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Abstract. We develop the fixed point theorems for ¢-weak contractions in fuzzy metric spaces. We also define
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1. Introduction

Grabiec [5] established the Banach contraction theorem and Edelstein fixed point theorem in
fuzzy metric spaces. Vasuki [16] generalised Grabiec’s fuzzy Banach contraction. In Vasuki
[16] defined a generalization of Grabiecs fuzzy Banach contraction theorem and proved a com-
mon fixed point theorem for a sequence of mappings in a fuzzy metric space. Cho [4] defined
the concept of compatible mappings and proved common fixed point theorems in fuzzy metric
spaces. Pacurar and Rusin [12] introduced the concept of ¢-contraction. They developed some
fixed point theorems using cyclic ¢- contraction in complete metric space. Based on these ideas

Shen et.al [14] came up with notion of cyclic @- contraction in fuzzy metric spaces. In addition,
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several problems in connection with the fixed point are investigated. In this paper, we generalize

the fixed point theorems of Shen et. al in G-fuzzy metric spaces.
2. Preliminaries

Definition 2.1. [18] A binary operation 7 : [0, 1] x [0, 1] — [0, 1] is called a continuous triangular

norm (in short, continuous z-norm) if it satisfies the following conditions:

(1) T is commutative and associative;
(i1) T is continuous;
(iii) T(a,1) =a,Va € [0,1];
(iv) T(a,b) <T(c,d) whenever a < b and c <d. a,b,c,d € [0,1].

Generally -norm 7T can be expressed (by associativity) in a unique way to an n-ary operator

taking for (x1,x2,---,x,) € [0,1)",n € N, the value T (x;,x7,- -+ ,x,) is defined, in [11], by
T2, =T = T(T X xn) = T (x1,%2,++ , ).

Definition 2.2.[12] Let X be a nonempty set, m a positive integer and f : X — X an operator.

X =L, X; is a cyclic representation of X with respect to f if

(1) X;,i=1,2,--- ,m are nonempty sets;
(2) f(X1) CXoyoo s f(Xm—1) C X, f(Xim) C Xi1.
Definition 2.3. [3] A fuzzy metric space is an ordered triple (X, M, T) such that X is a nonempty
set, T is a continuous 7-norm and M is a fuzzy set on X x X x (0,00) satisfying the following
conditions, for all x,y,z € X,s,t > 0:
i M
(i) M
(iii) M

—~

x,y,t) > 0;

—~

x,y,t) = 1 if and only if x = y;

—~

x,y,1) = M(y,x,1);
) T (M(x,30), M(3,2,5) ) < M(x, 2,1 +5);
vy M

—~

x,¥,+) : (0,00) — (0, 1] is continuous.

Definition 2.4. [5] Let (X, M, T) be a fuzzy metric space. Then
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(i) A sequence {x,} in X is said to converge to x € X, denoted by x, — x, if and only if
limy, 0o M (xp,x,¢) = 1 for all > 0, i.e. for each r € (0,1) and 7 > 0, there exists ny € N
such that M (x,,x,t) > 1 —r for all n > ny.
(ii) A sequence {x,} is a G-Cauchy sequence if and only if lim,_,cc M (Xn4-p,Xn,t) = 1 for any
p>0andr>0.
(iii) The fuzzy metric space (X,M,T) is called G-complete if every G-Cauchy sequence is
convergent.
Definition 2.5. [14] A function ¢ : [0,1] — [0, 1] is called a comparison function if it satisfies
(1) ¢ is nondecreasing and left continuous;
(2) ¢(t) >t forallr e (0,1).
Lemma 2.1. [14] If ¢ be a comparison function, then
(i) o(1) =1
(ii) lim,— 1 ¢"(t) = 1 for all t € (0,1), where ¢"(t) denotes the composition of ¢(t) with

itself n times.

With the inspiration from cyclic ¢-contraction in [14] we present a contraction in fuzzy metric
space, with P, the collection of closed subsets of X.
Definition 2.6. Let (X,M,T) be a fuzzy metric space, m a positive integer, A1,As, -+ Ay €
P (X),Y =UiL,Ajand f: Y — Y an operator. If

(i) UL, A, is cyclic representation of ¥ with respect to f

(ii) there exists a comparison function ¢ : [0, 1] — [0, 1] such that

M(fx, fy,1) = ¢(min{M (x,y, 1), M(x, fx,1),M(y, fy,1)})

for any x € A;,y € Aj+1 and r > 0, where A,, 11 = Ay, then f is called cyclic ¢- weak
contraction in the fuzzy metric space (X,M,T).
Definition 2.7. [14] Let (X,M,T) be a fuzzy metric space and let {f,} be a sequence of self-
mappings on X. fy: X — X is a given mapping. The sequence { f,,} is said to converge uniformly

to fo if for each € € (0,1) and ¢ > 0, there exists ng € N such that

M(fu(x), fo(x),t) >1—¢
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foralln > npand x € X.

3. Main results

Theorem 3.1. Let (X, M, T) be a G-complete fuzzy metric space, m a positive integer, A1,Ay, -+ ,Ap €
Py(X),Y =U",Ai,¢:[0,1] — [0, 1] a comparison function and f :Y — Y an operator. Assume

that

(i) UL A is cyclic representation of Y with respect to f;

(ii) f is a cyclic 9-weak contraction.

Then f has a unique fixed point X' € (., A; and the iterative sequence {x, }n>0, (Xn = f(xp—1)n €

N) converges to X' for any starting point xo €Y.

Proof. Let xo € Y = (2, A; be starting point, since x,, = f(x,1)(n > 1), we have

M(xnaxn+lat> :M(f(xnfl)afocn)vt) foranyt>0.

For any n > 0, there exists i, € 1,2,---,m such that x, € A;, and x,,1; €A Therefore, we

in+1°

can get

M(xmxn-H?t) :M(f(xn—1)7f(xn)>t)
> ¢<min{(M(xn—laxn;t)yM(xn—l7fxn—lat)aM(xmfxmt))}>
= @ (min{M (x,—1,%n,1), M (Xy—1,%n, 1), M(Xp, Xp11,1)})

= (b(min{M(xn*l7xn7t)7M(xn7xn+l7t)})‘

If min{M (x,,—1,%n,t), M (X, Xn11,t) } = M(xp,xn+1,t) It leads a contradiction that M (x;,, x,,+1,¢) >

M (xp,xn+1,t). Hence min{M (x,_1,xn,t), M (xp,Xp+1,t)} = M(x—1,Xu,t). Thus we get
M(-xn7xn+17t) > ¢(M(-xn—1 7xn7t))'
Using the definition of ¢, we get by induction that

M (X, X%p+1,1) > ¢"(M(x0,x1,1)).
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Therefore, for any p > 0, we have

M(xn7xn+177t) > T(M(xnvxn+17t/p)7M(xn+l7xn+27t/p>7'" 7M(xn+pflaxn+p7t/p>)
> T(¢"(M(x0,x1,t/p)), 0" (M(x0,x1,2/p)), -+, 0"~ (M(x0,x1,¢/p))

=175 9" (M(xo0,x1,1/p)).

According to Lemma [2.1], forevery i €0,1,---, p — 1, we obtain that lim,,_.. ¢" (M (xo,x1,¢/p)) =
1. As T is continuous r-norm, M (X, X4 p,t) — 1 as n — oo, It shows that {x, },>0 is a G-Cauchy
sequence in the G-complete subspace Y. Hence there is X' € Y such that lim,,_ex, = x'.

Using the condition (i) in this theorem, it follows that the iterative sequence {x, },>0 has an
infinite number of terms in each A;,i = 1,2,---,m. Since Y is G-complete, from each A;,i =
1,2,---,m, we can extract a subsequence of {x,},>0 which converges to x’ as well. Because
each A;,i = 1,2,--- ,m is closed, we conclude that x' € N/"; A; and thus (., A; is non empty.

Set Z = (L, A; Obviously, Z is also closed and G-complete. Consider the restriction of f to Z,
that is, f|z : Z — Z. Next, we will prove that f|z has a unique fixed pointin Z C Y. Now x’ € Z,
since f|z(x') € Z and x,, € A;,, we can choose A;,,, such that f|z(x') € A;,,,. Hence, for any

t > 0, we have

M(flz(x),x 1) = M(f(x').x',1)
Z T(M(f(xl)7f(xn)7t/2)7M(xn+17x/7t/2))
> T(¢(x,x0,1/2),M(xy11,%',2/2)) = T(1,1) = 1(n — o).
Clearly, we get f|z(x") = x/, namely, x’ a fixed point, which is obtained by iteration from starting

point xop. To show uniqueness, we assume that z € (). A; is another fixed point of f|z. Since

x',z € A; for all i € N, we can obtain
M(x',z,1) = M(f|z(x'), flz(2),1)
=M(f(¥), f(2),1)
> ¢(minM (x',z,0),M (X', f(x'),1),M(z, f(z),1))

>M(X,z,1).
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This leads to a contradiction. Thus, x is the unique fixed point of f|z for any starting point
xo € Z C Y. Now, we still have to prove that the iterative sequence x,,,n > 0 converges to x’ for
any initial point xg € Y. Let x € Y = |J/_| A;, there exists ip € 1,2,--- ,m such that x € A;,. As

x' € L A, it follows that x” € A; 11 as well. Then, for any 7 > 0, we have

M(f(x), f(x),1) > ¢(M(x,X,1)).
By induction and Definition [2.6], we can obtain

M (xn,x",t) = M(fu(x0),x' 1)
= M(fu(x0), f(x').1)
= M(f(fu-1(x0)), f(x),1)
> ¢ (min{(M(fn—1(x0),x", 1), M(fu-1(x0), f (fa-1(x0)),1), M(x', f(x'),1))})
> (M (fu—1(x0),%',1))
> 9" (M(xo,x',1)).
Supposing xg # x/, it follows immediately that x, — x’ as n — . So the iterative sequence
{xn},n > 0 converges to the unique fixed point x" of f for any starting point xy € Y.

Definition 3.1. Let (X,M,T) be a fuzzy metric space, m a positive integer, Aj,As, -+ ,A;, €
Py(X),Y =U,Ajand f:Y — Y an operator. If

(i) UL, A, is cyclic representation of Y with respect to f

(ii) there exists a comparison function y : [0, 1] — [0, 1] such that

foranyxc€ A;,y€A;11andt >0, where A, | = A1, then f is called cyclic y-contraction

in the fuzzy metric space (X,M,T).

Theorem 3.2. Let (X,M,T) be a G-complete fuzzy metric space, m a positive integer, A1,Az, -+ ,Ap €
Py(X), Y =ULAi,¢:[0,1] = [0, 1] a comparison function and f :Y — Y an operator. Assume
that

(i) U/ A is cyclic representation of Y with respect to f;
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(ii) f is a cyclic y-contraction.
Then f has a unique fixed point X' € (., A; and the iterative sequence {x, }n>0, (Xn = f(xp—1)n €

N) converges to X' for any starting point xo €Y .

Proof. Let the point xo € Y = (., A; be a starting point. Since x, = f(x,—1)(n > 1), we
have M (x,,xp41,1) = M(f(x4—1), f(xn),t) for any r > 0. Besides, for any n > 0, there exists

in€1,2,--- ;msuchthatx, €A; andx,,1 €A Therefore, we can get

M (Xn,Xn41,8) = M(f (1), f (xn), 1)
> y(min{ (M (- 1,%0,1), M (X1, fXn—1,1), M (Xn, fXn—1,1))})
= Y (min{M (xp—1,%n,2), M (Xn—1,Xn,1), M (Xn, Xn, 1) })
= y(min{M (x,—1,X,,1),1})

= Y(M(xn—1),x,,1)).
Consider the definition of y, we get by induction that
M (xp,xp41,t) > W' (M(xg,x1,1)).
Thus, for any p > 0, we have

M(xmxn-l—pat) > T(M(xn,xnﬂ,t/p),M(an,anrz,t/p),~-- 7M(xn+p*17xn+p7t/p))
> T (y" (M(x0,x1,/p)), W (M(x0,x1,¢/p)), -+, WP~ (M(x0,x1,1/p))

= T2 W (M(x0,x1,/p)).

Using Lemma [2.1], forevery i € 0,1,---, p — 1, we obtain that lim,, .. W™ (M(xq,x1,t/p)) =
1. As T is continuous #-norm, M (x,,Xn+p,t) — 1 as n — co. It shows that {x, } ,>0 is a G-Cauchy
sequence in the G-complete subspace Y. So there exists x' € Y such that lim,, o.x, = x'.

Now using the condition (7) in this theorem, it follows that the iterative sequence {x, },>0
has an infinite number of terms in each A;,i = 1,2,--- ,m. Since Y is G-complete, from each
A;,i=1,2,--- ,m, one can extract a subsequence of {x,},>0 which converges to x’ as well.
Because each A;,i = 1,2,--- ,m is closed, we conclude that X' € (., A; and thus (7", A; is non

empty. Set Z = (7_; A; Obviously, Z is also closed and G-complete. Consider the restriction of
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ftoZ, thatis, f|z:Z — Z. Next, we will prove that f|z has a unique fixed pointin Z C Y. For the

foregoing X’ € Z, since f|z(x') € Z and x,, € A;,, we can choose A; _, such that f|z(x') € A

n+1 in+1 :

Hence, for any > 0, we have

M(f‘Z<x/)>xlat) :M(f(x'),x',t)
> T(M(f(X), f(xn):1/2), M (x11,%,1/2))

> T(w(xX x5, /2),M(xp41,X',¢/2)) = T(1,1) = 1(n — o).

Clearly, we get f|z(x") = x’ namely, x’ a fixed point, which is obtained by iteration from starting
point xo. To show uniqueness, we assume that z € (/.| A; is another fixed point of f|z. Since

x',z € A; for all i € N, we can obtain

M(x',z,t) = M(f1z(x'), flz(2),1)
=M(f(x'),f(z).1)
> y(minM(x',z,0), M(x', f(x'),1), M(z, f(x'),1))

>M(X,z,1).

This leads to a contradiction. Thus, x is the unique fixed point of f|z for any starting point
xo € Z CY . Now, we still have to prove that the iterative sequence x,n > 0 converges to x’ for
any initial point xg € Y. Let x € Y = [JiL| A;, there exists ip € 1,2,--- ,m such that x € A;,. As

X e ML A, it follows that X e Aj,+1 as well. Then, for any ¢ > 0, we have

M(f(x),f(x),1) > w(M(x,x1)).
By induction and Definition [2.6], we can obtain

M (x,x' 1) = M(fo(x0),x,1)
= M(fa(x0), f(x'),1)
= M(f(fu (x0)), f(x').1)
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> W(min{(M(fn—l(xo)vxlvt)7M(fn—l (x0)7f(fn—1 (XO)),I),M()C/,f(fn_l(Xo)),t))})
> W(M(fn—l (X()),X/,t))
>y (M(xg,x',1)).
Supposing xg # x/, it follows immediately that x,, — x’ as n — oo. So the iterative sequence
{xn},n > 0 converges to the unique fixed point x’ of f for any starting point xo € Y.
Theorem 3.3. Let f : Y — Y be a self-mapping as in Theorem [3.1]. If there exists an iterative

sequence {y,}n € N in'Y such that M(yy, f(yn),t) = 1 as n — oo for any t > 0, then y, — x' as

n — oo,

Proof. In view the proof of Theorem [3.1], we can find x’ as unique fixed point of f for any

starting point xo € Y. Therefore, for any ¢ > 0, we have

1> M(yn,x't) = T(M(yn, £ (0n),1/2), M (f (9n), f(x'),2/2))
> T(M(yn, f(yn),1/2), ¢ (min{M(yn,x",1/2),M(yn, f(yn),1/2), M(x', f(x'),1/2)}))
T(M(ymf(yn)vt/z)a¢n(M(x07x/7t/2)))'
Since M (yu, f(yu),1/2) — 1 and ¢" (M (xo,x’,£/2)) — 1 as n — oo, it shows that M (y,,x',t) — 1
which is equivalent to y,, — x’ as n — .
Theorem 3.4. Let f : Y — Y be a self-mapping as in Theorem [3.1]. If there exists a convergent

sequence {yn}nen inY such that M(yn11, f(yn),t) — 1 as n — oo for any t > 0, then there exists

xo € Y such that M(yy, f"(x0),t) — 1 as n — oo.

Proof. For any ¢t > 0, lety, € Y,n € N such that M(y,1, f(yn),t) = 1,n — 0. Set y as a limit of
{¥n}nen- By the proof of previous Theorem we note that x’ € (7"| A; is the unique fixed point
of f for any starting point xo € ¥ and ¢ > 0. Therefore, for any t = #; +1#, with 1,7, > 0 and

n > 0, we have
M(yl’lJrl?x/?t) Z T(M(yn+l7f(yn)vt1)7M(f(yn)af(xl)7t2))-
Now, Suppose that M (y,+1,x',t) # 1,n — o, there exists 0 < € < 1 and 7 > 0 such that

lim M (y,.1,x,t) =M(y,x';t) =1 —¢.

n—oo
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Then there exists 0 < 7y < ¢ such that
M(y, X tp) <1—¢
and

limsupM (y,,x',t9) = 1 — €.
n—oo

Since y, € Y = U, A; for each n > 0, there is i, € 1,2,--- ,m such that y, € A;,. Butx' €

(NiL, A, so we can select one A;, 1 such that X e A;,.,- Therefore, we can obtain
M(yni1,%,1) > T (M(Yns1, f (V)51 —10), ¢ (M (yn, %', 10))) ;1 > 0.
As T is continuous f-norm , we have
l—eg= ’}gigoM(yn+17x/,t) =M(y,x,t)

> limsup T(M (yuy 1,/ (¥n),t —10), 0 (M (yn,X',10)))

n—oo
= T(limsupM (yps1,f ()t —to),limsup ¢ (M (y,,x',19)))
n—oo n—soo
= T(1,limsup ¢ (M (ys,x',19)))

n—oo

=T(1,limsup ¢ (M (yn,x',1)))

n—oo

=¢(l—¢g)>1—¢,

which is a contradiction. Hence, M(y,x’,t) = 1, namely, y = x’. Thus, for any 7 > 0, we have
M (yu, f"(x0),t) — M(y,x',t) as n — oo.
Theorem 3.5. Let f:Y — Y be a self-mapping as in Theorem [3.1] and f,, : Y — Y,n € N.

Moreover if the following three conditions hold:

(i) there exists a fixed point X, for each f;
(ii) {fu}n € N converges uniformly to f;

(iii) the sequence x,,,n € N is convergent.
Then, x, — x' as n — oo.

Proof. Suppose that x/,n € N converges to x”. Since {f,},n € N converges uniformly to f,

for any € € (0,1) and ¢ > 0, there exists an ng € N such that M(f,(x), f(x),t) > 1 — € for all
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n > ng and x € Y. That is, for every x € Y, M(f,(x), f(x),#) — 1 as n — oo. By induction, for

any t =11 +1t, with #;,#, > 0, we can easily get

M (x,,x',1) = M(fa(x,), f(4),11 +12)
> T(M(fa(x), f(x7),10), M(f (x3,), f ('), 12))
> T(M(fa(x,), f(47,),11), @ (min{ (M (x,,, ', 12), M (3, £ (37,) . 12) M(x', f (), 12))}))
=T (M(fa(x,), f(x,),11), 0 (M (x;, %', 12))).

Now, let us assume that x/, # x’ as n — o, i.e., there exist ] € (0, 1) and ¢ > 0 such that

lim M(x),,x',t) = M(x",x',t) =1-n.

n—oo

Then there exists 0 < 7y < t such that
M(x" X 1) <1-n

and

limsupM (x),,x' 1)) = 1—n.
n—oo
Thus, we can have

1—n=1limM(x,x',t) =MX",x 1)

n—soo

> Timsup T (M (fu (), f (X0 ), = t0), ¢ (min{ (M (x;, 2", t0), M (x5, f (x;), 20), M(x', f(+'),10)) })

n—o0

= hmsupT(M(fn(qu):f(xan)7t _l0)7¢(M(x;17xlvl0))

n—oo

= T(1,limsup ¢ (M (x),,x',19))

n—yoo

= limsup ¢ (M (x),,x',19))

n—soo

:¢(1_n>>1_n7

which is not true. Hence, M(x),,x',t) — 1 asn — o0,i.e.,x), — x' as n — oo
Theorem 3.6. Let (X, M, T) be a G-complete fuzzy metric space, m a positive integer, A|,Aa, -+ ,Ap €
Py(X),Y =U",Ai,¢:[0,1] — [0, 1] a comparison function and f : Y — Y an operator. Assume

that
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(i) UL A is cyclic representation of Y with respect to f;
(ii) f is a cyclic y-contraction.
If there exists an iterative sequence {y,}nen in Y such that M(yy, f(yn),t) = 1 as n — o for

anyt >0, then y, — x as n — o

Theorem 3.7. Let (X, M, T) be a G-complete fuzzy metric space, m a positive integer, A|,Ay, -+ Ay €
P(X),Y =U" A1, ¢ :[0,1] — [0, 1] a comparison function and f : Y — Y an operator. Assume
that
(i) UL, A is cyclic representation of Y with respect to f;

(ii) f is a cyclic y-contraction.
and f,, : YtoY,n € N. Moreover if the following three conditions hold:

(iii) there exists a fixed point x,, for each f;;

(iv) {fu}n € N converges uniformly to f;

(v) the sequence x\,n € N is convergent.

Then, x, — x' as n — oo.

Theorem 3.8. Let (X, M, T) be a G-complete fuzzy metric space, m a positive integer, A|,Az, -+ ,Ap €
P(X),Y =U" A1, ¢ :[0,1] = [0, 1] a comparison function and f : Y — Y an operator. Assume
that
(i) UL, A is cyclic representation of Y with respect to f;
(ii) f is a cyclic y-contraction.
If there exists a convergent sequence {y,}n € N in'Y such that M(y,+1,f(yn),t) — Ll asn — o

foranyt > 0, then there exists xo € Y such that M(y,, f"(x0),t) — 1 as n — oo.
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