashi type function

),,rE(() ), F(s,t) =s=s5=0;

,F(s,t)=s=5=0;
(17) F(s,t) = g /2 fo \[i -dx, where I is the Euler Gamma function.

Definition 1.8. Let @, be a set of all functions ¢ : RT — R™ satisfying the following conditions:
(1) ¢ is continuous;

(2) o(t) >0if t >0and @(0) >0
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Lemma 1.9.[18] Suppose (X,d) is a metric space. Let {x,} be a sequence in X such that
d(xn,xp+1) — 0 as n — oo. If {x,} is not a Cauchy sequence, then there exist an € > 0 and
sequences of positive integers {m(k)} and {n(k)} with m(k) > n(k) > k for each k € N such

that d (X,,()s Xn(k)) = € d(Xm(k)—15Xn(k)) < € and the following result holds

li = li = li =E€.
kl_lgod(xm(k)—laxn(k)-i-l) kl_l;lc}od(xm(k)?xn(k)) kgl;lod(xm(k)—lvxn(k)) €

Remark 1.10. Under the conditions of Lemma 1.9, We easily obtian the following result:

I — i — 1 = i =e.
kgl;lod(xm(k)vxn(k)le) kl_r}olod(xm(k)+lvxn(k)) kl_l;?od(xm(k)levxn(k)Jrl) kl_Ii}od(xm(k)?xn(k)fl) €

2. Common fixed points

Lemma 2.1.[15] Let ¢ € ® and {r, },cn be a nonnegative sequence with lim,,_, 1, = a. Then

lim Orn¢(t)dt - /0a¢(t)dr.

n—oo

Lemma 2.2.[15] Let ¢ € ® and {r, },cn be a nonnegative sequence. Then

'n

lim [ ¢(t)dt =0<= limr, =0.

n—eo J n—oo
Now, we give a new and real generalization of the class W in [16] as follows.
Let y € W* if and only if y : R+ — R* is a continuous and nondecreasing function about
the 4th and 5th variables and the following conditions hold:
(i) there exists F € €, ¢, € ®,, such that u < y(v,u,v,0,u+v) implies u < Fy (v, 1(v));
(ii) there exists F» € €, @, € @, such that u < y(v,v,u,u+v,0) implies u < F>(v, ¢2(v));
(iii) y(z,0,0,¢,1) <t, ¥(0,7,0,0,¢) < t and y(0,0,7,¢,0) < ¢ for all # > 0.
Example 2.1. Define y : R*> — R* as follows

_ +
W (X1,X2,X3,X4,X5) = a1X1 + asxy + azx3 + asx4 + asxs,Vxy,x2,x3,x4,x5 € R,

where @; >0 forall i = 1,2,3,4,5and Y3, a; +2Y3; 4a; < 1, and @y (t) = hyt, ¢o(t) = hat for

all 7 € [0,00), where h; € (0, l_(allta;;‘?;z“)) and hy € (0, 1_(allta;3ta;4+2a4)) are two constants,

and Fy(s,t) = F>(s,t) = s—t for all s,# > 0. Then it is easy to check that v, F}, F», @1, ¢, satisfy

all of the conditions of y € W*.
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We also know that the definition of y € W* is a proper generalization of y € V.

The function ¢ € @ is called to be strictly increasing about integral type if for any x,y € [0, o)

with x <y,
x y
/ o (r)dt < / ¢ (t)dt.
0 0
Example 2.2. Let ¢ : Rt — R, ¢(z) = l+—z for each t € R™. Then obviously ¢ € & and for all
a,b e RT,

a+b a b
/ o(1)dr = In(1+a+b) < p(I+atbtab) _ j(1+a)(14+b) / ¢(t)dt—|—/ ¢ (t)dt.
0 0 0

And for 0 < x <y,

/x L g =) <) = /y L
o 1+t o 1+t

Hence ¢(t) = 1+rz is a sub-additive and strictly increasing function about integral type.
The following results is the main common fixed point theorem.
Theorem 2.3. Let (X,d) be a metric space, f,g: X — X two mappings. Suppose that for each

x,yeX,

d(fx.gy) d(x.y) d(x.fx) d(y.gy) d(x,gy) d(y.fx)
/ o(1)dt < 1//(/ <p(t)dt,/ (p(t)dt,/ ¢(t)dt,/ ¢(t)dt,/ ¢(t)dt>,
0 0 0 0 0 0
(2.1)
where ¢ € ® is sub-additive and strictly increasing about the integral type and y € W*. If fX
or gX is complete, then f and g have a unique common fixed point.
Proof. We take any element xy € X and consider the sequence {x; } constructed by xp;11 = fxox

and xpp 19 = gxppy forall k =0,1,2,---. Letd, = d(x,,x,41) foralln =0,1,2,---.
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Since

doy, d(fx2n-,gx2n71 )
| o= / 0(t)dr
0
d(X2n,%20—1) d(x2n,f%2n) d(x20—1,8%2m-1) d(x20,8%2n-1)
<v(/ ar, [ o, [ ooy, [ (1),
0 0 0 0
d(x2n—1,f%2n)
/0 o(1)dr)
don— 1 day dy—1 d(xXn—1X20+1)
w /0 ndr, [ owar, [ gwaro, o(1)dr)
don—1 don don—1 don—1+dans1
1//(/ t)dt, ¢()dt/ o(r)dt 0/ ¢(t)dt>
0
d2n d2n dZn 1 2n—1 d2n
(/ dt/ (])()dt/ o1 dtO/ dt+/ dt)

So by (i),

IN

/0 o)t < Ay ( /O ()t o0 /0 e o(1)dr)). (2.2)

Similarly,

dant1 d(X2n41,%20+2) d(fx2n.8%n+1)
| otwar /0 o) = | o(r)ds

d x2n x2n+1 d(XmexZn) d(x2n+1 agx2n+l) d(x2n»gx2n+l)
<v(/ (v, | ooy, | ooy, | o(1)dr,
0 0 0 0
d (X211, %2n)
/0 dt)
dyy, dyy, dypi d(xXonXon12)
w( [ o oar, [ o(ar, | 0(1)d,0)
0 0 0 0
day, day, oyt dyy+dani1
v([ o0 / owar, [ owar, [ 6()dr,0)
0 0
dZn d2n d2n+l dZn dZn 1
(/ ot dt/ ()dt/ q)()dt/ ot dt—i—/ o (1)dr, o)
0

So by (ii),

IN

[ owar<m([* oo [ s0an). 23)

Combining (2.3) and (2.4) and using the property of F; and F;, we have

dn+l dn
/ o(t)dt < / ¢(t)dt, Vn e N. (2.4)
0 0
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If there exists ny € N such that d,,, 1 > dj,, then by the strictly increasing property of ¢ about

integral type, we obtain
anJrl dno
/ o (t)dt > o(r)dt
0 0

which is a contradiction with (2.4), hence we have
dpi1 <dp,Vn=0,1,2,---. (2.5)
So there is u € R such that lim,, .o d, = u. If u > 0, then by Lemma 2.1 and (2.2),

u do dop—1 drn—1
| o =tim [ o@dr < Fi(lim [ o(0dr, fim ou( [ o (0)an)

n—o0 n—oo J(

0
=A([ oo [ 9)dr)

So [y ¢(r)dt =0 or @;(fy ¢(r)dr) = 0 by the property of Fi, thus [y ¢(1)dt = 0, which is a
contradiction with the condition of ¢. Therefore, u =0, i.e., lim, s d, = 0.

We claim that {x, } is Cauchy. Otherwise, by Lemma 1.9 and Remark 1.10, there exists € > 0
such that for each k € N, there exist m(k),n(k) € N with m(k) > n(k) such that the parity of
m(k) and n(k) is different and the following result holds

1 d (X 6), (1)) = B0 d (Xt 415 %n(1)) = M A Q1)1 Xn(r) 1) = HM A (1), X 41) = €.
(2.6)

If m(k) is even and n(k) is odd, then by Lemma 2.1, (2.1), (2.6) and (iii),

€ . d(xm(k)+1 Xn(k)+1 ) . (fx )28%n( ))
0 </ o (1)dt = lim ¢ (t)dt = lim o (t)dt
0

k—o0 JO k— /0
d (xm vxn ) d (xm vfxm ) d (xn 7gxn )
<timy( [ owar, [ owar, [T g,
k—roo 0 0 0
d(xm(k) 28Xn(k) ) d(fxm(k) vxn(k))
i o(o)a, | 6(1)dr)
0 0
& & &
—y( [ owar0.0. [ owyar, [ o))
0 0 0
&
< / o (r)dr.
0

This is a contradiction. Similarly, we obtain the same contradiction for the case that m(k) is odd

and n(k) is even. Hence, {x,} is a Cauchy sequence.
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If fX is complete, then {x,} is a Cauchy sequence and x;, | € fX(for all n =0,1,2,---)

implies there exists x* € fX such that xp,,; — x*. Hence
d(x2p42,%") < d(Xon12,X2n41) +d(x2041,X")

implies xp,12 — x*, therefore x,, — x* as n — co. Similarly we have x,, — y* for some y* € gX
for the case that gX is complete. Hence we can assume that x, — x* € fX UgX as n — oo for

any case.

If fx* # x*, then d(fx*,x*) > 0, hence by Lemma 2.1 and (2.1) and (iii),

d(fX* 7X*) . d(fX* 7gx2n+1)
0 </ ¢ (t)dt = lim O (t)dt
0 n=re.Jo
X d(x* 7x2n+1) d(X* 7fX*) d(x2n+1 7gx2n+1)
<timy ([ owar, [ o, | o0y,
0 0 0
d(X* 38X2n+1 ) d(f-X* A2n+1 )
A o(oya, | 0(0)dr)
0 0
d(fx*x") d(fx*x")
—v(o. [ emaro.0. [ etar)
0 0

d(fx* x")
< / o (r)dr.
0

This is a contradiction, hence fx* = x*. Similarly, we obtain gx* = x*. Therefore, x* is a

common fixed point of f and g.

If y* is another common fixed point of f and g, then d(x*,y*) > 0, hence by (2.1) and (iii),

d(x*y*) d(fx*,gy*)
0</ q)(t)dt:/ o(t)dt
0 0
d(x*,y") d(x",fx") d(y*.8y") d(x",gy") d(fx".y")
<y([7 ewar [ g [ owar, [ ear, [T g(wyar)
0 0 0 0 0
d(x".y") d(x*.y%) d(x*.y")
([ o0, [T owar, [ otwar)
0 0 0

d(x*y*)
< / ¢ (t)dt.
0

This is also a contradiction, hence x* is the unique common fixed point of f and g.

Using Theorem 2.3 and Example 2.2, we have the next result.



CLASSES OF FUNCTIONS ON COMMON FIXED POINTS 495

Theorem 2.4. Let (X,d) be a metric space, f,g: X — X two mappings. Suppose that for all
x,yeX,

In(+d(vey) < l,,(lnuw(x,y)) n(H+d0f0) 1g(14d(e0), 1 (1), lnuﬂz(y,fx))) ,

where v € W*. If fX or gX is complete, then f and g have a unique common fixed point.
Combining Theorem 2.4 and Example 2.1, we obtain the following result.
Theorem 2.5. Let (X,d) be a metric space, f,g: X — X two mappings. Suppose that for

eachx,y € X,

I+d(fx,gy) < (1+d(x,))" (1 +d(x, fx)) (1 +d(y,8y))" (1 +d(x,g9))“ (1 +d(y, /%)),

where a@; > O forall i =1,2,3,4,5 and a; +a; + a3 +2a4 +2a5 < 1. If fX or gX is complete,
then f and g have a unique common fixed point u.

From Theorem 2.3, we obtain the next more general common fixed point theorem.
Theorem 2.6. Let (X,d) be a metric space, m,n € Nand f,g: X — X two mappings. Suppose

that for each x,y € X,

d(f"x,g"y)
/ o(1)dt
0

d(x.) d(x,f"x) d(y.g"y) d(x,g"y) d(y.f"x)
<y([ o [ owar [ e, [ otwar, | ¢<t>dr%2,7>

where ¢ € @ is sub-additive and strictly increasing about integral type and v € W*. If f"'X or
g"X is complete, then f and g have a unique common fixed point.

Proof. Let F = f and G = g", then F' and G satisfy all of the conditions of Theorem 2.3, hence
there exists an unique element u € X such that f"u = Fu = u = Gu = g"u. If fu # u, then by
(2.7) and (iii),

d(fuu) d(f" fu,g"u)
0 </ O (t)dt :/ o(t)dt
0 0
d(fuu) d(fu,f" fu) d(ug"u) d(fu,g"u) d(uf" fu)
<y([ owar, [ ewar, [ o, [ Tear, [T otar)
0 0 0 0 0
d(fu,u) d(fu,u) d(u,fu)
=y([ " owan00, [ owar, [ onar)
0 0 0

d(fun)
<[ otwar,
0
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which is a contradiction. Hence fu = u. Similarly, we can obtain gu = u. So u is the common

fixed point of f and g. The uniqueness is obvious.
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