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Abstract. In this paper, we prove the existence of common fixed points of two pairs of selfmaps under the
assumptions that these two pairs of maps are weakly compatible and satisfying a contractive condition involving
rational expression in a complete metric space. The same is extended to a sequence of selfmaps. Also, we prove the
same with different hypotheses on two pairs of selfmaps in which one pair is compatible, reciprocally continuous
and the other one is weakly compatible. We also discuss the importance of rational expression in our contractive

condition. Our theorems extend the results of Chandok [1] to two pairs of selfmaps.
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1. Introduction

The development of fixed point theory is based on the generalization of contraction conditions

in one direction or/and generalization of ambiant spaces of the operator under consideration on
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the other. Banach contraction principle plays an important role in solving nonlinear equations,
and it is one of the most useful results in fixed point theory. Banach contraction principle has
been generalized in various ways either by using contractive conditions or by imposing some
additional conditions on the ambiant spaces. In the direction of generalization of contraction
conditions, in 1975, Dass and Gupta [2] established fixed point results using contraction
conditions involving rational expressions.

The following theorem is due to Dass and Gupta [2].
Theorem 1.1. [2] Let (X,d) be a complete metric space and T : X — X a mapping such that

there exist @, > 0 with oc + B < 1 satisfying

d(y,Ty)[1+d(x,Tx)]

d(Tx,Ty) < ad(xy) + B—=——"7 -5

for all x,y € X. Then T has a unique fixed point.
Definition 1.1. [3] Let A and B be selfmaps of a metric space (X,d). The pair (A,B) is said
to be a compatible pair on X, if r}l_r}c}o d(ABx,,BAx;,) = 0 whenever {x,} is a sequence in X such
that r}l_{rolo Ax, = r}1_r>130 Bx,, =1t, for somet € X.
Definition 1.2. [4] Let A and B be selfmaps of a metric space (X,d). The pair (A, B) is said to
be weakly compatible, if they commute at their coincidence points. i.e., ABx = BAx whenever
Ax=Bx,xe X.

Every compatible pair of maps is weakly compatible, but its converse need not true [4].
Definition 1.3. [5] Let A and B be selfmaps of a metric space (X,d). Then A and B are said to
be reciprocally continuous, if lim ABx, = Ar and lim BAx, = Bt, whenever {x,} is a sequence

n—oo n—o0

in X such that lim Ax, = lim Bx, = ¢, for some ¢t € X.
n—yoo n—oo

Clearly, if A and B are continuous then they are reciprocally continuous but its converse need
not be true [5].

Recently, Chandok [1] established the following common fixed point result of selfmaps
satisfying certain contraction condition involving rational expression.
Theorem 1.2. (Theorem 2.1, [1]) Let M be a subset of a metric space (X,d). Suppose that
T,f,g: M — M satisfy

d(gx,Tx)d(gy, fy)

d(Tx, fy) < O‘(d(gx,gy) +d(gx, fy)+d(gy, Tx)

)+ B(d(gx,gy))
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for all x,y € M and for some a,f € [0,1) with o + 8 < 1.
Suppose also that (M) U f(M) C g(M) and (g(M),d) is complete.
Then T, f and g have a coincidence point in M. Also, if the pairs (g,7) and (g, f) are weakly
compatible, then 7', f and g have a unique common fixed point in X.

Throughout this paper, we denote R = [0,0) and

Y ={y/y:R; — R, is continuous, ¥ is nondecreasing, y(t) < t for r > 0 and

y(t) =0<1=0}.

In Section 2, we prove the existence of common fixed points for two pairs of selfmaps under
the assumptions that these two pairs of maps are weakly compatible and satisfying a contractive
condition involving rational expression in a complete metric space. Also, we prove the same
with different hypotheses on two pairs of selfmaps in which one pair is compatible, reciprocally
continuous and the other one is weakly compatible. In section 3, we draw some corollaries from
our main results and provide examples in support of our results and discuss the importance of

rational expression in our contractive condition (Example 2).

2. Main results

Let A,B,S and T be mappings from a metric space (X,d) into itself and satisfying

1) A(X) C T(X) and B(X) C S(X).

Now by (A), for any xg € X, there exists x; € X such that yo = Axg = Tx;. In the same way for
this x;, we can choose a point x, € X such that y; = Bx; = Sx; and so on. In general, we can

define a sequence {y,} in X such that

(2) Yon = A)C2n = T)Czn+1 andyan = BX2n+1 = Sx2n+2 forn = 0, 1, 2, e
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Lemma 2.1. Let (X,d) be a metric space. Assume that A,B, S and T are selfmaps of X which

satisfy the following condition: there exists ¥ € ¥ such that

;

d(Sx,Ax)d(Ty,B
w(max{ d(Sx,Ty() +d(Szc,1§y)y+;()Ty.,Ax) ? d(Sx’ Ty) }) ’
(3)  d(Ax,By) < if  d(Sx,Ty)+d(Sx,By)+d(Ty,Ax) #0
0, if d(Sx,Ty)+d(Sx,By)+d(Ty,Ax) =0
\

for all x,y € X. Then we have the following:
(i) IfA(X) C T(X) and the pair (B,T) is weakly compatible, and if z is a common fixed point
of A and S then z is a common fixed point of A, B, S and T and it is unique.
(ii) If B(X) € S(X) and the pair (A, S) is weakly compatible, and if z is a common fixed point

of B and T then z is a common fixed point of A, B, S and T and it is unique.

Proof. First, we assume that (i) holds. Let z be a common fixed point of A and S.
Then Az = Sz = z. Since A(X) C T(X), there exists u € X such that Tu = z.
Therefore Az = Sz = Tu = z. We now prove that Az = Bu. Suppose that Az # Bu.
We consider,

d(Az,Bu) < y(max{ g7 itz (82, Tu) }) = y(max{0,0}) = y(0) =0.

Therefore, Az = Bu.

Hence Az=Bu=Sz=Tu=z.

Since the pair (B, T) is weakly compatible and Tu = Bu, we have
BTu=TBu.ie.,Bz=Tz.

Now we prove that Bz = z. If Bz # z, then

d(Bz,z) = d(z,Bz) = d(Az,Bz)

d(Sz,Az)d(Tz,Bz)
d(Sz,Tz) +d(Sz,Bz) +d(Tz,Az)’

= y(max{0,d(z,Bz)}) = y(d(z,Bz)) < d(z,Bz),

< y(max{ d(Sz,Tz)})

a contradiction. Hence, Bz = z.
Therefore Bz =Tz = z.
Hence Az=Bz=8Sz=Tz=12

Therefore, z is a common fixed point of A,B,S and 7.
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If 7/ is also a common fixed point of A, B,S and T with z # 7/, then

d(Sz,Az)d(T7 ,B7)
(S2,TZ')+d(Sz,B') +d(T7 ,Az)’

= l//(max{O,d(z,z’)}) = W(d(z7zl)) < d(z7zl>7

d(z,7) = d(Az,B7) < y(max{ y d(Sz,T7)})

a contradiction. Therefore, 7 = 7.

Hence, z is the unique common fixed point of A,B,S and T'.

The proof of (ii) is similar to (i) and hence is omitted.

Lemma 2.2. Let A,B,S and T be selfmaps of a metric space (X,d) and satisfy (1) and the
inequality (3). Then for any xy € X, the sequence {y, } defined by (2) is Cauchy in X.

Proof. Let xo € X and let {y, } be a sequence defined by (2).
Assume that y,, = y,,.1 for some n.

Case (i): n even.

We write n = 2m,m € N.

Now we consider
d(yn—i—layn-i-Z) == d(y2m+17y2m+2)
=d(yom+2,Y2m+1)

= d(Axom12,BXom1)

d(Sx2m+2,A%2m+2)d(TX2m 11, BX2m11)
d(Sxam+2, Txoms1) +d(Sxoms2, Bxoms1) +d(Txoms1,Axom12)

< y(max{

d(Sxom+2, TxXom41)

d(Yam+1,Y2m+2)d (Yo, Yom+1)
d(Yom+1,Y2m) +dYVoms1,Y2m+1) +d(Voms Yom+2)’

= y(max{

d(Yom+1,Y2m)})

Y2mt1,Y2m+2)A(Yoms Y2m+1
( i m+) ( = s )7d(y2m+17y2m)})
d(y2m+l7y2m+2)

= y(d(yam+1,y2m)) = w(0) = 0.

< l//(max{d

Therefore, d(yom+1,Y2m+2) = 0 which implies that y2,,,12 = Y211 = Yom-
In general, we have vy, =y, fork=0,1,2,... .

Case (ii): n odd.
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We write n = 2m -+ 1 for some m € N.

‘We consider

d(Vn+1,Yn+2) = d(Vom+2,Y2m+3)

= d(Axomy2,Bxom43)

d (Sx2m+2 ) Ax2m+2)d (Tx2m+3 ) Bx2m+3)
d(Sxomy2, TXom43) +d(Sx2ms2, Bxoms3) + d(TXomy3,Axom42)

d(Sxomi2, Txoms3)})

< y(max{

d(Yom+1,Y2m+2)d(Y2m+2,Yom+3)
d(Yomt1,Y2m+2) +dVoms1,Y2m+3) +d(Voms2,Yom+2)

= y(max{

d(yZm—H 7y2m+2)})

Dbl Y2m42 d 2m+2,Y2m+3
(Yam+ m+2)d (Yam+2, Yam+ )’d(y2m+1,y2m+2)})
d(Yam+2,Y2m+3)

= Y(d(Yomt1,Y2m+2)) = w(0) = 0.

< y(max{?

Therefore, d(yn+2,yn+3) = 0 implies that Y2y, 13 = Yam+2 = Yam+1-

In general, we have yy,,, 1k = yomy1 fork=1,2,3,... .

From Case (i) and Case (ii), we have y,y =y, fork=0,1,2,... .

Hence, {y,.} is a constant sequence and hence {y, } is Cauchy.

Now we assume that y,, # y,+1, for all n € N. If n is odd, then n = 2m + 1 for some m € N.

We now consider

d(Ynsynt1) = dYVom+1:Y2m+2)
=d(Yom+2,Y2m+1)

= d(Axom+2,Bxomy1)

d(Sx2m+2,A%m+2)d(TXomi1, BXomi1)

< y(max |

=V {d(Sx2m+2, Txomi1) +d(Sxomi2, Bxom+1) +d(T Xom+1,A%2m2)
d(Sxam+2, Txom+1)})

= I//(max{ d(y2m+1>y2m+2)d(y2muy2m+1)

d(Yom+1,Y2m) +dYom+1,Yom+1) +dVom, Yoms2)

d(Yom+1,Y2m)})
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2m+152m+2 d Zm> Y 2m+ 1
(2m+1,Y2m+2)d (Yom, yom+ )7d(y2m+1,y2m)})
d(y2m+1 ,y2m+2>

< w(max{d

= W(d(y2m+lay2m)) < d(y2m+lay2m>
Therefore, d(Vn,Yn+1) < d(Yn—1,Yn)-

On the similar lines, if n is even, it follows that

4) d(Yn,Ynt1) S W(dYn-1,Yn)) < d(Yn—1,Yn)-

Therefore, {d(yn,yn+1)} is @ monotone decreasing sequence which bounded below by 0.
So, there exists r > 0 such that ’}1_r>130 d(Yn,Yn+1) =T

If r > 0, then from (4), we have

d(Vns Yn1) < W(dYn—1,¥n))-

Letting n — oo, we get

r<wy(r)<r,

a contradiction.

Therefore

) i d (3, yu11) = 0.

We now prove that {y,} is Cauchy.
It is sufficient to show that {y, } is Cauchy in X.
Otherwise, there is an € > 0 and there exist sequences {2my },{2n;} with 2my > 2n; > k

such that

(6) d(ykaay2nk> > € and d(yka—27y2nk) <E.

Now, we prove that (i) ]}i_rilod(yka,yznk) =E€.

Since € < d(yam,,y2n,) for all k, we have

e< h,gglfd(mmkvy%k)'

Now for each positive integer k, by the triangular inequality, we get
d(yamgsYone) < d(Vams Yome—1) +d(Vome—1, Y2m—2) +d(Vam—2:Yon,)-
On taking limit superior as k — oo, from (5) and (6), we have

limsupd (yom,,y2n,) < €.
k—yo0

249
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Hence, lim d(yom,,y2n, ) exists and lim d(yom,,y2,,) = €.
k—>o0 k—yoo
In similar way, it is easy to see that
(ii) lim d(y2mk+17y2nk) =& (iii) lim d(y2mk7y2nk71> =€ and (iV) lim d(yanflvyka+1) =E.
k—yo0 k—yo0 k—yo0
We now consider
d(yong s Yom+1) = d(Ax2p, , BXoym+1)

d(Sx2p,,Ax20, )A(T X211, BX2imy 1)
d(Sxon,, Txom+1) +d(Sx2p,, Bxomt1) + d(Txop11,AX20,)

d(SXZHk ) Tx2mk+l ) })

(7) < y(max{

d()’anfl »y2nk)d(y2mk;y2mk+l)

= max ’
W( {d(yan—layka) +d(y2nk—17y2mk+l) +d(y2mk7y2nk)

Ay 1,33m) )

On letting k — oo in (7), we get € < y(max{0,e}) = y(¢) < &,
a contradiction.
Therefore, {y,} is a Cauchy sequence in X.

The following is the main result of this paper.
Theorem 2.3. Let A,B,S and T be selfmaps on a complete metric space (X,d) and satisfy
(1) and the inequality (3). If the pairs (A,S) and (B,T) are weakly compatible and one of the
range sets S(X), T (X),A(X) and B(X) is closed, then for any x( € X, the sequence {y,} defined
by (2) is Cauchy in X and nlgrolo yn = z(say), z € X and z is the unique common fixed point of

A,B,Sand T.

Proof. By Lemma 2.2, the sequence {y,} is Cauchy in X.

Since X is complete, there exists z € X such that lim y, = z. Thus,

n—oo
(8) lim yp, = lim Axy, = lim Txp,41 =2
n—yoo n—oo n—so0
and
9 lim = lim Bx = lim Sx =7.
9) lim ypn1 = lim Bxpyq = lim Sxp,42

We now consider the following four cases.
Case (i). S(X) is closed.

In this case z € S(X) and there exists u € X such that z = Su.
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Now we claim that Au = z. Suppose that Au # z.

‘We now consider

d(Su,Au)d(Txp,41,BX0,11)
d(Au, Banin) < WX g, 25 dSu B T ) (S Ton 1))
On letting n — oo , using (8) and (9), we get
d(Au,z) < w(max{0,0}) = y(0) = 0.
Hence Au = z.

Therefore,
(10) Au =z = Su.

Since the pair (A, S) is weakly compatible and Au = Su, we have
ASu = SAu. i.e., Az = Sz.

Now, we prove that Az = z.

If Az # z, then

d(8z,Az)d(Txon+1,BX2n+1)
d(AZ7 Bx2n+l ) < l//(max{ d(Sz,Tx2p11 )+d(SZ,Bx2:+] 1 )+d(+Tlxzn+ 1,Az)” d(SZ’ szn+ ! ) }> ’

On letting n — oo, using (8) and (9), we get

d(Az,z) < y(max{0,d(Az,2)}) = W(d(Az,2)) < d(Az,2),

a contradiction. Hence, Az = z.

Therefore, Az = Sz =z.

Hence, z is a common fixed point of A and S.

By Lemma 2.1, we get that z is a unique common fixed point of A,B,S and T'.
Case (ii). T(X) is closed.

In this case z € T(X) and there exists u € X such that z = Tu.

Now we claim that Bu = z. Suppose that Bu # z.

We now consider

d(Sx2n42,A%042)d(Tu,Bu)
d(Ax2n+27Bu) < l//(max{ d(sz,H_z,Tu)+;(Sx2n++2,Bu)+d(Tu,Ax2n+2) 7d(Sx2n+2a Tu) })

On letting n — oo, using (8) and (9), we get
d(z,Bu) < y(max{0,0}) = y(0) = 0 and hence Bu = z.

Therefore,

(11) Bu=z=Tu.
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Since the pair (B, T) is weakly compatible and Bu = Tu, we have
BTu=TBu.ie.,Bz=Tz.

Now, we prove that Bz = z. If Bz # z, then

d(Sx2p42,A%0,12)d(Tz,Bz)
d(Axani2,B2) < y(max{ d(sx2n+2>TZ)2+5%S-X2r21+;?BZ)+d(TZ7Ax2n+2) 1d(Sx2n42,T2)})-

On letting n — oo, using (8) and (9), we get

d(z,Bz) < y(max{0,d(z,Bz)}) = y(d(z,Bz)) < d(z,Bz),

a contradiction. Hence, Bz = zand that Bz =Tz = z.

Therefore, z is a common fixed point of B and T'.

Hence, by Lemma 2.1, we get that z is the unique common fixed point of A,B,S and 7.
Case (iii). A(X) is closed.

Since z € A(X) C T'(X), there exists u € X such that z = Tu.

Now we show that Bu = z.

If Bu # z, then we consider

d(Sxpp42,A%042)d(Tu,Bu)
d(Axani2, Bu) < y(max{g (sz,,+2,Tu)z—i—Z%szi:;Bqu (Tu,Axzn12) (d(Sxan42, Tu) }).

On letting n — oo, using (8) and (9), we get

d(z,Bu) < y(max{0,0}) = w(0) = 0 and hence Bu = z.

Therefore Bu = z = Tu. Thus (11) holds. Now by Case (ii), the conclusion of the theorem
follows.

Case (iv). B(X) is closed.

Since z € B(X) C S(X), there exists u € X such that z = Su.

Now we show that Au = z.

If Au # z, then we consider

d(Su,Au)d(Txpp41,BX2041)
d(Au, Bxons1) < WM g, S5 (S gy 4051 T¥ani1) ).

On letting n — oo, using (8) and (9), we get

d(Au,z) < y(max{0,0}) = y(0) =0 and hence Au = z.

Therefore Au = z = Su. Thus (10) holds.

Now by Case (i), the conclusion of the theorem follows.

Theorem 2.4. Let A,B,S and T be selfmaps on a metric space (X,d) and satisfy (1) and the

inequality (3). If the pairs (A,S) and (B,T) are weakly compatible and either one of the set
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(S(X),d),(T(X),d),(A(X),d) (or) (B(X),d) is complete, then for any xy € X, the sequence
{yn} defined by (2) is Cauchy in X and ,}5‘; yp = z(say), z € X and z is the unique common
fixed point of A,B,S and T

Proof. By Lemma 2.2, the sequence {y,} is Cauchy in X.

Since S(X) is complete, there exists z € S(X) such that li_r)n yn = z. Thus,
n—roo

(12) lim y;, = lim Axp, = lim Tx,4+1 =2
n—yoo n—oo n—so0

and

(13) lim yp,11 = lim Bxp,11 = lim Sx40 = 2.

Since z € S(X), there exists u € X such that z = Su.
We now prove that Au = z. If Au # z, then

d(Su,Au)d(Tx241,Bx24+1)
d(Au,Bxz,11) < W(max{d(Su,Txg,H_l)+d(Su,Bx2n++] )+d(+TX2n+1 Au) ,d(Su, Tx2,41)}).

On letting n — oo, using (12) and (13), we get

d(Au,z) < y(max{0,0}) = y(0) =0 and hence Au = z.
Therefore, Au = 7 = Su.

Since the pair (A, S) is weakly compatible and Au = Su, we have
ASu = SAu. ie., Az = Sz.

Now, we prove that Az = z. If suppose that Az # z, then

d(Sz,A2)d(Txpp41,BX0511)
d(Az,Bxyn1) < y(max{ d(SZasznH)+d(SZ7B;2n+:1)+2d(+T1X2n+17AZ) d(82,Txan1)})-

On letting n — oo, using (12) and (13), we get
d(Az,z) < y(max{0,d(Az,z)}) = y(d(Az,z)) < d(Az,z),
a contradiction. Hence, Az = z. Therefore Az = Sz = z.
Thus, z is a common fixed point of A and S.
By Lemma 2.1, we get z is the unique common fixed point of A,B,S and T'.
In a similar way, it is easy to see that z is the unique common fixed point of A,B,S and T
when either 7' (X) or A(X) or B(X) is complete.
Theorem 2.5. Let A,B,S and T be selfmaps on a complete metric space (X,d) and satisfy (1)

and the inequality (3). Further assume that either
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(i) (A,S) is reciprocally continuous and compatible pair of maps, and (B,T) is a pair of
weakly compatible maps (or)
(ii) (B,T) is reciprocally continuous and compatible pair of maps, and (A,S) is a pair of

weakly compatible maps.
Then A, B, S and T have a unique common fixed point.
Proof. By Lemma 2.2, for each xy € X, the sequence {y,} defined by (2) is Cauchy in X.

Since X is complete, then there exists z € X such that lim y, = z.
n—soo

Consequently, the subsequences {y»,} and {y»,+1} are also converges to z € X, we have

(14) lim y;, = lim Ax, = lim Txp, 11 = z,and
n—oo n—oo n—oo
(15) r}ggoyzn+1 = ,}ngonzn+1 = r}ijlgoSin+2 =z

First, we assume that (i) holds.

Since (A, S) is reciprocal continuous, it follows that

lim ASx, 2 = Azand lim SAxy,+2 = Sz.

Since (A, S) is compatible, we have

lim d (ASx2,12,8Ax2,42) =0

which implies that nlgrolo d(Az,Sz) = 0 implies that Az = Sz.
Since A(X) C T(X), there exists u € X such that Az = Tu.
Therefore, Az = Sz =Tu.

Now, we prove that Az = Bu. Suppose that Az # Bu.

We now consider

d(Sz,Az)d(Tu,Bu)
(Sz,Tu) +d(Sz,Bu) +d(Tu,Az)

d(Az,Bu) < l[/(max{d ,d(Sz,Tu)})

= y(max{0,0}) = y(0) = 0.

This implies that Az = Bu = Sz = Tu.
Since every compatible pair is weakly compatible, we have (A,S) is weakly compatible and
Az = Sz, we have ASz = SAz. i.e ,AAz = SAz.

Now, we prove that AAz = Az. If possible, suppose that AAz # Az.
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Now, we consider

d(SAz,AAz)d(Tu,Bu)

(SAz,Tu) + d(SAz, Bu) 1 d(Tu,AAz) IS4 T

d(AAz,Az) = d(AAz,Bu) < l//(max{d

= y(max{0,d(AAz,Az)}) < y(d(AAz,Az)) < d(AAz,Az),
a contradiction.
Therefore AAz = Az. Hence, AAz = SAz = Az, so that Az is a common fixed point of A and S.
Since (B, T) is weakly compatible and Bu = Tu, we have BTu = T Bu.
Therefore BAz = TAz.
We now prove that BAz = Az. Suppose that BAz # Az.

‘We now consider

d(Sz,Az)d(TAz,BAz)
(Sz,TAz) +d(Sz,BAz) + d(TAz,Az)

d(BAz,Az) = d(Az,BAz) < l[/(max{d ,d(Sz,TAz)})

= y(max{0,d(Az,BAz)}) = y(d(Az,BAz)) < d(Az,BAz),

a contradiction.

Hence, BAz = Az. Therefore BAz = TAz = Az.

Hence, AAz = BAz = SAz = TAz = Az.

Therefore Az is a common fixed point of A,B,S and 7.

Now, we show that Az = z. If Az # z, then

d(Sz,Az)d(Tx2n+1,Bx2041)
d(Sz, Txon+1) +d(Sz,Bxons1) +d(Txon41,A7)

d(Az, Bxyas1) < y(max{ d(S2,Tx1)})

On letting n — oo, using (14) and (15), we get
d(Az,z) < y(max{0,d(Az,z)}) = y(d(Az,z)) < d(Az,z),
a contradiction.
Hence, Az = z. Therefore Az =Bz=87=Tz=1z2.
Hence, z is a common fixed point of A,B,S and T.
In a similar way, under the assumption (ii), we obtain the existence of common fixed point
of A,B,S and T. Uniqueness of common fixed point follows from the inequality (3).
Theorem 2.6. Let A, B, S and T be selfmaps on a complete metric space (X,d) and satisfy (1)

and the inequality (3). If either

(i) Sis continuous, (A,S) compatible and (B, T') is weakly compatible (or)
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(ii) T is continuous, (B,T) compatible and (A, S) is a pair of weakly compatible maps,

then A, B, S and T have a unique common fixed point.

Proof. By Lemma 2.2, for each x( € X, the sequence {y,} defined by (2) is Cauchy in X.
Since X is complete, then there exists z € X such that li_r}n Yn = 2.
n—yoo

Consequently, the subsequences {y»,} and {y»,1} are also converges to z € X, we have

(16) lim yy, = lim Axy, = lim Toaps1 = 2,
n—oo n—oo n—oo

and

(17) r}ggoyzn+1 = nlg{}o Bxopy1 = r}glolo Sxont+2 = 2.

First, we assume that (i) holds.

Since (A, S) is compatible pair, we have

lgn d(SAx2,,ASxp,) = 0, it follows that

n—oo

lim SAx,, = lim ASxy,.

n—oo n—o0

Since S is continuous, we have Sz = lim SAxy, = lim ASx»,
n—oo n—oo

Now, we prove that Sz = z. If Sz # z, then consider

d(SSx2n42,A8%2+2)d (T X2 +1,BX2n+1)
d(ASx2n42, Bxon1) < y(max{ d(SSx2442,TX2p11)+d(SSx212,B%0011)+d(TX2441,ASX0012) d(SSx2n+2, To2n+1)})

On letting n — oo, using (16) and (17), we get

d(82,2) < y(max{ g 50EG o d(S52,2)}) = w(d(S2,2)) < d(Sz,2),

a contradiction. Hence, Sz = z.
We now prove that Az = z. If possible, suppose that Az # z.
Now we consider

d(Sz,A2)d(Txpp41,BX0511)
d(Az,Bxyn1) < y(max{ d(Sszxan)+d(51739§2n++11)+2d(+T1X2n+17AZ) d(82, Txon11)})

On taking limits as n — oo, using (16) and (17), we get

d(Az,2) < w(max{ 198D d(z,2)}) = y(max{0,0}) = y(0) = 0.

Therefore d(Az,z) < 0 which implies that Az = z.

Hence Az =Sz =z.
Therefore z is a common fixed point of A and S.

Hence, by Lemma 2.1, we get that z is a common fixed point of A,B,S and T'.
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In a similar way, under the assumption (ii), we can obtain the existence of common fixed

point of A, B,S and T. Uniqueness of common fixed point follows from the inequality (3).

3. Corollaries and examples

In this section, we draw some corollaries from the main results of Section 2 and provide
examples in support of our results.
The following is an example in support of Theorem 2.3.

Example 1. Let X = [0, 1] with usual metric. We define selfmaps A, B, S, T on X by

2. 1 2. 1

L oif0<x< = o if0<x<s
A(x): 2 — 2 ,B(.X): 4 2

0 if%gxgl 1f <x<1

X2 if0§x<% "7 1fO<x<2
S(x) = and T (x

1 ify<x<1 if § <x<1.

We define y : Ry — Ry by y(r) =4, 1 > 0. Then clearly y € .
Here A(X) =[0,1),B(X) = [0, &
S(X) = [0,1)U{1} and T(x) =
Sothat A(X) C T(X) and B(X) C S(X).

We now verify the inequality (3).

Without loss of generality assume that x > y.
Case (i): x,y € [0, %)

d(Ax,By) = |5 — % 1:d(Sx, Ty) = |2 — % |.

‘We consider

» Y1
d(Ax,By) = §|x - 3\ = Ed(Sx, Ty)
= y(d(Sx,Ty))

d(Sx,Ax)d(Ty, By)
d(Sx,Ty) +d(Sx,By) +d(Ty,Ax)

< y(max{ ,d(Sx,Ty)}).

Case (ii): x,y € [3,1].

d(Ax,By) = 0 and trivially holds the inequality (3) in this case.
Case (iii): x € [0, %),y € [3,1].

d(Ax,By) = % d(Sx,Ty) = x*
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‘We have

¥ o1

d(Sx,Ax)d(Ty,By)

< d T .
Case (iv): x € [3,1],y € 0, 3).
d(Ax,By) = ¥:d(Sx, Ty) = (1— %),
‘We now consider
2 2
yo 1 y 1
— 7 < (1—-2y=_
= y(d(Sx,Ty))
< ylmax{ - ARANTYBY) o 7y

d(Sx,Ty) +d(Sx,By) +d(Ty,Ax)

From the above four cases, A, B,S and T satisfy the inequality (3).

Therefore A, B, S and T satisfy all the hypotheses of Theorem 2.3 and 0 is the unique common
fixed point of A,B,S and T.

Corollary 3.1. Let {A,}_,,S and T be selfmaps on a complete metric space (X,d) satisfying
A; CS(X)and A} C T(X). Assume that there exists ¥ € ¥ such that

(
d(Sx,A1x)d(Ty,A )
I//(max{ d(Sx,Ty)+d(.lS‘x,Ajy))+c;(yTy,A1x) ’d(Sx’ Ty) })’

(18) d(Aix,Ajy) < if  d(Sx,Ty)+d(Sx,Ay)+d(Ty,A1x) #0

0, if d(Sx,Ty)+d(Sx,Ajy)+d(Ty,A1x) =0,

\

for all x,y € X and j = 1,2,3,... . If the pairs (A},S) and (A;,T) are weakly compatible and

one of the range sets A;(X),S(X) and T'(X) is closed, then {A,}_,,S and T have a unique

=1
common fixed point in X.

Proof. Under the assumptions on A1, S and 7', the existence of common fixed point zof A;,S and T
follows by choosing A = B = A; in Theorem 2.3.

Therefore Ajz=Sz=Tz=2z.

Now, let j € N with j # 1.
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‘We now consider

d(Sz,A12)d(T'z,A)z)
d(8z,Tz) +d(Sz,Ajz) +d(Tz,A12)

= y(max{0,0}) = w(0) =0.

< w(max{

,d(Sz,T2)})

Therefore d(z,A jz) < 0 which implies that A jz =z for j =1,2,3,... and uniqueness of common
fixed point follows from the inequality (18).

Hence, {A,}_,,S and T have a unique common fixed point in X.

Corollary 3.2. Let {A,}>_,,S and T be selfmaps on a metric space (X,d) satisfy the
conditions A} C §(X),A; C T(X) and (18). If the pairs (A;,S) and (A1, T) are weakly
compatible and either (A;(X),d),(S(X),d) or (T(X),d) is complete, then {A,}_,S and T

have a unique common fixed point in X.

Proof. Under the assumptions on A1, S and 7', the existence of common fixed pointzof A;,S and T
follows by choosing A = B = A in Theorem 2.4.
Therefore Ajz=Sz=Tz=2z.
Now, let j € N with j # 1.
We now consider
d(z,Ajz) = d(A1z,Aj7)

d(Sz,A12)d(Tz,Az)

d(Sz,Tz)+d(Sz,Ajz) +d(Tz,A1z2)

= y(max{0,0}) = y(0) =0.

< y(max{ ,d(8z,T2)})

Therefore d(z,A jz) < 0 which implies that A jz =z for j =1,2,3,... and uniqueness of common
fixed point follows from the inequality (18).
Hence, {A,};_,,S and T have a unique common fixed point in X.

The following is an example in support of Theorem 2.5. In this example we show the
importance of rational expression in the inequality (3).
Example 2. Let X = [0, %] U [%,2] with usual metric. We define selfmaps A, B, S, T on X by
if x € 0,33 U[35.2) if x € [0, 2] U[55,2)
ifx=2 ifx=2

Alx) = ,B(x) =

I—= W
W= W



260 G. V.R. BABU, K. K. M. SARMA AND D. RATNA BABU

2 if0<x <§ ifx=0

[OSTE

NI=

if x € (0, 3] U[32,2)
0 1fxe(1,‘2‘§] [27,2] if x=2

We define y : Ry — R, by y(z) = Zt t > 0. Then clearly y € W. Here A(X) = {
)

B(X)={3,5},S(X) =[3,3]U{0} and T(X) = (0, 55]U [, 1) U{3} so that A(X
B(X) C S(X).

Wl

)
CT(X)and
We now verify the inequality (3).

Case (I): x=y=0.

d(Ax,By) = 0 and trivially holds the inequality (3).

Case (2): x=y=2.

d(Ax,By) = %;d(Sx, Ty) = %

‘We consider

d(Ax,By) = — <

Wl &~

(3) = w(d(Sx, Ty))

3
4

AN =

d(Sx,Ax)d(Ty,By)
d(Sx,Ty) +d(Sx,By) +d(Ty,Ax)

< y(max{ ,d(Sx,Ty)}).

Case (3): x,y € (0,3).

d(Ax,By) = 0 and trivially holds the inequality (3).
Case (4): x,y € [3,1].

d(Ax,By) = 0 and trivially holds the inequality (3).
Case (5): x,y € (1,27] [‘2‘3,2)

d(Ax,By) = 0 and trivially holds the inequality (3).
Case (6): x =0,y =2.

d(Ax,By) = %;d (Sx,Ty) = % We now consider

1

W N

(3) = w(d(Sx, Ty))

W

d(Sx,Ax)d(Ty,By)
d(Sx,Ty) +d(Sx,By) +d(Ty,Ax)

< y(max{ ,d(Sx,Ty)}).

Case (7): x=0,y € (0,%).
d(Ax,By) = 0 and trivially holds the inequality (3).
Case (8): x=0,y € [3,1].
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d(Ax,By) = 0 and trivially holds the inequality (3).
Case 9 x = 0.y € (1 EU[4,2),
d(Ax,By) = 0 and trivially holds the inequality (3).
Case (10): x=2,y=0.

d(Ax,By) = 6,a’(Sx Ty) = % We have
A(A%By) = 5 < 3(5) = Wd(SK.Ty))
x7y—6_43—‘// X, LY
d(Sx,Ax)d(Ty,By)
< .
- Il/(max{a’(Sx, Ty)+d(Sx,By)+d(Ty,Ax) (d(SxTy)})
Case (11): x=2,y € (0,3).
d(Ax,By) = £;d(Sx,Ty) = 1—3.
We consider
1 3
d(Ax,By) = = < (1~ 5) = y(d(Sx,Ty))

d(Sx,Ty) +d(Sx,By) +d(Ty,Ax)
Case (12): x =2,y € [3,1].
d(Ax,By) = £;d(Sx,Ty) = 1 — 5. We have

1 3
d(Ax,By) = =< 2 (1~ 5) = y(d(Sx,Ty))
d(Sx,Ax)d(Ty,By)
< T .
Case (13): x=2,y € (1, 3]U [35,2)
d(Ax,By) = g:d(Sx,Ty) = !
d(Sx,Ax) = L;d(Ty,By) = |1 %
d(SX,By) = 3, (Ty7Ax) 3= _
42
Subcase (i). x=2and y € (1, 27]
1 3
d(Ax,By) = 6 S < (1= 5) = y(d(Sx,Ty))
d(Sx,Ax)d(Ty, By)
< T .
= VG ) +d(sx By) + d(rya 0T
Subcase (ii). x =2 and y € [35,2).
Here d(Sx,Ax)d(Ty,By) _ 3y-2

d(Sx,Ty)+d(Sx,By)+d(Ty,Ax) — 14 °

261
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‘We now consider

d(Ax,By) = é = §(¥> = V(o T;Z)(ic;l?;cifléi)yfcyi)(Ty,Ax))
< wlmaxt e T;I)(ix;(‘;)jg)yf?(Ty,Ax) (S8 Ty)}).
Case (14): x € (0,%),y = 0.
d(Ax,By) = 0 and trivially holds the inequality (3) in this case.
Case (15): x € (0,%),y =2.
d(Ax,By) = 1;d(Sx,Ty) = 2.
We consider
d(Ax By) = 5 < 3(3) = y(d($5,Ty))
< wimax{ g T;i)(?;il?;)jé;yfz)(Ty,Ax) d(Sx%Ty)D).
Case (16): x € (0, %),y € [%, 1].
d(Ax,By) = 0 and trivially holds the inequality (3) in this case.
Case (17): x € (0, %),y € (1, %] U [%,2).
d(Ax,By) = 0 and trivially holds the inequality (3) in this case.
Case (18): x € [%, 1],y =0.
d(Ax,By) = 0 and trivially holds the inequality (3) in this case.
Case (19): x € [%, 1],y =2.
d(Ax,By) = %;d(Sx, Ty) =x.
We have
d(Ax By) = 5 < 2(3) = (d(Sx.TY))
d(Sx,Ax)d(Ty,By) d(Sx.T)}).

<
< Vmax{ e Ty) + d(Sx. By) - d(TwAx)’

Case (20): x € [3,1],y € (0,3).

d(Ax,By) = 0 and trivially holds the inequality (3) in this case.
Case 21): x € [3,1],y € (1,33]U[35,2).

d(Ax,By) = 0 and trivially holds the inequality (3) in this case.
Case (22): x € (1,33]U[35,2),y = 0.
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d(Ax,By) = 0 and trivially holds the inequality (3) in this case.
Case (23): x € (1,33]U[35,2),y = 2.
d(Ax,By) = }:d(Sx,Ty) = §.

‘We now consider

d(Ax,By) = 7 < 2(3) = w(d(Sx,Ty))

W
W =~

1
3
d(Sx,Ax)d(Ty,By)

d(Sx,Ty) +d(Sx,By) +d(Ty,Ax) ,d(Sx,Ty)}).

< y(max{

Case (24): x € (1,33]U[32,2),y € (0, 3).

d(Ax,By) = 0 and trivially holds the inequality in this case.

Case (25): x € (1,53]U[32,2),y € [3,1].

d(Ax,By) = 0 and trivially holds the inequality (3) in this case.

From the above all cases, A, B, S and T satisfy the inequality (3).

Therefore A, B,S and T satisfy all the hypotheses of Theorem 2.5 and % is the unique common
fixed point of A,B,S and T'.

Observation: Subcase (ii) of Case (/3) indicates the importance of the rational expression in the
inequality (3), since in the absence of the rational expression, the inequality (3) fails to hold,
for d(Ax,By) = ¢ £ w(|1 — }|) for any y € P.

Example 3. Let X = [0, 1] with usual metric. We define selfmaps A, B, S, T on X by
2 ifo<x<}t 2 ifo<x<l
A()C) _ 2 — 2 i B(.X) _ 4 - 2

0 if;<x<I, 0 ify<x<I,

S}

[

Sx)=x"if0<x<land T(x) =

0 ify<x<l.
We define y : Ry — Ry by y(r) =5, 1>0.
Then clearly v € W.

Here A(X) =[0,3),B(X) = [0,1%),S(X) = [0,1] and T(X) = [0, 3 ).
Clearly A(X) C T(X) and B(X) C S(X).
Without loss of generality assume that x > y.

Case (i): x,y € [0,3).

2 2 2 2
dlax By =15 - 51=5 - %
2 2

d(Sx,Ty) = |x* = 5| =x*— 5.
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‘We consider

1
d(Ax,By) = 3| = 2| = w(d(Sx. Ty))

d(Sx,Ax)d(Ty, By)
d(Sx,Ty) +d(Sx,By) +d(Ty,Ax)

< y(max{ ,d(Sx,Ty)}).

Case (ii): x,y € [3,1].

d(Ax,By) = 0 and trivially holds the inequality (3) in this case.
Case (iii): x € [0, %),y € [3,1].

d(Ax,By) = )‘7 d(Sx,Ty) = x*>. We have

21

d(Sx,Ax)d(Ty,By)

= VO G s Ty) +d(5x.By) + () 0D
Case (iv): x € [3,1],y € [0,3).
d(Ax,By) = f,d( ,Ty) = (x* — y;) We now consider
2 2
y_lia v
d(Ax,By) =7 < 5(x" = =) = y(d(Sx, Ty))

<
< Vmaxt e T9) + d(Sv, By) + d(Ty,AY)

From the above four cases, A, B,S and T satisfy the inequality (3).

Therefore A, B, S and T satisfy all the hypotheses of Theorem 2.6 and 0O is the unique common
fixed point of A,B,S and T'.

Corollary 3.3. Let 7', f,g : X — X satisfying

d(gx, Tx)d(gy, fy)
d(gx,gy) +d(gx, fy) +d(gy,Tx)

forall x,y € X,T(X)U f(X) C g(X) and (g(X),d) is complete. Then 7, f and g have a

d(Tx, fy) < w(max{ ,d(gx,8y)})

coincidence point in X. If the pairs (7,g) and (f,g) are weakly compatible, then T, f and g

have a unique common fixed point in X.

Proof. By choosing A =T,B = f,S =T = g in Theorem 2.4, the conclusion of corollary
follows.

Remark 3.4. Theorem 1.2, follows as a corollary to Corollary 3.3, by choosing y(t) = kr, with
k=a+pB<1,t>0.
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An open problem: Is the conclusion of Theorem 2.6 valid if we replace ‘continuity of S” by
‘continuity of A’? Similarly, is the conclusion of Theorem 2.6 valid if we replace ‘continuity of
T’ by ‘continuity of B’?
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