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1. Introduction

Banach’s contraction principle is one of very important theorems has been generalized in
various directions. The concept of weak contraction has introduced by guerre delabre in hilbert
space [1], Rhoeds extend this concept to metric space[2]. Weakly contractive mapping used in a
several work [3 — 7] to show a fixed point theorem (for a self mapping and a common fixed point
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result for two self-mapping defined on a complete metric space). In [9] Binayak Choudhury
proposed the definition of generalized altering distance function. he proved a common fixed
point for two self-mapping satisfying a contractive inequality which involves two generalized
altering distance. Many mathematics researchers obtained some results of fixed point in quasi-
metric space. In[8 — 10]the authors obtained the existence and uniqueness of a fixed point in
quasi-metric space for some type of weakly contractive-mapping.

The purpose of this work is to show some fixed point results in quasi-metric space, firstly for

generalized weakly contractive mapping, secondly for generalized altering distance mapping.
2. Preliminaries

In 2010, Binayak and all [10] have established the following result.
Theorem 2.1. Let (X,d) be a complete metric space, T a self-mapping of X. such that for all
x,yeX,

v(d(Tx,Ty)) < y(m(x,y)) — ¢(max{d(x,y),d(y,Ty)})
where

1
m(x,y) = max{d(x,y),d(x,Tx),d(y,Ty), 5 [d(x,Ty) +d(», Tx)]},
Y, 9 : [0,400) — [0,+00) are a continuous function with y is monotone increasing and

(y(t)=¢(t) =0ifand only ift =0).Then T has a unique fixed point.

Binayak choudhury,[9] has introduced a notion of generalization altering distances to a three-
variable function, and has established the following result.
Theorem 2.2. Let (X,d) be a complete metric space, T and S be a self mappings of X such
that, for all x,y € X,

¢1(d(Sx,Ty)) < yi(d(x,y),d(x,Sx),d(y, Ty)) — ya(d(x,y),d(x,Sx),d(y, Ty))

where W1,y : [0,40)3 — [0, +00) are a continuous functions with y is monotone increasing
in all the three variables and (Y (x,y,z) = Ya(x,y,2) =0 if and only if x =y =7z=0). and
01 1 x — yi(x,x,x).

Then, T and S has a unique common fixed point.
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Our propose here is to prove the previous theorems without symmetry(quasi-metric space),
we add a new condition for all x,y € X d~!(x,y) < d~!(x,T?y), without this condition we can’t
prove our results. We have change m(x,y) of theorem 2.1 by max{d(x,y),d(x,Tx),d(y,Ty)}.

and we show theorem 2.2 under our new condition for one application.

Definition 2.2. Let X be a nonempty set and let d : X x X — R be a function satisfying
following conditions :

() d(x,y) =0 x=y

(if) d(x,y) <d(x,2) +d(z,y)

Then d is called a quasi-metric on X.

Definition 2.3. Let (X,d) be a quasi-metric space, (x,), be a sequence in X,

and x € X. The sequence (x,), converges to x if and only if lim d(x,,x) = lim d(x,x,)=0.
n—r—+oo n——+4oo

Definition 2.4. Let (X,d) be a quasi-metric space and (x,), be a sequence in X. We say that
(xpn)n is left-Cauchy if and only if for every € > 0 there exists a positive integer N = N(€) such

that d(x,,x,) < €, foralln >m > N.

Definition 2.5. Let (X,d) be a quasi-metric space and (x;), be a sequence in X. We say that
(xn)n is right-Cauchy if and only if for every € > 0 there exists a positive integer N = N(¢€) such

that d(x,,x,) < €, forallm >n > N.

Definition 2.6. Let (X,d) be a quasi-metric space and (x,), be a sequence in X. We say that
(X,d) is Cauchy if and only if for every € > 0 there exists a positive integer N = N(&) such that

d(xy,xm) < €, for all myn > N.
Definition 2.7. Let (X,d) be a quasi-metric space. We say that

(1) (X,d) is left-complete if and only if each left-Cauchy sequence in X is convergent.
(2) (X,d) is right-complete if and only if each right-Cauchy sequence in X is convergent.

(3) (X,d) is complete if and only if each Cauchy sequence in X is convergent.

Remark 2.8.

e A sequence (x,), in a quasi-metric space is Cauchy if and only if it is left-Cauchy and

right-Cauchy.
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e Any metric space is quasi-metric, but the converse is not true in general.

e The function d~! defined by d~!(x,y) = d(y,x), for all x,y € X, is also a quasi-metric
on X.

e The base of the topology 7, is open balls {B;(x,€) ; x € X, € > 0}, where for all x € X

and € >0, By(x,e) ={yeX; d(x,y) < €}
3. Main results

We consider two functions @, y : [0, +oo[— [0, 400 satisfied :

(1) ¢ continuous,
(2) y is monotone nondecreasing and continuous,

(3) y(r) =0 (resp. ¢(¢) = 0) if and only if 1 = 0.

Theorem 3.1.  Let (X,d) be a complete quasi-metric space and T a self mapping of X such
that for all x,y € X,

v(d(Tx,Ty)) < y(m(x,y)) — ¢ (max(d(x,y),d(y,Ty))) (3.1)

where
m(x,y) = max{d(x,y),d(x,Tx),d(y,Ty)}
and
d~'(x,y) <d '(x,T?)

Then, T has a unique fixed point.
Proof. First step. Let xo € X, we define a sequence (x,), in X such that x,;; = Tx,, for all
integer n € N.
If there exists a positive integer N such that xy = xy41, then xy is a fixed point of 7'.

Hence we shall assume that x;, # x,,, 1, for all n € N.

Substituting x = x,, and y = x,,11 in (3.1), we obtain :

W (d(Txn, Txns1)) < W(m(xn, Xnt1)) — @ (max{d (xn, Xn41),d (¥t 1, T¥ns1)}) (3:2)

W(d(Xnt1,%42)) < W(m(xn,Xp 1)) — @ (max{d (xn, Xn11),d(Xn+1,Xn12)) }),
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we have
M (X, Xn 1) = max{d (Xn, X 1),d (X, Xnt1),d (Xns1,X012) }

So,

Y (d(Xnt1,%042)) < W(max{d(xp, Xp+1),d(Xnt1,%042) }) — ¢ (max{d (xn, Xn11),d (Xn11,%042) })

Suppose that d(x,,x,+1) < d(xp+1,%,42) for some positive integer n, we have :

V(d(Xnp1,%042)) S W(A(Xnp1,%042)) — O(d(Xnt1,%042))

That is @ (d(xp+1,%442)) < 0 which implies d(x,41,X,+2) = 0 i.e. Xx,41 = X,42, contradicting
our assumption that x,, | # x,,42 for eachn € N.

Then, (d(x,,Xx,+1))n is monotone decreasing sequence of non negative real numbers.

d(Xp11,%012) < d(%Xy,Xn11), foralln € N
Substituting x = x,,+1 and y = x;, in (3.1)
ll/(d(xn-i-Z)x}’H-l)) S ll](m(-xn-‘rl;xn)) - ¢(max{d(xn+l7xn);d(xn7xn+l)}>a

we have :
m(xn+17xn) = max{d(xn—l—l7xn)7d(xn+l7xn+2)7d(xn7xn+l)}

Y (d(xnt2,%n41)) < W(max{d(Xp41,%n),d (Xnt1,%n42), d (Xn, Xp41) }) — @ (max{d (X1, %), d (xn, Xn11) })

Since (d(xy,Xy+1))n is monotone decreasing sequence of non negative real numbers,
d(Xp41,Xn12) < d(Xp,Xp41), foralln € N;

SO

W (d(xn12,X011)) < W(max{d(xns1,%0),d (%, Xn41) }) — @ (Max{d (ni1,%0) d (Xn, Xn41) })

Suppose that d(x,11,%,) < d(x,42,x,+1) for some positive integer n
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Case 1 : d(xpy1,%n) > d(xp,Xn+1)

V(d(xni1,%0)) < W(d(xni2,X011)) < W(d(Xnp1,%0)) — 9(d(Xnt1, X))
Then

¢(d(xn+17xn)) <0

Imply d(xp+1,%,) = 0 i.e. x, = x,,+1, contradicting our assumption that x, # x,, for each

neN.

Case 2 : d(xp,xp+1) > d(Xp+1,%n)

W(d(¥nt2,%41)) < Y(d s Xn41)) = ¢ (d (X, Xn11))

Or, for each X,y € X, d(y7'x> < d(sz,.X), SO d(xn7~xn+1) < d<xn+27xn+1)

W(d(xn, xnt1)) < W(d(Xn42,X011)) < W(d (X0, X011)) — 9(d (X0, Xn11))
Then
¢(d(xn7xn+1)) S 0

Imply d(x,,x,+1) = 0 i.e. x, = x,41, contradicting our assumption that x, # x,, for each

neN.

Hence, d(xp42,%p+1) < d(xpt1,%), for each n € N.

(d(xp+1,%n))n is monotone decreasing sequence of non negative real numbers.

Consequently, there exists r > 0 such that :

d(Xp,Xpr1) —>r as n— oo,
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we have :

V(d(xns1,X%012)) < W(d(Xn, Xn11)) — 9(d (X0, Xn41)) (3.3)
Letting n — oo in (3.3) we obtain :
y(r) <y(r)—o(r)

So¢(r)<O0ie. r=0.

d(xp,Xp+1) — 0 as n— oo

Also, there exists ' > 0, such that :

d(Xpi1,%,) — 7 as n—> oo,

we have :

Y (d(Xnt2,%041)) < W(max{d(xp+1,%n),d(6n, Xn11)}) — ¢ (max{d (xns1,%n),d (xn, Xn41)})
(3.4)

Letting n — oo in (3.4) we obtain :

y(r') < w(max{r',0}) — ¢(max{r',0})

So¢(r)<O0ie.r=0.

d(xpi1,%) — 0 as n—> oo

Second step. Next we show that (x,),is a Cauchy sequence.
Firstly we show (x,), is a right-Cauchy sequence, if otherwise there exists an € > 0 for which

we can find sequences of positive integers (m(k)); and (n(k)); such that, for all positive integers

k,n(k) >m(k) >k,

and
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we have :
€ < d(Xp(kysXn(k)) < dXm)s Xnk)—1) +d (Xn(e) =15 %n(k))
€< d(xm(k)axn(k)> <€ +d(xn(k)—1 7xn(k))

Taking the limit as k — oo

d(xm(k),xn(k)) — € as k—> o

Again

d(Xm()s Xn(k)) < dXmk)ys Xm(k)+1) T4 Cm)+15Xn()+1) +d En()+15Xn(k))
and

d Xy +15%n(0)+1) < dXm()+1:%m(k)) +dCme)s Xn(k)) +d Xn(k)s Xne)+1)
So,

d(Xpk) 41Xy +1) —> € as  k—> o0

Setting x = x,,,() and y = X,y in (3.1), we obtain :
W(d(xm(k)-i-lvxn(k)—l-l)) <

W (max{d (X, ()>Xn(k)) > d Xm(ic) sXm()+1) 4 (Xn(k) s Xn(i)+1) })

—0 (max{d(xm(k) »Xn(k) ) ) d(xn(k) 1 Xn(k)+1 )})

Letting k — 4o in the above inequality and using the continuity of y and ¢, we have :

y(e) <y(e)—o(e)

which is a contradiction by virtue of a property of ¢.

Consequently, (x,), is a right-Cauchy sequence in (X,d).

Secondly we show (x,), is a left-Cauchy sequence, if otherwise there exists an € > 0 for which
we can find sequences of positive integers (m(k)),and (n(k)), such that for all positive integers
k,n(k) > m(k) > k,

d(xn(k) 1y Xm(k) ) > €
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and
d(Xp(k)—1,%m(r)) < €
we have :
€ <d(X(k)s Xm(k)) < dXn(r)s Xn(k)—1) +dXn()—15%m(x))
€ < d(Xu()s Xm(k)) < d(Xn(k)s Xn(r)—1) + €

Taking the limit as k — +oo, we obtain :

d(xn(k),xm(k)) — €& as k—> o

Again

d(Xn(k)s Xm(k)) < dXnk)s Xn(k)+1) T A Xn()£15%mk)+1) T4 Cm)+1,%m(x))
and

d (%) +1:%m(k)+1) < dXn()415Xn(k)) +dXnk)s X)) +d Xmk) s Xmr)+1)
So,

d(xn(k)-i-laxm(k)—l-l) — €& as k— oo

Setting x = x,(x) and y = x,,,(x) in (3.1) we obtain
W(d(xn(k)-i-laxm(k)-i-l)) <

W(max{d(xn(k) 7xm(k))7 d(xn(k) »Xn(k)+1 ) ) d(xm(k) yXm(k)+1 ) })

— ¢ (max{d (x,(x), Xm(x))> d Cm(t)»Xm(r)+1)})
Letting &k — oo in the above inequality and using the continuity of yand ¢, we have
y(e) < y(e) — ¢(€), which is a contradiction by virtue of a property of ¢ Consequently,
(xn)n is a left-Cauchy sequence in (X,d). By Remark, we deduce that x, is a Cauchy se-
quence in complete quasi-metric space (X,d). It implies that there exists, a p € X such that
lim d(x,, p)=lim d(p,x,) = 0.
n—yoo n—oo
Third step. Putting x = x, and y = p in (3.1) we have :

Y(d(xnt1,Tp)) < w(max{d(xn, p),d(xn, Xut1),d(p; Tp)}) — ¢ (max{d(xa, p),d(p,Tp)})
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Since,
d(p,Tp)—d(p,xn+1) <d(xy41,Tp) <d(x441,p)+d(p,Tp)

and
lim d(x,, p)= li_r>n d(p,x,) = 0, so taking the limit as n — oo in the above precedent inequal-
n—oo n—soo

ity, we obtain :

v(d(p,Tp)) < w(d(p,Tp))—o(d(p,Tp))

Imply d(p,Tp) =0i.e. p=Tp. Hence p is a fixed point of 7.

Uniqueness. Let g € X such that g = q.
Putting x = p and y = ¢ in (3.1) we have :

v(d(p,q)) < y(max{d(p,q)}) — ¢(d(p,q))

v(d(p,q)) < w(d(p,q))—o(d(p,q))

So ¢(d(p,q))) <0i.e. p=q.This completes the proof.

Corollary 3.2. Let (X,d) be a complete quasi-metric space and T a self mapping of X such
that for all x,y € X,

d(Tx,Ty) < m(x,y) — ¢(max(d(x,y),d(y,Ty)))

where
m(x,y) = max{d(x,y),d(x,Tx),d(y, Ty)}
and
d~'(x,y) <d ' (x,T?)
Then, T has a unique fixed point.

Example 3.3. Ler X =R and, for all (x,y) € X, d(x,y) = max{y —x,0}.

(X,d) is complete quasi-metric space.
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Define T : X — X by : T(x) =In(5 + 1), for all x € X.
Define v and ¢ by :

y(r) =t, forallt € [0,4o0|

o) = 2, forallt € [0, o).

Let (x,y) € X?,
we have : d(T?y,x) = max{x —T?y,0} and T?y = ln(%ln(% +1)+1), so

1
max{x—y,0} < max{x—ln(iln(g +1)41),0} ice. d(y,x) < d(T?y,x)

we have also :

d(Tx, Ty) = max{ln(% +1)— 1n(§ +1),0}
m(x,y) = max{max{y —x,0},max{In(3 + 1) —x,0},max{In(3 + 1) — ,0}, }

and

max{d(x,y),d(y,Ty)} = max{max{y — x, O},max{ln(g +1)—y,0}}

Casel : x>y
we have : d(Tx,Ty) =0, m(x,y) = 0 and max{d(x,y),d(y,Ty)} =0
So,
y(d(Tx,Ty)) = w(m(x,y)) — ¢(max(d(x,y),d(y, Ty)))

Case2:y>x

we have : d(Tx,Ty) =In(3+1) —In(+1), m(x,y) =max{y—x,0,0} =y—x
and
max{d(x,y),d(y,Ty)} =y —x
So, w(d(Tx,Ty)) =In(5+1)—In(5 +1), y(m(x,y)) =y—x and
¢ (max{d(x,y),d(y, Ty)}) = %7,

Imply
v(d(Tx,Ty)) < y(m(x,y)) — ¢ (max(d(x,y),d(y, Ty)))

Then, 0 is a unique fixed point.
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If we remove our condition Vx,y € X,d~!(x,y) < d~'(x,T?y), it may be that T does not
admit a fixed point.

Counter-example 3.4. Let X = {(3)xn; (k,n) € N?}, forall (x,y) €X
d(xay) = max{y—x,O}

(X,d) is complete quasi-metric space.
Define T : X — X by :
Tx= %(x +1)
forall x € X.
Define v and ¢ by :

v(t) =1, forallt € [0, +oo]
o(r)= 1i6;’ forallt € [0,+oo].

Let (x,y) € X?,
we have : d(T?y,x) = max{x — T?y,0} and T*y = %(%)H_ %) +

W=

Ifx>yandy=0

1,1 1 1
max{x—y,0} = x > max{x— (§(§y+ 5) + 5),0} i.e. d(y,x) > d(T?y,x)

We have :
1
d(Tx,Ty) = max{5 (v~ ),0}
m(x,y) = max{max{y —x,()},max{—%x+ %,0},max{—%y + %, 0}}
and

max{d(x,y),d(y,Ty)} = max{max{y — x, 0},max{—§y + %,O}}

Casel : x>y

d(Tx,Ty) =0, m(x,y) = max{0, —3x+ 3, -3y + 31} =—3y+1

and max{d(x,y),d(y,Ty)} = —3y+ 1. Since
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v(d(Tx,Ty)) < y(m(x,y)) — ¢(max(d(x,y),d(y,Ty)))

Case2:y>x

A(Tx.Ty) = L= ), m(x,y) = max{y—x,—2x+ 1,2y 4 )
and max{d(x,y),d(y,Ty)} = max{y —x,—3y+ 3}

If m(x,y) =y —x, then max{d(x,y),d(y,Ty)} =y —x. Since

15

1
(v—x) < = _
3(y X)_16\/y X

S0,

v(d(Tx,Ty)) < y(m(x,y)) — ¢ (max(d(x,y),d(y,Ty)))

Ifm(x,y) = —3x+ 1, then max{d(x,y),d(y,Ty)} =y —x or —3y+%

— —2y+1
Wlm(x,y) = |/~ 2+ 5 and §(max(d(x.y),d(y,1y)) = V2 or Yo

We obtain :
)

1 2., 1 \h=
V=) </ —5x 53—V
or

2 1

1 2., 1 V733

\30—%) < /a3 — g
Hence,

v(d(Tx,Ty)) < y(m(x,y)) — ¢ (max(d(x,y),d(y,Ty)))
Then, T has no fixed point.

Theorem 3.5. Let (X,d) be a complete quasi-metric space,T be a self mapping of X such
that for all x,y € X,
y(d(Tx,Ty)) < w(m(x,y)) — ¢(m(x,y))
where
m(x,y) = max{d(x,y),d(x,Tx),d(y,Ty)}
and

d7(x,y) <d7'(x,T?)
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Then, T has a unique fixed point.
Proof. It’s the same proof of theorem 3.1.

Corollary 3.6. Let (X,d) be a complete quasi-metric space, T be a self mapping of X, it exists

€
a positive Lebesque integrable function @ on R, such that / @(t)dt > 0, for each € > 0,
0

w(d(Tx,Ty))
/ o(r)dt

/(P(max{d (x.),d(»Ty)})

v(m(x,y))
Q(t)dr g/o @(t)dr —

0 0

and

d~(x,y) <d '(x,T%)
forall x,y € X. Then, T has a unique fixed point.

Proof. Consider the function ® define on [0, +oo[ by :

¢00=§A“¢Oﬁh

Then, for all (x,y) € X2,

(Poy)(d(Tx,Ty)) < (Poy)(m(x,y)) — (Po¢)(max{d(x,y),d(y,Ty)})

Applying Theorem 3.1, we obtain 7 has at least one fixed point.
It’s easy to verify that :

. @ o ¢ continuous,

. @ o y is monotone nondecreasing and continuous,

. Do¢(t) =0 (resp. Poy(t) =0)if and only if 1 = 0.

Corollary 3.7. Let (X,d) be a complete quasi-metric space,T be a self mapping of X, it exists

€
a positive Lebesque integrable function @ on R, such that / @(t)dr > Ofor each € > 0
0

W(d(TxT)) w(m(xy)) o (m(x)
/ ¢mm—/ o(1)dr
0

o< [

0 0

and

d(xy) <d'(xT%)
forall x,y € X. Then, T has a unique fixed point.

Proof. It’s the same proof of previous corollary.
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Now, we consider (X, <) an ordered quasi-metric space.

Theorem 3.8. Let (X,<) be a partially ordered set and suppose that there exists a quasi-
metric d such that (X,d) is a complete quasi-metric space. Let T a self mapping of X be a

non-decreasing map satisfying, for all x,y € X such that x and y comparable,

y(d(Tx,Ty)) < y(m(x,y)) — ¢(max(d(x,y),d(y, Ty)))
where
m(x,y) = max{d(x,y),d(x,Tx),d(y,Ty)}
and for all x,y € X such that y < x,
d~'(x,y) <d”'(x,T?)
If there exist xo € X satisfying xo < Txo and if, for every increasing sequence (xn)n>0 in X :
(xn)n>0 converge to z implies that x, < z for alln € N

Then, there exists x € X such that Tx = x.

Proof. Let xy € X, we define a sequence (x,), in X such that x| = Tx,,, for all integer n € N.
If there exists a positive integer N such that xy = xy41, then xy is a fixed point of 7'.
Hence we shall assume that x;, # x,4 1, for all n € N. Since x9 < Txg and T nondecreasing. we

obtain by induction
x0 <Txo<T*x0<T3x < ...<T'xog <T'"'xo<....

We show similarly that of theorem 3.1), that there exists, a z € X such that li_r>n d(xn,2) =
n—oo

lim d(z,x,) = 0.

n—oo

And since by hypothesis x;,, and z are comparable, for all n € N, we obtain :

v(d(z,Tz)) < wy(d(z,Tz)) — ¢(d(z,Tz))

Hence, z is a fixed point of 7.
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Theorem 3.9. Let (X, d) be a complete quasi-metric space, T be a self mapping of X such that,
forall x,y € X,

) (d<Tx7 Ty)) <y (d(xay)>d(x7 TX),d(y, Ty)) - W2(d(xay)>d(x7 TX),d(y, Ty)) (35>

and

d7(x,y) <d7'(x,T?)

where Wy, 1 [0,4-0)% — [0, 4-00) are a continuous functions with W is monotone increasing
in all the three variables and (Y (x,y,z) = ¥ (x,y,z) =0 if and only if x =y =z7=0). and

01 : x — Yy (x,x,x).

Then, T has a unique fixed point.

Proof. First step. For any xo € X, we construct the sequence (x,),en in X by taking x,,+1 = T'x,,
forall n € N.
If there exists a positive integer N such that xy = xy41, then xy is a fixed point of 7'.

Hence we shall assume that x;, # x,,4 1, for all n € N.

Putting x = x,, and y = x,,11 in (3.5), we have :
01(d (Xn41,242)) <

L'41 (d(xn,xn+1),d(xn,xn+1),d(xn+1,xn+2)) - l[/z(d(xn,xthl),d(Xn,Xn+1),d(xn+1,Xn+2))

Suppose that d(x,11,X,42) > d(xn,x,+1) for some positive integer n, so :

$1(d(Xnt1,X%042)) < O1(d(Xnt1,%042)) — W2 (d (X0, Xn41)5 d (X X 1), d (X1, X 42))

Which is a contradiction that :

WZ(d(xnaxn—l—l)ad(xnaxn+l)ad(xn+l7xn+2)) ;é 07 whenever d(xn+17xn+2) 7£ 0.

Hence, (d(xp,Xn+1))n is monotone decreasing sequence of non negative real numbers.
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Putting x = x,,1 and y = x,, in (3.5), we obtain :

01 (d(xn+27xn+l)) <

Y1 (d(anrl7xn)ad(xn+17xn+2)ad(xnaxn+l)) - IIIZ(d(xn+17-xn)ad<xn+17xn+2)ad(xnaxn+l))

Since (d(xpn,Xy+1))n is monotone decreasing, so d(X,+1,%p+2) < d(Xn,Xn+1), and then

01 (d<xn+27xn+1)) <

W1 (d (Xnt15%0 ) d (Xny X 1), d (X X 1)) — W2 (d (X 15%0) s d (Kt 1, %042) s d (X1, %042))

Suppose that d(x,12,%,+1) > d(xp+1,%,) for some positive integer n.

Case 1 :d(xp41,%n) > d(Xn,Xn+1)

O1(d(Xnt1,%0)) < O1(d(Xn12,%011)) <

(Pl (d(xn+1 7xn)) - lI/2(61(95n+1 7-xn) ) d(xn+1 axn+2) ) d(xn+1 axn+2))

Which is a contradiction that :

V2 (d(Xnt1,%n),d (Xnt1,%n42),d (Xn1,%n+2)) # O, whenever d(xy41,%,) # 0.

Case 2 : d(xp,Xn4+1) > d(Xp41,%n)

01 (d(xn—i-Z,xn—i-l )) <

(Pl (d(xnvxn—O—l )) - ll/2(d(-xn+l 7xn) ’ d(xn—i—l 7xn+2) ) d(xn—i—l 7xn+2))

Since, d~'(x,y) <d~!(x,T?y), for all x,y € X, then d (x,, Xp11) < d(Xn12,%041)-

O1(d(xXn, Xn11)) < 01(d(Xn12,%011)) <

¢1 (d(xnaxn+l)) - W2(d(xn+17xn)ad(xn+17xn+2)7d(xn+17xn+2))
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Which is a contradiction that :

Yo (d(Xpt1,%n),d(Xn+1,Xn+2),d (Xnt1,Xn+2)) 7 0, whenever d(x;,+1,x,) # 0.

Hence (d(x,+1,%n))n is monotone decreasing.

Consequently, there exists r > 0, such that :
d(Xp,Xpr1) —>r as n—> o

Since,
01 (d<xn+17xn+2)) <
LY (d(xnaxn+l)ad(xn7xn+l ) ) d<x}’l+l 7xn+2)) - IVZ(d(xnaxn—l—l ) ) d(~xn7-xl’l+1)7d(-xn+l axn+2))
Letting n — oo in this inequality, we obtain :
¢1(r) < wi(rnrr)—vya(rrr)

So,
Yo (r,rr) <0ie. r=0

d(xp,Xp+1) — 0 as n— oo

Also, there exists 7 > 0, such that :
d(xui1,%,) — 7 as n—s o

Since,
‘pl (d(xn+27xn+l)) <
W1 (d(Xp41,%),d (Xnt1,Xn42),d(Xn, Xn1)) — Wa(d (Xnt1, %), d (Xns1,Xn42),d (Xn, Xnt1))

Letting n — oo in this inequality, we obtain :

1 (I”/) <V (rlaov()) - V’Z(’”/,O;O)
and then,

o (r) <wyn (v, 7, 1) —ya(r,0,0)

61
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v (r,0,0) < 0ie. ¥ =0

d(xy41,%0) — 0 as n—> oo

Second step. Next we show that (x,),is a Cauchy sequences.

Firstly we show (x,), is a right-Cauchy sequence, if otherwise there exists an € > 0 for which
we can find sequences of positive integers (m(k)); and (n(k))x such that for all positive integers
k,

n(k) > m(k) > k,

d(Xp(k)s Xn(k)) = € and d (Xp(k) s Xp(r)—1) < €

We follow the same steps as in the proof of previous theorem 3.1) to justify the :
d(Xpm(k)s Xn(k)) —> € as k— oo
d(Xn()+15Xn()+1) — € as  k—>o0
For x = x,,(x) and y = x;,(y), we have :
O1(d (Xm(k)+15Xnk)+1)) <
W1 (d (X)X (k) & o) s Xm(k)+1) 4 (X)X (k) 1))

-y (d(xm(k) 7xn(k))7 d(xm(k) s Xm(k)+1 ) ) d(xn(k) 7xn(k)+1))

Letting k — oo in the above inequality, we obtain :

¢1 (8) <y (87070) - WZ(SvOaO) < (Pl (8) - sz(S,0,0)
So, y»(€,0,0) < 0i.e. € =0. Which is a contradiction by virtue of a property of ¢.

Consequently, (x,), is a right-Cauchy sequence in (X,d).

Secondly we show (x;), is a left-Cauchy sequence, if otherwise there exists an € > 0 for which

we can find sequences of positive integers (m(k)); and (n(k)); such that for all positive integers
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n(k) > m(k) > k,
d(xn(k)7xm(k)) > € and d<xn(k)—l 7xm(k)) <€
We follow the same steps as in the proof of previous theorem 3.1) to justify the :
d(Xn(k)sXm(k)) —> € as k—> o0
d(xn(k)-i-laxm(k)—l-l) — & as k—> oo
For x = x,) and y = x,(x), we have :

O1(d (Xn(k)+1Xm(i)+1)) <

W1 (A (%) s Xm(k) ) > & (Xn(ie) s X (i) +1)> & Xm(k) Xm(ic)+1))

-y (d(xn(k) ’xm(k))a d(xn(k) »Xn (k)41 ) ) d(xm(k) »Xm(k)+1 ))

Letting k — oo in the above inequality, we obtain :

o1 (8) <y (87070) - W2(87070) < ¢ (8) - WQ(S,0,0)

So, v»(€,0,0) < 0i.e. € =0. Which is a contradiction by virtue of a property of ¢.

Consequently, (x,), is a left-Cauchy sequence in (X,d).
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By Remark, we deduce that (x,), is a Cauchy sequence in complete quasi-metric space (X,d).

It implies that there exists, a p € X such that :
lim d(x,,p) = limd(p,x,) =0
n—oo n—oo
Third Step. Putting x = x, and y = p in (3.5), we have :
$1(d(xn41,Tp)) <

Vi (d(xn,p),d(xn,xnﬂ),d(p,Tp)) - l[/z(d(xn,p),d(xn,anr]),d(p,Tp))

Taking the limit as n — oo in the above inequality, we obtain :

¢1(d(p7Tp)) < Wl(ovovd(pan)) - l//z(0,0,d(p,Tp)) < ¢1(d(p,Tp)) - W2(0705d(p7Tp))
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So, v»(0,0,d(p,Tp)) <0ie. d(p,Tp) =0. Hence p is a fixed point of 7.

Uniqueness of the fixed point : let u € X such that u = Tu.

Putting x = u and y = p in (3.5), we obtain :

¢1(d(Tu,Tp)) < yi(d(u, p),d(u,Tu),d(p,Tp)) — Wa(d(u, p),d(u,Tu),d(p,Tp))

Hence,

¢1 (d(Tu> Tp)) < Vi (d(u,p),0,0) - IVZ(d(uap)7O7O)

91(d(u, p)) < 91(d(u, p)) — ya(d(u, p),0,0)

Imply that d(u, p) =01i.e. u=p.

Thus, p is a unique fixed point of 7.This completes the proof.
0 if x=y
Example 3.10. Let X = R and, for all (x,y) € X2, d(x,y) = {

ly| otherwise
(X,d) is complete quasi-metric space.

DefineT : X — X by :

0 if —l<x<l1
Tx = {

5 N
11z Otherwise

Deﬁne Y, yn! [07+°°[3_> [07+°°[ bnyl" all (t,y,Z) € [07+°°[3’

(t,y,2) = 1t+ 1 + 1
(t,y,2) = 1t+ 1 + 1
and
11
01 :x — Yy (x,x,x) = 20" forall x € [0,+oo|
0 if —l<x<l
we have : T*x = { , so for all (x,y) € X2,
X otherwise

d(y,x) < d(T?y,x)
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Let (x,y) € X? such that x # y.
Case1l: —1<y<1,wehave: d(Tx,Ty) =0 and

1 d(x9),d (5, T3),d (0, T5) — Yald (9), d(, T2), 40, T)) = 3 (x3) = 5 |

Then,

1 (d(Tx7 Ty)) Sy (d<x7y)7d(x7 Tx>7d(y7 Ty)) - ‘VZ(d(%y),d(xa Tx>7d(y7 Ty))

Case2:y<—lory>1, wehave:Ty= ny and ¢1(d(Tx,Ty)) =]| % I

, then

Since | % I<| %y
o} (d(Txa Ty)) Q| (d(xvy)7d(x7 Tx)7d(y7 Ty)) - WZ(d(xvy)7d(x7 Tx)7d(y7 Ty))

”0” is unique fixed point of T.

If we remove our condition Vx,y € X,d~!(x,y) < d~'(x,T?y), it may be that T does not

admit a fixed point.

Counter-example 3.11. We take (X,d) a complete quasi-metric space and T : X — X of our

counter-example 3.4

Define y, y, [0a+°°[3_> [Ov+°°[ by for all (t,y,z) € [Ov+°°[3’

( )—1t+1 +1
( )—1t+1 +l

and

01 :x — Yy (x,x,x) =x, forall x € [0,+o00]

We already know that for each (x,y) € X2, ifx >y and y = 0 we have d = (x,y) > d~'(x,T?y)

Let (x,y) € X? such that

Case 1 :y>x, we have : d(Tx,Ty) = %(y —x) and

V1 (d(5,),d (5 T2), 40, T5) = a(d(5,), (3 T2), 40, T5) = 3 (3,3) = 50—3)
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Then,

¢1(d(Tx,Ty)) = yi(d(x,y),d(x,Tx),d(y,Ty)) — wa(d(x,y),d (x,Tx),d(y,Ty))

Case?2 :y<x, we have : d(Tx,Ty) =0 and

vi(d(x,y),d(x,Tx),d(y,Ty)) — y2(d(x,y),d(x, Tx),d(y,Ty)) = %d(x,y) =0

Then,

¢1(d(Tx,Ty)) = yi(d(x,y),d(x,Tx),d(y,Ty)) — wa(d(x,y),d(x,Tx),d(y,Ty))

Then, T has no fixed point.
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