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Abstract: In this paper, we prove common fixed point theorems for a pair of compatible mappings and a pair of
occasionally weakly compatible mappings in G —metric spaces.
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1. Introduction and Preliminaries

In 1922, Banach proved a fixed-point theorem, “Let (X, d) be a complete metric space. If a
mapping T : X — R* satisfies d(Tx, Ty) < k d(x, y) foreach x,yin Xwhere0< k<1,thenT
has a unique fixed point in X  which ensures under appropriate conditions, the existence and
uniqueness of a fixed point. This theorem has had many applications, but suffers from one
drawback - the definition requires that T be continuous throughout X. Then there was a flood of
papers involving contractive definition that do not require the continuity of T.

In 1984 Dhage [3] introduced the concept of D — metric spaces. The situation for a D-metric
space is quite different from 2-metric spaces. Geometrically, a D- metric D(X, vy, z) represents the
perimeter of the triangle with vertices x, y and z in R?. Recently, Mustafa and Sims [5] has
shown that most of the results concerning Dhage’s D — metric spaces are invalid. Therefore, they
introduced an improved version of the generalized metric space structure, which they called it as

G — metric spaces. For more details on G — metric spaces, one can refer to the papers [5]- [8].
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In 2004, Mustafa and Sims [5] introduced the concept of G-metric spaces as follows:
Definition 1.1. Let X be a nonempty set, G : X x X x X — R" a function satisfying the
following axioms:

(Gl) G(x,y,z2)=0ifx=y=z,

(G2) 0<G(x,x,Yy) forall x,y € X withx #vy,

(G3) G x,9)<G(X,y,z) forallx,y,z€ Xwithz#y,

(G4) G(x,y,2)=G(x, z,y)=G(y, z, X) = ... (symmetry in all three variables),

(G5) G(x,y,2)<G(x,a,a)+ G(a,vy,z) forall x, y, z, a € X, (rectangle inequality).
The function G is called a generalized metric or, more specifically, a G — metric on X, and the
pair (X, G) is called a G — metric space.
Definition 1.2. [5]. Let (X, G) be a G — metric space, {xn} a sequence of points in X. We say that

{xn} is G —convergent to x if lim G(X, Xn, Xm) = 0; i.e., for each
m,n—oo

€ > 0 there exists an N such that G (X, Xn, Xm) < € for all m, n > N.
We call x the limit of the sequence and write Xn—> X or lim n — 00 Xn = X.
Proposition 1.3. [5]. Let (X, G) be a G — metric space. Then the following are equivalent:
(1) {xn}is G convergent to X,
(i) G (Xn, Xn,X) > 0asn — o,
(ii)G (Xn, X, X) — 0asn— oo,
(iv)G (Xm, Xn, X) —> 0asm,n — oo.
Definition 1.4. [5]. Let (X, G) be a G — metric space. A sequence {xn} is called G — Cauchy
if, for each > 0 there exists an N such that G (Xn, Xm, Xi) <€ for alln,m, | >N.
Proposition 1.5.[5]. In a G — metric space (X, G) the following are equivalent:
(i) The sequence {xn} is G — Cauchy,
(if) for each > 0 there exists an N such that G (Xn, Xm, X1) < € for alln, m, |
> N.
Proposition 1.6. [5]. Let (X, G) be a G — metric space. Then the function G(X, vy, z) is jointly
continuous in all three of its variables.
Definition 1.7. [5]. A G — metric space (X, G) is called a symmetric G — metric space if G(X, Y, y)
=G(y, x, x) forall x, y in X.
Proposition 1.8. [5]. Every G — metric space (X, G) defines a metric space (X, dg)
() de(x, y) = G(x, Y, y) + G(Y, X, x) for all X, yin X.
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If (X, G) is a symmetric G — metric space, then
(i)  de(x,y) =2G(x,y,y) forall x,yin X.
However, if (X, G) is not symmetric, then it follows from the G — metric
properties that
(iii) %L Gk, y,y)<ds(x,y) <3G (x,y,y) forallx, yin X.
Proposition 1.9.[5]. A G — metric space (X, G) is G — complete if and only if (X, dg) is a
complete metric space.
Proposition 1.10.[5]. Let (X, G) be a G — metric space. Then, for any X, y, z, a in X it follows
that:
Q) if G(x,y,2)=0,thenx =y =z,
@) Gy, z) <G(x, X, y) + G(x, X, 2),
(i) G(x,y,y) <2G(y, x, x),
(iv)  G(x,y,2) <G(x,a,z)+G(a,VY, 2),
(V)  G(x,y,2) <% (G(x, a a) + G(y, a a) + G(z, a, a)).

In 1976, Jungck [4] gave the notion of commutativity to obtain common fixed point
theorems. This result was further generalized and extended in various ways by many authors. In
2012, Manro et al. [9] introduced the concept of compatible maps in G — metric space as follows:
Let f and g be maps from a G — metric space (X, G) into itself. The maps f and g are said to be
compatible map if there exists a sequence {xn} such that

711_1)’{)10 G (fgxn, gfxn, gfxn) =0 or 7111_1)’210 G (gfxn, fgxn, fgxn) = 0 whenever {xn} is sequence in

X such that lim fxn = lim gx, =t for somet € X.

n—-oo n—>oo

2. Main Results

Now we prove our main result using compatible maps as follows:

Theorem 2.1. Let f and g be self -maps of a G-metric space (X, G) satisfying

(21) f(X) =9(X);

(2.2) G(fx, fy, fz) < a max{G(fx, gy, gz), G(gx, fy, gz), G(gx, gy, {z)},
where a € [0, %);

(2.3) one of f or g is continuous.

Then f and g have a unique common fixed point in X, provided f and g are compatible maps.
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Proof. Let Xo be an arbitrary point in X. By (2.1), one can choose a point X1 in X such that fxo
= gX1, In general one can choose Xn+1 such that

Yn = fXn = gXn+1,n =0,1,2,....
From (2.2), we have

G(fxn, 8%n 41, 8Xn+1)) }

G(g%n, Xn41, 8Xn+1), G(8Xn, 8Xns1, fXni1)
G(fx,,, fx,, fx,,), }

G(foxn_1, fxny1, x3), G(foxn_q, i, f20041)

G(fXn, PXn+1, ™Xn+1) < a max {

=amax{

= o max{0, G(fx,,_1, fx,41, fx,), G(fx,— 1, fx, 4 1)}
= a G(fx,_1, x5, fX041).
By rectangular inequality of G-metric space, we have
G(fXn-1, Xn, PXn+1) < G(fxn-1, TXn, Xn) + G(fXn, TXn, FXn+1)
< G(fxn-1, PXn, TXn) + 2 G(fXn, Xn+1, TXn+1), by Proposition 1.10.
Therefore from above inequality, we have
G(fXn-1, TXn, TXn).

o

G( an, an+11 an+1) < (1- 20)

a
(1-2a)

i.e., G(fXn, fXn+1, PXn+1) < q G(fXn-1, TXn, TXn), Where q = <1

Continuing in the same way, we have
G(fXn, TXn+1, TXn+1) < q" G (fXo, X1, TX1).
Therefore, for all n, m € N, n <m, we have by rectangular inequality that
G(Yn, Ym, Ym) < G(¥n, Yn+1, Yne1) + G(Yne1, Yne2, Yne2) +G(Ynez, Ynes, Ynea)
+ -+ G(Ym-1, Ym, Ym)
S G e +4q™") G(Yo, y1, y1)-
q°
1-a)

Letting as n, m —zc, we have lim G(yn, Ym, ym) = 0.

<

G(Yo, y1, y1).

Thus {yn} is a G—Cauchy sequence in X. Since (X, G) is complete G-metric space, therefore,

there exists a point z € X such thatlim yn,= lim fx, = lim gXn+1 = Z.
n—oo nN—oo

n—oo
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Since the mapping f or g is continuous, for definiteness one can assume that g is continuous,

therefore lim gfx, = lim ggxn+1 = gz. Further, f and g are compatible, therefore, lim G (fgxn,
n—oo n—oo

n—o0

gfxn, gfxn) =0 implies that lim fgx, = gz.

On setting X = gxn, Y = Xn and z = Xn, in (2.2), we have
G(fgxn, fxn, fXn) <o max{G(fgx,, gxn, gx,), G(g8xn, fxn, 8xn), G(88Xn, 8Xn, fxn)}.
Letting as n — oo, we have
G(9z, z, 2) < o max{G(gz, z,z), G(gz, z,z), 0}implies, gz = z.
Again from (2.2), we have
G(fxn, fz, fz) < a max{G(fx,, gz, gz), G(gx,, {z, gz), G(gx,, gz, {z) }
Letting as n — oo, we have fz =z.
Therefore, fz =gz = z. i.e., z is a common fixed point of f and g.
Uniqueness: We assume that z;(# z) be another common fixed point of f and g . Then G(z,
z,,21) > 0and
G(z, 21,21) = G(fz, fz1,f2)
< amax{G(fz, gz, gz,), G(gz, {24, 821), G(gz, 821, fz,) }
=a G(z, z1,2,) < G(z, z,,2,) , a contradiction,

which shows that z = z;.

3. Property (E.A.) in G-metric Spaces.

Recently, Amari and Moutawakil [1] introduced a generalization of non-compatible maps as
property (E.A.) in metric spaces as follows:

Definition 3.1. Let A and S be two self-maps of a metric space (X,d) .The pair (A,S) is said to
satisfy property (E.A.), if there exists a sequence{xn} in X such that limn—.AXn =limp—.SXn = t,
for some t eX.

In similar mode we use property (E.A.) in G - metric spaces.

Example 3.2. [1] Let X =[0,+o). Define S, T : X—X by

Tx= % and Sx= 37: , for all x in X. Consider the sequence xn = 1.
n

Clearly lim Sxn = lim Txn, =0. Then S and T satisfy property (E.A.).

n—oo n—oo

Example 3.3. [1] Let X =[2,+0). Define S, T : X—X by
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Tx= x+1 and Sx= 2x+1, for all x in X. Suppose that the property (E.A.) holds. Then, there exists

in X a sequence {xn} satisfying lim Sxn =lim Tx, = z for some z in X.
n—oo n—oo

n—o0 n—oo

Therefore, lim x,=z-1and lim x, :ZT_l .Thus, z = 1, which is a contradiction, since 1 is not

contained in X. Hence S and T do not satisfy property (E.A.).

Remark 3.4. Property (E.A.) buys containment of maps without any continuity requirement. So
above Theorem 2.1 can be rewritten in terms of property (E.A).

Theorem 3.5. Let f and g be self -maps of a G-metric space (X, G) satisfying (2.2)

and fand g satisfy property (E.A.).

Then f and g have a unique common fixed point in X, provided f and g are compatible maps.

4. Occasionally Weakly Compatible (owc)
Definition 4.1[2]. Two self -mappings f and g of a symmetric G-metric space (X, G) are
said to be occasionally weakly compatible (o w c) iff there is a
point X in X which is coincidence point of f and g at which f and g commute.
Lemma 4.2[2]. Let (X, G) bea symmetric G-metric space. f and g be self maps on X and
let f and g have a unique point of coincidence, w = fx = gx, then w is the unique common
fixed point of fand g.
Theorem 4.3. Let (X, G) be a symmetric G-metric space. If f and g are o w ¢ self -maps on
X satisfying (2.2) . Thenf and g have a unique common fixed point in X.
Proof. Sincef and g are o w c, there exist a point u in X such that fu = gu and fgu = gfu.
We first claim that fu is a fixed point of f.
For, if ffu # fu, then from equation (2.2), we get
G(fu, ffu, ffu) < a max{G(fu, gfu, gfu), G(gu, ffu, gfu), G(gu, gfu, ffu)}
= a max{G(fu, ffu, ffu), G(fu, ffu, ffu), G(fu, ffu, ffu)}
= o G(fu, ffu, ffu).
This implies that ffu = fu and ffu=fgu = gfu = fu.
Hence fu is a common fixed point of fand g.
Uniqueness:
Suppose that u, v in X suchthat fu=gu =u and fv=gv=v and u#v.
Then from equation (2.2),
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G(u,v,v) = G(fu, fv, fv) < a max{G(fu, gv, gv), G(gu, fv, gv), G(gu, gv, fv)}
= o max{G(u,v,v),G(u,v,v),G(u,v,v)}.
= o G(u,v,v), a contradiction.

Thus u = v. Therefore, the common fixed point of f and g is unique.
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