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Abstract. Some generalizations of the fixed point theorems of Mohanta [1], Mustafa and Sims [2] and of Vats et
al [7] are proved, under a new class ®, of auxiliary functions. Also, G-contractive fixed points are obtained for

some contraction type conditions.
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1. Introduction

Several fixed point theorems in metric space setting have been proved through contraction type
conditions involving different types of auxiliary functions. One such auxiliary function is a

mapping ¥ : [0,00) — [0,00), known as a contractive modulus, with the choice

(1.1) y(0)=0and y(r) <t fort > 0.
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The notion of contractive modulus was introduced by Solomon Leader [6]. For instance,
t2

1
(1.2) vit) = —qandy(t) =~

are contractive moduli. We denote by W, the class of all contractive moduli.

Given a positive integer o, we introduce a generalized class ®, as follows:
(1.3) Dy = {9 :]0,00) = [0,0)|(0) =0,¢(at) <t fort > 0}.

Remark 1.1. It is obvious that, for o« = 1, ®,, reduces to the class W. That is &; = ¥. However,
in general a contractive modulus need not belong to @, for o > 1, as shown in the following

example:

Example 1.1. Consider

y(r) =

Obviously, y(0) =0 and y(z) <t for all 7 > 0 so that y € ¥. But

4t
3, t<1/2
3
y(2t) =
t, t>1)2
so that y(2¢) >t for all t > 0. Thus y ¢ .

Definition 1.1. A mapping ¢ € D, is said to be upper semicontinuous at o > 0 if limsup ¢ (z,,) <

n—soo
¢ (to) whenever (t,),_, is such that lim, .1, = fo, and ¢ is u.s.c if it is u.s.c. at every r > 0.

Example 1.2. Mappings

2 t 0<r<1
(1.4) RS L
t—q (>1),

and gr with 0 < g < 1, are continuous contractive modulii, while the contractive modulus

(1.5) () =
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with a > 0, 1s usc but not continuous.
In this paper, we obtain the fixed points of self-maps satisfying some contraction type con-

ditions in terms of ¢ € ®, for different choices of o in G-metric space. Also, we obtain

G-contractive fixed points for some contraction type conditions (See Section 4).

2. G-metric space

Let X be a nonempty set and G : X X X x X — [0,o0) such that
(G1) G(x,y,z) = 0 whenever x,y,z € X are such that x =y =z,
(G2) G(x,x,

(G3) G(x,x,

y) > 0 for all x,y € X withx # y,
y) < G(x,y,z) for all x,y,z € X with z # y,
(G4) G(x,y,z) = G(m(x,y,z)) for all x,y,z € X, where 7m(x,y,z) is a permutation on the set

{x,y,2}
(G5) G(x,y,2) < G(x,w,w) + G(w,y,z) for all x,y,z,w € X

Then G is called a G-metric on X and the pair (X,G), a G-metric space. Axiom (G5) is usu-

ally referred to as the rectangle inequality (of the G-metric G). This notion was introduced by

Mustafa and Sims [2] in 2006.

In any G-metric space (X, G), we have
(2.1) G(x,y,y) <2G(x,x,y) forall x,y € X.
A G-metric space (X, G) is said to be symmetric if
(2.2) G(x,y,y) = G(x,x,y) for all x,y € X.

We use the following notions from of [2] in this paper:

Definition 2.1. Let (X,G) be a G-metric space. A G-ball in X is defined by

Bg(x,r)={y€X :G(x,y,y) <r}.

It is easy to see that the family of all G-balls forms a base topology, called the G-metric topology
7(G) on X.
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Also

(2.3) pc(x,y) = G(x,y,y) + G(x,x,y) for all x,y € X.

induces a metric on X, and the G-metric topology coincides with the metric topology induced
by the metric pg. This allows us to readily transform many concepts from metric space into the
setting of G-metric space.

Definition 2.2. A sequence (x,) -, in a G-metric space (X, G) is said to be G-convergent with
limit p € X if it converges to p in the G-metric topology 7(G).
Definition 2.3. A sequence (x,) ;_; in a G-metric space (X,G) is said to be G-Cauchy if

Him G (x,, X, %) = 0.
n,m—+o0

Definition 2.4. A G-metric space (X, G) is said to be G-complete if every G-Cauchy sequence

in X converges in it.

3. Fixed point theorems involving the class @

Our first result is

Theorem 3.1. Suppose that (X,G) is a complete G-metric space and f, a self-map on X

satisfying the condition

G(fx, [, fz) <¢ (max {G(x,y,2),G(x, fx, fx),G(y, [y, f¥),G(z, [z, f2),
G(x, y, £7), G, fz. f2),G(z, fx, fx) })

(3.1) forall x,y,z€ X,

where ¢ € ®, is nondecreasing and upper semicontinuous. Then f will have a unique fixed

point p.

Proof. Let xo € X be arbitrary. Define (x,),_; C X by
3.2) Xp = fxp—1 forn > 1.

Writing with x = x,,_; and y = z = x,, in (3.1) and then using (2.1), we get
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G(fXn—1,f%n; fxn) = G(Xn, X1, Xn11)
< ¢ (max {G(xn—1,%n,Xn), G(Xn—1, [Xn—1, [Xn—1), G(Xn, [Xn, [Xn),
G (X, fXns fXn), G(Xn—1, [Xn, fXn), G(Xn, fXn, fXn),
G(%n, fXn—1,fXn—1)})
< ¢ (max {G(xn—1,%n,%0), G(Xn—1,%n,Xn), G (X, Xn s 1,%n41),
G (X, X1, %n+1), G(Xn—1, X041, X 1),
G(xn,xn+17xn+1)aG(xn,xn,xn)})
(max { G(xn—1,Xn,%1), G(Xn, Xnt1, Xnt1 ), G(Xn—1, Xn g 1,Xn41) })
(max { G(xn_1,Xn,%n), G(Xn, Xnt1, Xnt1),
G(Xn—1,%n,X%n) + G (X, Xn 11, Xn41) })

<o (G(xn—laxmxn) + G(xn7xn+laxn+l))

Define
(3.3) th = G(Xy—1,Xn,X,) forn > 1.
Then the above inequality can be written as
(3.4) tnr1 < @ (tn+1tns1)
We now prove that
3.5 ty >ty forn > 1.

If possible, suppose that t,, < t,,,+1 for some m > 1. Then t,,;..; > 0. Since ¢ is nondecreasing,

from (3.4) it follows that

tm1 < O (b1 +1m) < g1,



THE CLASS ®, AND FIXED POINT 85

which is a contradiction. This proves (3.5). In other words, (#,),._, is a decreasing sequence of

nonnegative real numbers and hence converges to some ¢ > 0.

Now using (3.5) in (3.4), we get
tn1 < O (tns1 +1a) < 9(21,) forn > 1.

Taking the limit superior as n — oo in this and then using the upper semicontinuity of ¢, we

obtain that

(3.6) t < (21).

If > 0 in (3.6), then the choice of ¢ implies thatt < ¢(2¢) < ¢, which is a contradiction. Thus
(3.7 t= r}l_rggotn = r}il?oG(xn_l \XnyXn) = 0.

We now prove that (x,), _; is a G-Cauchy sequence in X.

If possible we suppose that (x,),_; is not G-Cauchy. Then for some € > 0, we choose

sequences (X, )., and (x,, );_, of positive integers such that m; > nj > k and
(3.8) G (X, XnyrXn,) > €fork=1,2,3, ...

Suppose that my is the smallest integer exceeding n; which satisfies (3.8). That is
(3.9 G (Xpp—1,Xny s Xn, ) < E.

Now by rectangle inequality of G, we see that

€< G(xmkaxnk>xnk) < G(xmk;xmk—lyxmk—l) +G(xmk—1,xnk7xnk>

(3.10) < G (X, Ximp—1,%m—1) + €
and from (3.7), we see that

(3.11) im G (X, —1,Xmy X, ) =0

k—ro0
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and

(3.12) ]}EEOG(xnk_l,xnk7xnk) =0
Using (3.11) in (3.10), we get

(3.13) ]}E?OG(xmk,xnk,xnk) =€.

Also by rectangle inequality of G and (2.1), we get

G(-x}’lk*l 7xmk7xmk) S G(xnkfl 7xnk7xnk) + G<xnk7xmk7xmk)

< G(Xpp—15Xng > Xny. ) +2G (X, Xy s Xy )
As k — oo this in view of (3.12) and (3.13), gives

(3.14) 1 G (X, — 1, Xy, Xomy ) = 2€.

k—voo
On the other hand, writing x = x;,, 1, y = 2 = X, 1 in (3.1), we have
G(fXm—15 [Xn—15 [Xn—1) = G (X Xy , Xn.)
< ¢ (max {G(xm—1,%m—1,%m—1) G(Xme—1, fXmp—15 [Xme—1),
G (%=1, [ X —15 Xy —=1)5 G(Xpy— 15 fXpp—1, [ Xy —1)5
G(Xme—15 [Xn—15 X0 —1) G (X =15 Xy —15 fXnp—1),

G(xnkfl,fxmkfbfx’nk*l)})’
or

€ < G(Xmy, Xny, Xn, )
<¢ (max {G(xmk,l s Xn—15%m—1)s G (X — 1, Xmg s Xy ) s G (X —15 X » Xy )
G (Xn—15 %, %) G (X —1, Xy s Xy ) s G (X — 1, Xy Xy )
G (Xne—1,%my > Xmy ) })
=0 (max {G(xmk_l Xn—1>Xm—1)s G(Xme—15%my s Xm, ) s G(Xnp— 15X, Xny ),

(3.15) G (X 13X X )5 G (X1 Xy s X ) }) -
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Proceeding the limit as n — oo in (3.15) and then using upper semicontinuity of ¢, (3.9), (3.11),
(3.12),(3.13) and (3.14) we get

e < ¢(max {€,0,0,€,2¢}) = ¢(2e).
Since ¢ is nondecreasing, this finally gives
(3.16) €< 9(2¢) <e,

which is a contradiction. Hence (x,), _, must be a G-Cauchy sequence in X.

Since (X, G) is G-Complete, there exists a point p € X such that (x,), _; is G-convergent to

p. That is

(3.17) lim x,_; = lim x,, = p.
n—oo n—oo

We now establish that p is a fixed point of f. In fact, writing x =x,_1 and y=z= pin (3.1)

G(fxn-1,fP.fp) = G(xn, P, [P)
< ¢ (max {G(xp—1,p,p), GOn—1, fXn—1,f%n1),G(p, P, [P),
G(p.fp.fP),G(xn1,1P.[P),G(p. fP. fD),
G(p, fxn-1,fxn-1)})
< ¢ (max {G(xu—1,p,p), G(xn—1,%n,%),G(p, f P, f ),
(3.18) G(xn=1,fP,fP), G(P;Xn,Xn) })-

Proceeding the limit as n — oo in (3.18) and then using (3.17), we get

G(p,fp,fr) < ¢(max{0,0,G(p,fp,fp).G(p,fp,fp),0})

(3.19) =o(G(p,fp,fp)).

If p # fp, then G(p, fp, fp) > 0. Since ¢ is nondecreasing, (3.19) gives

0<G(p,fp,fp) <¢(G(p,fp,fp)) <G(p,fp,fP),

which is a contradiction. Hence p = fp.
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To establish the uniqueness of the fixed point, we suppose that p and g are fixed points of f

with p # g. Then Writing x = pand y =z = ¢ in (3.1), we get

G(fp.fq.fq) <¢(max{G(p.q,q),G(p, fp,fP),G(q,fq,fq).G(q,fq,fq),

G(p,fq.f49),G(q,fq.f49),G(q,fp.fp)})

which on using (2.1) implies that

G(p,q,9) < ¢ (max {G(p,q,9),0,0,0,G(p,q.9),0,G(q,p,p)})
< ¢(max {G(p,q.9).2G(p.4,9)})

= 0(2G(p,q,9))

Since ¢ is nondecreasing, this gives

G(p,q,9) < ¢(2G(p,q,9)) < G(p,q,9),

which is again a contradiction. Therefore, p = g. 0

Remark 3.1. Set ¢(¢) =kt for all > 0, where 0 < k < 1/2 in Theorem 3.1. Then ¢(0) =0

and ¢(2¢) = 2kt <t for all r > 0. Therefore, we get

Corollary 3.1 (Theorem 2.1, [3]). Suppose that (X,G) is a complete G-metric space and f, a

self-map on X satisfying the condition

G(fx, fy, fz) <kmax {G(x,y,z),G(x, fx, fx),G(, [y, fy),G(z, [z, f2),
G(x, ¥, fy),G(y, fz, f2),G(z, fx, fx) }

(3.20) forall x,y,z € X,

where 0 < k < 1/2. Then f will have a unique fixed point p.

Just similar to Theorem 3.1, we can prove
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Theorem 3.2. Suppose that (X,G) is a complete G-metric space and f, a self-map on X
satisfying the condition
G(fx, fy, fz) <¢ (max{G(x, fx, fx),G(x, £y, ),
G(x, [z, f2), G, [, 1), G(y: fx, fx),
G(y, [z, 12),G(z, [z, f2), G(z, fx, fx),
(3.21) G(z, fy, fy)}) forall x,y,z € X,
where ¢ € ®, is nondecreasing and upper semicontinuous. Then f will have a unique fixed
point p.

Remark 3.2. Set ¢(¢) =k for all > 0, where 0 < k < 1/2 in Theorem 3.2. Then ¢(0) =0
and ¢ (2t) = 2kt <t for all r > 0. Therefore, we get

Corollary 3.2 (Theorem 1, [7]). Suppose that (X,G) is a complete G-metric space and f, a

self-map on X satisfying the condition

G(fx, fy, fz) < kmax {G(x, fx, fx),G(x, f, ),
G(x, fz,f2), Gy, [, f¥),G(y, fx, fx),
G(y,fz,f2),G(z, fz,f2),G(z, fx, fx),

(3.22) G(z,fy,fy)} forall x,y,z € X,

where O < k < 1/2. Then f will have a unique fixed point p.
With an argument, similar to that of Theorem 3.1, we can prove the following:

Theorem 3.3. Suppose that (X,G) is a complete G-metric space and f, a self-map on X

satisfying the condition

G(fx, [y, fz) <¢ (max {G(x, fy, fy) + G(y, fx, fx) + G(z, fz, f2),
G(y, fz,f2) +G(z, [y, fy) + G(x, fx, fx),
G(z, fx, fx) + G(x, fz, f2) + GO, f3. /) })

(3.23) forall x,y,z € X,
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where ¢ € @3 is nondecreasing and upper semicontinuous. Then f will have a unique fixed
point p.

Remark 3.3. Set ¢(z) = kt for all + > 0, where 0 < k < 1/3 in Theorem 3.3. Then ¢(0) =0

and ¢ (3t) = 3kt <t for t > 0. Therefore, we have

Corollary 3.3 (Theorem 3.9, [1]). Suppose that (X,G) is a complete G-metric space and f, a

self-map on X satisfying the condition

G(fx, [, fz) <kmax {G(x, fy, fy) + G(y, fx, fx) + G(z, fz, f2),
G(y, fz, f2) + G(z, [y, fy) + G(x, fx, fx),
G(z, fx, fx)+ G(x, fz, f2) + Gy, fy, f¥) }

(3.24) forall x,y,z € X,

where 0 < k < 1/3. Then f will have a unique fixed point p.
The fourth main result is given below without proof:

Theorem 3.4. Suppose that (X,G) is a complete G-metric space and f, a self-map on X

satisfying the condition

G(fx, fy,fz) <¢ (max {G(x, fx, fx)+ G(y, fy, fy) + G(z, fz, fz),
G(x, fy, fy) + Gy, fx, fx) + G(z, fy, fy),
G(x, fz,f2) + G(y, £z, f2) + G(z, fx, fx) })

(3.25) forall x,y,z € X,

where ¢ € @4 is nondecreasing upper semicontinuous. Then f will have a unique fixed point p.

Remark 3.4. Set ¢(z) = kt for all t > 0, where 0 < k < 1/4 in Theorem 3.4. Then ¢(0) =0

and ¢ (41) = 4kt < t for t > 0. Therefore, we have
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Corollary 3.4 (Vats et al, [7]). Suppose that (X,G) is a complete G-metric space and f, a

self-map on X satisfying the condition

G(fx, fy, fz) < kmax {G(x, fx, fx) + Gy, f, f¥) + G(z., fz, f2),
G(x, fy,fy) + Gy, fx, fx) + G(z, fy, fy),
G(x, fz.f2) + G(y, fz, f2) + G(z, fx, fx) }

(3.26) forall x,y,z€ X,

where O < k < 1/4. Then f will have a unique fixed point p.
The final main result of this paper is

Theorem 3.5. Let (X,G) be a complete G-metric space and f be a self-map on X such that

G(fx, [y, fz) < ¢ (max {G(x, fx, fx) + G(x, fy, fy) + G(x, fz, fz),
G, fy, [y) +G(y, fx, fx) + G(y, fz, fz),
G(z, fz,f2) + G(z, fx, fx) + G(z, [, fy) })

(3.27) forall x,y,z € X,

where ¢ € @5 is nondecreasing upper semicontinuous. Then f will have a unique fixed point p.

Remark 3.5. Set ¢(r) =kt for all > 0, where 0 < k < 1/5 in Theorem 3.5. Then ¢(0) =0

and ¢ (5¢) = 5kt <t for t > 0. Therefore, we have

Corollary 3.5. Let (X,G) be a complete G-metric space and f be a self-map on X such that

G(fx, fy, fz) < kmax {G(x, fx, fx) + G(x, fy, fy) + G(x, fz, f2),
G, [y, fy)+ Gy, fx, fx)+ Gy, fz, fz),
G(z, f2,f2) + G(z, fx, fx) + G(z, fy. fy) }

(3.28) forall x,y,z€ X,

where O < k < 1/5. Then f will have a unique fixed point p.
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4. G-contractive fixed points

We begin this section with

Definition 4.1 (Phaneendra and Kumara Swamy, [4]). A fixed point p of f on a G-metric space
(X,G) is a G-contractive fixed point, if for each xo € X, the orbit O (xo) = (xo, fX0, ..., f"X0, -..)

is G-convergent, with limit p.

It was shown in [4] that the unique fixed point of the self-map f with the following choices

1s a G-contractive fixed point.
(@) G(fx, fy,fz) < qG(x,y,z) forall x,y,z € X, where 0 < ¢ < 1,
(b) G(fx,fy,fz) <aG(x, fx, fx) +bG(y, [y, fy) + cG(z, [z, f2) + G(x,y,2) forall x,y,z €

X, where a,b, c and e are nonnegative real numbers with a+b+c+e < 1.

In [5], the authors have proved that the unique fixed points of the self-maps are G-contractive

fixed points, under (3.24) and (3.28).

Now, we obtain G-contractive fixed points for the maps of Corollaries, obtained in the previ-

ous sections.

Theorem 4.1. Let p be a unique fixed point of a self-map f on a complete G-metric space

satisfying (3.22). Then p will be a G-contractive fixed point.
Proof. Let xo € X be arbitrary. Writing x = f"xpand y =z = pin (3.22), we get
G(f"x0,p,p) = G(f"x0, [P, fP)
< kmax {G(f""xo, f"x0, f"x0), G(f" %0, P, f D), G(f" %0, P, f D),

G(p,fp,fp),d(p,fn_lxo,fn_lxo),G(p,fp,fp),

G(p.fp.fp),G(p, " 'x0, " 'x0).G(p, fp. fP)}

4.1) = kM,
where

(4.2) max{G(f" 'xo, f"x0, f"x0), G(f" 'x0, p, p), G(p, X0, "x0) }-
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Now, three cases arise:

Case (a). Suppose that M = G(p, f"xo, f"x0). Then, it can be shown that p is a G-contractive

fixed point, as in case (a) of the previous proof.
Case (b). The case of M = G(f" 'xg, p, p) is obvious, since k < 1.

Case (c). Let M = G(f" 'xo, f"x0, f"x0). Then, (4.1) can be written as
(4.3) G(f"x0,p,p) <kG(f"'x0, f"x0, f"x0) for n > 1.
But, (3.22) with x = f”‘2x0 andy=z= f”_lxo, gives

G(f" %0, f"x0, "x0) = G(f " *x0, £ 30, f "' x0)
< kmax {G(f"*x0, /"~ "x0, /"' x0), G(f" *x0, /"0, " X0),
G(f"*x0, ["x0, ["x0), G(f"~ ' x0, f"x0, f"%0), 0,
G(f" %0, ["x0, ["x0), G(f"~ ' x0, f"x0, f"%0),0
G(f" 'x0, f"x0, f"x0) }
<K[G(f" 20, /" w0, /7 1 x0) + G(f" 0, f"x0, f"x0)]

< (5) G(f" 2x0, f" 'x0, £ 'x0),

from which, by induction, it follows that

n—1

G x0, f"x0. f"%0) < (155)" Gl fx0, fxo)m = 1.

Substituting this in (4.3), we get

n—1

(4.4) G(f"x0,p.p) <k(%)" G(xo, fxo, fxo) forn > 1.

Applying the limit as n — oo in (4.4), we see that G(f"xp,p,p) — 0 or f"xg — p as n — co.

Since x is arbitrary, we conclude that p is a G-contractive fixed point. OJ

Similarly, we have
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Theorem 4.2. Let p be a unique fixed point of a self-map f on a complete G-metric space

satisfying (3.20). Then p will be a G-contractive fixed point.

Theorem 4.3. Let p be a unique fixed point of a self-map f on a complete G-metric space

satisfying (3.26). Then p will be a G-contractive fixed point.

Proof. Let xy € X be arbitrary. Writing x = /"~ 'xy and y = z = p in (3.26) and using (G5), we

get
G(f"x0,p,p) = G(f"x0,f P, fP)
< kmax {G(f"~xo, f"x0, f"x0) + G(f"~ %0, fp, fp) + G(f"" "0, f . fP),
G(p.fp.fp) +G(p, f"x0, f"x0) + G(p, f P, fP),
G(p,fp,fP)+G(p, f"x0,f"x0) +G(p, fp,fP)}
= kmax{G(f"'xo, f"x0, ["x0) +2G(f" "0, p, p),
04 G(p, f™x0, f"x0) +0,0+G(p, f'xo, f"x0) + 0}
(4.5) = kM,
where
(4.6) M = max{G(f"'x, ["x0, ["%0) +2G(f"'x0, p, p), G(p, ["x0, ["%0) }-

We have two cases:

Case (a). Suppose that M = G(p, f"xo, f"xo). Then, (4.5), in view of (2.1), can be written as
(47) G(fnx()apap) < kG(PaanOaanO) < 2kG(p,p,an0) for all n > 1.
If f"xo # p for some m, then (4.7) would imply a contradiction that

0< G(p,p,fme) < G(p,p,fme),

since 2k < 1. Therefore, f"xo = p for all n, so that f"xo — p as n — oo. Since x is arbitrary,

we conclude that p is a G-contractive fixed point.
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Case (b). Let M = G(f" 'xo, f"x0, f"x0) +2G(f" 'x0, p, p). Then, (4.5) can be written as

(48) G(fnanPaP) < k[G(fn_lx()vfnx()afnxO) +2G(fn_1anpap)]7” > 1.

Now, (3.26) with x = f"’zxo andy=z= f"’lxo, gives

G(f"'x0, f"x0, f"x0) = G(f " %x0, [ 1"~ %0, 1" 'x0)
< kmax {G(f" xo, " 'x0, " 'x0) +2G(f" ' x0, f"x0, f"x0),
G(f™2x0, ["x0, f"x0) + 0+ G(f" ' x0, f"x0, "x0),
G(f" *x0, f"x0, f"X0) + G(f" ' x0, X0, f"x0) +0}
< kmax {G(f" xo, /" x0, £ 'x0) + 2G(f" x0, f"x0, f™x0),
G(f" *x0, f" 'x0, £ 'x0) +2G (" x0, f"x0, f"x0) }
= k[G(f" x0, " 'x0, "' x0) +2G (" x0, f"x0, f"'X0)]

< (125) G(f"2xo, " x0, 7 ' x0),

from which, by induction, it follows that

_ —1
G(f™ 'x0, f"x0, f"x0) < (252)" Glxo, fxo, fx0),n > 1.

Substituting this in (4.8), we get

n—1

G(f"x0,p,p) < k| (%5z)" G(x0, fx0, fx0) +2G(f" 'x0,p,p)|,n > 1,

which, again by induction, gives

G(f"x0,p, p) <k[1+(26)2+ -+ (26" "] ()" Glx0, fx0, fx0)
+(2k)"G(x0, p, p)
=k [ 558 (+450)" Glxo. fx0, fx0)
(4.9) + (2k)"G(xg, p, p) for all n > 1.

Note that 2k < 1. Therefore, applying the limit as n — oo in (4.9), we see that G(f"xo, p,p) — 0
or f"xyp — p as n — oo. Since xq is arbitrary, we conclude that p is a G-contractive fixed

point. U
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Conclusion: A new class @, of auxiliary functions has been introduced and then the gener-
alizations of the fixed point theorems of Mustafa and Sims [2], Mohanta [1] and of Vats et al
[7] have been proved. Also, G-contractive fixed points are obtained for self-maps satisfying the
contractive type conditions (3.20), (3.22) and (3.26).
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