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1. Introduction

Since its appearance in 1922, the Banach fixed point theorem [1] solved several problems
of the existence of solutions of nonlinear problems arising in physical, biological, and social

sciences.
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Theorem 1.1. Let (X,d) be a complete metric space. Let T be a contraction on X, i.e., there

exists r € [0, 1] satisfying
d(Tx,Ty) <rd(x,y), forall x,y € X.

Then T has a unique fixed point.

The generalization of this theorem have been established in various setting by many authors.
The purpose of this article is to get a generalization of the Banach contraction fixed point theo-

rem in a space with three metrics.
2. Preliminaries

In 1968, Kannan presented the following related fixed point theorem [2].
Theorem 2.1. Let (X,d) be a complete metric space. Let T be a Kannan mapping on X, i.e.,
there exists r € |0, %[ satisfying

d(Tx,Ty) <r(d(x,Tx)+d(y,Ty)), forall x,y € X.

Then T has a unique fixed point.

In 1972, Chatterjea presented the following related fixed point theorem [3].
Theorem 2.2. Let (X,d) be a complete metric space. Let T be a Chatterjea mapping on X, i.e.,
there exists r € [0, 3| satisfying

d(Tx,Ty) <r(d(x,Ty)+d(y,Tx)), forall x,y € X.

Then T has a unique fixed point.
The following results is due to Mizoguchi and Takahashi [5].

Theorem 2.3. Let (X,d) be a complete metric space. Let T be a mapping satisfying
d(Tx,Ty) < a(d(x.y))d(x,y), forall x,y € X,

where o : [0,4oc0[— [0, 1] is a function such that limsup o.(s) < 1, for all r > 0.
s—rt

Then T has a unique fixed point x* € X.
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Recently, EL. Marhrani and K. Chaira proved a generalization of the Banach contraction

fixed point theorem in a space with two metrics [4].

Definition 2.4. Let X be a nonempty set and let d, 0 be two metrics on X. (X,d, d) is called an

(M)-space if for all Cauchy sequence (x,), in (X,d) and (X, §), there exist x*,y* € X such that

limd (x,,x") =1im 8 (x,,y") = 0.

Theorem 2.5. Let X be non-empty set, d and & two metrics on X and T : X — X a mapping

such that:

(1) (X,d,d) is a (M)-space.
(2) For all x,y € X, one of the following two conditions:
i. d(x,Ty) < 6(x,y),
ii. 6(x,Ty) <d(x,y),
implies
d(Tx,Ty) < a(8(x,y))8(x,),

6(Tx,Ty) < au(d(x,y))d(x,y),

where o : [0,4oc0[— [0, 1] is a function such that limsup o.(s) < 1, for all r > 0.
s—rt

Then T has a unique fixed point x* € X.

3. Main results

Let X be a non-empty set and let d , § and 7y be three metrics on X.

Definition 3.1. (X,d,0,7) is called an (M)-space if for all Cauchy sequence (x,), in (X,d),
(X,0) and (X, 7), there exist x*,y*,z* € X such that

limd (x,,x*) = lim & (x,,,y*) = limy(x,,2") = 0.
n n n

Example 3.2. if (X,d), (X,8) and (X,y) are complete metrics space, then (X,d,0,7) is an
(M)-space.
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Example 3.3. Let X be the set of all C?> function u from [0,1] into R with #(0) = 0 and

i (0) = 0; we define three metrics on X by:

d(u,v) = sup |u(x)—v(x)],
x€[0,1]

S(u,v) = sup |u (x)—v (x)],
x€[0,1]

Yu,v) = sup |u (x) —v (x)],
x€[0,1]

for all u,v € X. It is well know that the sequence of the polynomial function defined by:

up(x) = 0,

() = )+ 5 (1= x—130),

are in X and converge uniformly to x — /1 — x which is not in X. Hence, (X,d) is non complete.

We define the subsequence (v,), by:
X
vn(x) = / wn(t)dt, x € [0,1].
0

(vn)n converge uniformly to x — /X\/Edt = %(1 —(1 —x)%), wich is not in X. Hence,
(X, 0) is non complete. "

If (wy), is a Cauchy sequence in (X, d), (X,0) and (X, y), there exist three continuous functions
u,v,w such that (w,),, (w,), and (w, ), converge uniformly to u,v and w, respectively. Then u

is of class C2 and u = v, u = won X. Hence
limd(wp,u) = lim 8 (wy,,u) = limy(w,,u) = 0.
n n n

It follows that (X,d, 8, v) is an (M)-space.
Theorem 3.4. Let X be non-empty set, d, 6 and y three metrics on X and T : X — X a mapping
such that:

(1) (X,d,d,7) is a (M)-space.

(2) For all x,y € X, one of the following three conditions:

i d(x,Ty) < 8(x,y),

ii. 8(x,Ty) < y(x,y),
iii. y(x,Ty) <d(x,y),
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implies

d(Tx,Ty) < a(8(x,y))8(x,y),

6(Tx,Ty) < a(y(x,y))v(x,y),

Y(Tx,Ty) < a(d(x,y))d(x,y),
where o : [0, 4o0[— [0, 1] is a function such that limsup o/(s) < 1, for all r > 0.

s—rt

Then T has a unique fixed point x* € X.

Proof. step 1:

Letting xo € X, we define the sequence (xy), by x,+1 = Txy,, for each n € N, we have
d(xn—l—laTxn) =0< 6(xn+1;xn)a
so, we obtain that

(é(anrl 7xn))5(xn+laxn)7
(Y(n115%0) ) Y (Xn415%n),

'}/(Tanrla Txn) = Y(Xn+2;xn+l) < a(d(xn+l7xn))d(xn+l7xn)a

d(Txpy1,Txn) = d(Xny2,Xn11) < O
5(Txn+laTxn) = 5(xn+27xn+l) 04

then:

d(xn+1 :xn+2) < a(5(xn+l 7xn))5(xn+1 :xn)

IN

OC(S(X,,_H 7xn))a(’)/(xn—l 7xn))’y(xn—l axn)

IN

(8 (Xn+1,%n)) (Y (Xn—1,%n)) 0L(d (Xn—2,%n—1) )d (Xn—2,%n—1)

< d(xy—2,Xn—1), forall n>2.

Analogously, we obtain O (xpy1,%p+2) < 0(Xy—2,X%n—1) and Y(xp+1,Xn12) < O0(Xn—2,X%p—1)-

It follows that (d(x3p,X3p+1))p» (d(X3p+1,%3p42))p and (d(x3p12,X3p43))p converges to d,d,
and d3, respectively. And (8(x3p,X3p+1))p (0(X3p4+1,X3p42))p and (0(x3p42,X3p4+3))p con-
verges to 01,8, and 8, respectively. And (Y(X3p,X3p+1)) p» (Y(X3p+1,%3p+2) ) p and (Y(x3p+2,X3p+3) ) p
converges to Y1, V>, and 3, respectively.

Since limsup o (r) < 1, limsup at(r) < 1 and limsup & (t) < 1 there exist py € Nand r; € [0,1]

=8 1=y t—dy
such that for any integer p > pi

d(x3p+1,X3p42) < r1d(x3p—2,X3p—1).
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And limsupa(t) < 1, limsup o(t) < 1 and limsup & (t) < 1 there exist p € Nand rp, € [0,1],

1—8 1=y t—dy
such that for any integer p > p»

d(x3p4+2,X3p43) < 12d(X3p—1,X3)).

Andlimsup (1) < 1, limsup a(t) < 1 and limsup a(t) < 1, there exist p3 € Nand r3 € [0,1],
1—8; 1=y t—df
such that for any integer p > p3

d(x3p+37x3p+4) < I’3d(X3p,X3p+1).

It follow that ¥,>1d(x3p—1,%3p), Lp>1d(X3p—2,x3p—1) and L,>0d(x3,,x3p+1) are convergent.

Then
L>0d (X, Xn11) = Zp>0d (X3p, X3p41) +Zp>1d (X3p,X3p—1) + Ep>1d (X3p—1,X3p—2)

is convergent. In the same way; we find X,>00 (X, Xn+1) and X,>0Y(Xn,Xy+1) are convergent.
Hence (x,), is a Cauchy sequence in (X,d),(X,08) and (X,7); Since (X,d,8,7) is an (M)-space,

there, exist x*,y*,7* € X such that
limd (x,,x") = lim & (x,,,y") = limy(x,,z") = 0.
n n n

Step 2:
Case 1: If x* # y* and y* # 7*.
Since lim, d(Tx,,x*) = 0 and lim,, 8 (x,,x*) = 8(y*,x*) > 0, we obtain d(x*,Tx,) < 6(x*,x,)

for large integers, which gives

(1) d(Tx" ,xp41) =d(Tx*,Tx,) < a(8(x",x,))0(x",x),
(2) 6<TX*7xn+l) = 5(Tx*7Txn) < a(Y(X*7xn))Y(X*7xn)a
3) YTX" x511) = Y(Tx*, Tx,) < ot(d(x",x,))d (x™, xp).

Therefor we have

Tx* =7".
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Since lim, 6 (Txp,,y*) = 0 and lim, y(x,,y*) = y(z*,y*) > 0, we obtain 6(y*,Tx,) < y(y*,x,)

for large integers, which gives

) d(Ty"xp41) = d(Ty", Txn) < a(8(y",2)) 8 (3", xn),
(5) S(Ty" xns1) = 8(Ty", Txa) < a(Y(y", xa)) YY", %),
(6) YTy s xni1) = Y(Ty*, Tx) < a(d(y*,20))d (v, ).
Wherefrom

Ty* = x*.
ifx* 2",

Since lim,, Y(Tx,,z*) = 0 and lim,, d (x,,2") = d(x*,2*) > 0, we obtain y(z*,Tx,) < d(x*,x,) for

large integers, which gives

() d(TZ" xpy1) = d(TZ", Txn) < 01(8(2%,xa))6(27, %),
(8) S(TZ*,Xn_H) = 5(TZ*,TXn) S OC('}/(Z*,Xn))'}/(Z*,Xn),
©) VT2 x01) = V(T2 Txn) < a(d(2",%0))d (27, Xn)-

So, we have

T =y".
Further, from (2), (6) and (7) we get for ki, kp, k3 € [0,1[: 6 (v*, Tx*) < kyy(z*,x*), (%, Ty*) <
kod(x*,y*) and d(x*,TZ*) < 8(y*,2"), this yields 6 (y*,z*) < k1 y(x*,2%), y(z*,x*) < kad (x*,y*)
and d(x*,y*) < k36(y*,z*). So, we have

d(x",y") < kd(y",z")
< kskiy(x",2)
< kskikod(x*,y"),
therefore x* = y* = z*, wich is contraction. Thus x* = z*.
Using (2), we obtain §(y*,z*) < kay(x*,2*) for ks € [0, 1], then y* = z*, which is absurd.
Case 2: if x* #y* and y* = 7*.
Then x* # 7*. Moreover, from (7) we get d(y*,x*) < ks6(z*,y*) for ks € [0, 1], therefore x* = y*,

which is contraction.
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Similarly if x* = y* and y* # 7*, we get a contraction.

We can conclude that

step 3:

To prove that Tx* = x*, we consider the sets A,B and C defined by:
A = {neN/d(Tx;,x") < 8(xn,x)},
B = {neN/3(Txp,x") < y(xn,x")},
C = {neN/y(Txy,x") <d(x,x)}.

We asserts that A or B or C is infinite; if A, B and C are finite, there exist as integer N such that,

for all integers n > N,
d(Txy,x") > 0O(xp,x"),
O(Txp,x™) > y(xu,x"),
Y(Txp,x") > d(xn,x").
Hence we have,
d(xn,x") < Y(Xn41,X7)
< 8(ns2,x7)
< d(xp43,x"), foralln > N.

Therefor we have d(x,,x*) < d(x,43,x"), for all integers n > N thus, the sequence (d(x3,,X*))n
is strictly increasing to 0; which is a false assertion. If we assume that A is infinite, there exists
some subsequence (Xg(n))n such that d(Txg(,),x") < 6(Xg(n),X"),
this yields

d(Tx*, Txg () <

(04
O(Tx", Txg(ny) < A(Y(X" X (m))) V(X" X5(n))
(04

which implies that
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Thus y(Tx*,x*) = 0, hence x* is a fixed point of T. We have the same results if B or C are
infinite.

step 4:

For the uniqueness of the point, we assume that X and y are two different fixed points of T. We
have d(x,y) < 6(x,¥) or 6(x,y) < d(X,y). For the first case, we obtain: d(X,Ty) = d(x,y) <
0(xX,y) and then

which is a contraction.

Thus, T has a unique fixed point in X. This completes the proof.
If 6 =y, we obtain the following result proved by EL. Marhrani and K. Chaira [4)].

Corollary 3.5. Let X be non-empty set, d and 6 two metrics on X and T : X — X a mapping
such that:
(1) (X,d,d) is a (M)-space.
(2) For all x,y € X, one of the following two conditions:
i d(x,Ty) < d(x,y),
ii. 0(x,Ty) <d(x,y),
implies
d(Tx,Ty) < a(8(x,))8(x,y),
6(Tx,Ty) < a(d(x,y))d(x,y),
where o : [0, 4o0[— [0, 1] is a function such that limsup o/(s) < 1, for all r > 0.

s—rt

Then T has a unique fixed point x* € X.

Example 3.6. Let X = [0,1]U{2,3} endowed with the usual distance d and the distance 8 and
Y defined by
|x_y| ifx7y S [07 1]7
0(x,y)=19 x4y ifxoryisnotin[0,1] and x #y,

0 if x=y.
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Y(X,y) = 2|X—y|
(X,d), (X,0) and (X,vy) are complete metric spaces. We define a. from [0, oo into [0, 1] by

o(t) = %e_t, and consider the mapping defined on X by

saxif xe[0,1]

Tx=
0 ifx>1.
We asserts that
d(Tx,Ty) < o(8(x,y))d(x,y),
6(Tx,Ty) < a(y(x,y))v(x,y),
YTx,Ty) < a(d(x,y))d(x,y),

is obviously satisfied if x,y € [0,1[ or x,y € {2,3}, orx € [0,1[and y € {2,3}.
Ifx€[0,1] and y = 1, we have

(d(x,T1) < 8(x,1) or 8(x,T1) < 7y(x,1) or y(x,T1) <d(x,1)) & x € [O,%].

And consequently
1 2 1 -y
ATeT1) = 5ors 2o <2 790 -0 = ald(x1)8(x, 1),
1 2 2 o1y
5(TX7T1) = gx < @ < §€ 201 )(1 x) = OC(’Y(X71))’}/(X7 1)7
1 4 I -y
Y(Tx,T1) = ng < 906 < 3¢ (1—x)=o(d(x,1))d(x,1).

Ifx=0.999 ¢ [0,3], we have
(d(x,T1) > d(x,1),
8(x,T1) > y(x,1), and d(Tx,T1)> a(6(x,1))6(x,1).
Y, T1) > d(x, 1)),
Thus the assertion is satisfied. Then T has a unique fixed point in X, TO = Q.
The following result generalizes theorem 2.2.
Theorem 3.7. Let X be non-empty set, d, 6 and y three metrics on X and T : X — X a mapping
such that:
(1) (X,d,d,7) is a (M)-space.

(2) For all x,y € X, one of the following three conditions:



276  MOHAMED AMINE FARID, KARIM CHAIRA, EL MILOUDI MARHRANI AND MOHAMMED AAMRI
. d(x,Ty) <d(x,y),
ii. 6(x,Ty) <7y(x,y),
ii. y(x,Ty) <d(x,y),
implies
d(Tx, Ty) < a(8(x,y))(d(y, Tx) + 8(x, Ty)),
6(Tx,Ty) < a(y(x,y))(8(y, Tx) +v(x, Ty)),
Y(Tx, Ty) < o(d(x,))(Y(y, Tx) +d(x,Ty)),

1
where o : [0, 4oc0[— [0, 1[ is a function such that limsup o(s) < E,for all r > 0.
s—rt

Then T has a unique fixed point x* € X.

Proof. step 1:

Letting xo € X, we define the sequence (xy), by x,+1 = Tx,, for each n € N, we have
d(anrlaTxn) =0< 5(xn+1axn>7

so, we obtain that

d(Txn+17Txn) < a(S(xn+17xn))(d(xn7Tanrl) + 5<xn+17Txn))a
8 (Txps1,Txn) < 0U(Y(Xn41,%n)) (8 (X, Txns1) + Y1, Txn)),
V(T xn41, Txn) < 0(d(Xnt1,%0) ) (Y (X, TXn1) +d (X1, T X)),

therefore
d(Txni1,Toxn) < 008 (Xns1,%0))d (Xn, Xn42),
8(Txn+1,Txn) < (Y (Xnt1,%0)) 8 (X, Xn12),
V(T xps1,Txn) < 0U(d(Xp41,%0)) Y (Xns Xn42),
wherefrom
d(Txp41,Txn) < (8 (xns1,%n))(d (Xn, Xn11) + d (X1, Xn42)),
8(Txp41,Txn) < (Y (Xn41,%n)) (8 (X, 1) + 6 (X1, Xn42)),
V(T xp41,Txn) < 06(d(Xnt1,%0) ) (VX0 X041) + V(Xnt1,%042))
so, we have

(8 (iy01.))
T3 (s 1 & (s X 1)

o(V(pe150))
a(y(xill,xn>> & (xn, 1)

/\

d(xn+2 yXn+1 )

/\

o (xn—i-Z yXn+1 )

/\

Y(Xn42,Xn41) <
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By hypothesis lf‘ggt) <1, forallt € [0,+o| then

d(xn+27xn+l> < d(xn’anrl)?
6(xn+2axn+1) < 6(xn7x”+1)’
<7y

Y(xn+27xn+l) (xn,xn+1>.

271

It follows that (d(Xn,%n41)) ps (8(Xn,Xn41))p and (Y(Xn,Xn41)), converges to ly, I and 1y , re-

spectively.

1 1 1
Since limsupa(t) < =, limsupa(t) < = and limsup o () < =,
1=l =1y 1=l 2

there exist p1,p2,p3 € Nand ry,rp,r3 € [0, %[ such that:

o(d(xps1,%n)) <r1, forall n> py,
(S (xpy1,%0)) <12, forall n> py,

a(Y(er—l»xn)) <r3, forall n> pj3,

this yields

05(6()(,, lzxn)) r
1—0‘(5(X+n+17xn)) < 175, forall n=py,

A(Y(Xn+15%n)) ’
1_a(Y(xJ:z+1,xn)) S 1—2r27 fOr all n Z P2,

a(d(xn 1>xn)) r
1_0‘(d(xtl+1.,x,,)) < 1_3r37 forall n > ps.

Then exist R|,Ry,R3 € [0, 1 such that

d(xXp12,%011) < Rid(Xp, Xn11),
0 (Xn42,Xn41) < R2O(Xn, Xny1),

Y(Xn42:Xn41) < R3Y(Xn, Xny1)-

Hence (x,), is a Cauchy sequence in (X ,d),(X,06) and (X,7v); since (X,d,8,7) is an (M)-space,

there exist x*,y*,z* € X such that
limd (x,,,x") = 1im & (x,,y*) = limy(x,,z") = 0.
n n n

Step 2:
Case 1: If x* #y* and y* # 7*.

Since lim, d(Tx,,x*) = 0 and lim, 8 (x,,x*) = 8(y*,x*) > 0, we obtain d(x*,Tx,) < 6(x*,x,)

for large integers, which gives.
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(10) d(Tx",Tx,) < a(0(x",x,))(d(xn, Tx™) + 6 (x*, Txy)),
(11) O(Tx",Txp) < a(y(x™,x0)) (0 (X, Tx™) + y(x*, Txp)),
(12) Y(Tx*, Txy) < a(d(x*,xn)) (Y%, Tx*) +d(x*, Txy)).

From (12), we have Tx* = 7*.
Since lim,, §(Tx,,y*) = 0 and lim, ¥(x,,y*) = y(z*,y*) > 0, we obtain 3(y*,Tx,) < y(y*,xn)

for large integers, which gives

(13) d(Ty", Toxn) < (8" %)) (d (0n, Ty") + 8(y", Txn)),
(14) O(Ty", Txn) < ot(y(y", %)) (8 (3n, Ty") + (3", Txn)),
(15) YTy, Ton) < 0(d (Y xa)) (Y0, TY) +d (3", Txn)).

So, by (13) we get that Ty* = x*.
If x* # z*. Then lim, Y(Tx,,2") = 0 and lim, d (x,,z") = d(x*,2") > 0, we obtain y(z*,Tx,) <

d(z*,xy) for large integers, which gives

(16) d(TZ,Txy) < 0(6(z",x0))(d(x0, TZ*) + 8(", Tx)),
(17 O(TZ", Txn) < a(¥(2", %)) (0 (X, TZ") +7(2", Txn)),
(18) VT, Txn) < a(d(Z",x0)) (Y%, TZ7) +d (27, Txn)).

Using (17), we obtain Tz* = y* and using (14) we get for k; € [0, %[

S(Ty",y") <ki(8(y", Ty") +v(y",2%)),

then
6(x",y") <k (6(y",x") +7(v",2)),

therefor we have

k

S y") S 71077 < Y0,
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using (18) we obtain that there exists ky € [0, %[ such that

y(Z5,y") < d(x*,7") <d(x*,7"),
1—ky

and using (10), we get for k3 € [0, %[

d(z",x") <

then 8(x*,y*) < 6(x*,y*), which is contraction.
Ifx* =z".

By (11) we conclude that there exists k4 € [0, %[ such that
S(Tx",y") < ka(6(y", Tx") +¥(z",x")),
then
5(2*,)’*) < k45(y*7z*),
which is contraction.

case 2: if x* #y* and y* = z*. Then x* # 7*.

Using (17), we obtain TZ* = y*, and using (16) we obtain that there exists ks € [0, %[ such that:
d(y",x") <ksd(y",x*)+6(y",2"),

it follows that x* = y*, which is contraction.
Similarly if x* = y* and y* # z*, we get a contraction.

Thus

step 3:

As in the step 3 the proof of theorem 3.4, we have a subsequence (xa(,,))n such that:

d(Tx*, Txg(n)) < A(8(x*,X5(n)))(d (X5 (n), TX*) + 8 (x*, TXg())),
O(Tx*, Txg(ny) < A(V(X*,X5(n))) (8 (Xg(n) TX") + Y(X*, Txg(n)))
Y(Tx* Txg(n)) < Q(d(x", x5 (n))) (Y X6 (n), TX*) +d (X", Txg(n)))-

Then there exists k € [0, 3| such that:

d(Tx*,x*) <k(d(x",Tx*) 4+ 0(x",y")).



280 MOHAMED AMINE FARID, KARIM CHAIRA, EL MILOUDI MARHRANI AND MOHAMMED AAMRI
Which implies d(Tx*,x*) < kd(x*,Tx*) and hence Tx* = x*, thus x* is a fixed point of T.

step 4:

For the uniqueness of the point, we assume that X and y are two different fixed points of T. We
have d(x,y) < 6(x,¥) or 8(x,y) < d(X,y). For the first case, we obtain: d(X,Ty) = d(X,y) <
0(x,y) and then

then
(- = S(xy _ __
d(%5) < (A5 8(%,5) < 8(%.5),
8(%,5) < 1o y(%,3) < ¥(%),
YEY) < hilsd(%,5) < (%),
\

which is contraction. Thus, T has a unique fixed point in X. This completes the proof.
If 6 = 7, we obtain the following result.

Corollary 3.8.

Let X be non-empty set, d and & two metrics on X and T : X — X a mapping such that:

(1) (X,d,d) is a (M)-space.

(2) For all x,y € X, one of the following two conditions:
. d(x,Ty) <d(x,y),
ii. 6(x,Ty) <d(x,y),

implies

d(Tx,Ty) < a(8(x,y))(d(y, Tx) + 6 (x, Ty)),
6(Tx, Ty) < a(d(x,))(8(y, Tx) +d(x,Ty)),

1
where o : [0, 4oc0[— [0, 3[ is a function such that limsup o(s) < > forallr > 0.

s—rt

Then T has a unique fixed point x* € X.
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Example 3.9. Let X = {(0,0),(4,0),(0,4),(5,0),(4,5),(5,4)} endowed with the distance d
and 6 defined by

d((x,x),(,y)) = lx—=yl+ X' =y and ((x,x),(y,y)) = \/Tg(lx—ﬂ + X' =),

for all ((x,),(»))) € X*.
We put r = \% and consider the mapping defined on X by

/

(x,0) if x <X and (x,x") € X\ {(0,4)},
T(x,x') =4 (0,) ifx > x and (x,x') € X\ {(0,4)},
\(O=O> if(xvxl) - (0a4)

First case : ((x,x),(y,y')) € {((4,5),(5,4)),((5,4),(4,5))}, we have

d(T(x,x'),T(v,y")) < r(d((y,Y),T(x,x) +8((x,x), T (»Y))),
8(T(x,x),T(y,Y)) <r(8((3)),T(x,x))+d((x,x),T(»)))-
Second case : (x,x') = (4,5) and (y,y") = (5,4).

d((x,x"),T(y,)")) =5 and 5((x,x'), T (y,¥')) = V3

E
(). Tea) =4 and 5((). 7)) = 22

d((x,X), (3.Y)) =2 and §((x,X), (y,))) = V5.

Note that

d((x,x'),T(y,y")) > 8((x,x), (%)),

and

8((x, ), T (3,y") > d((x,x'), (3)"))-

Since d(T (x,¥'), T (v,')) = 9 and 8(T (x,x'), T(y,y)) = 25 , s0

{d(T(xax/),T(y,y’)) >r (d((3y), T (x,x) +8((x,x), T (%)),

8(T(x,x'), T (3y)) >r (8((v,y),T(x,x)) +d((x,x),T(y,5))).
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Similarly for (x,x") = (5,4) and (y,y') = (4,5).

Hence, T satisfies the hypotheses of corollary 3.8 but we haven’t

d(T (x,x'),T(v,y")) < r(d((,Y),T(x,x) +8((x,x), T (»Y))),
8(T (x,x'),T(y,y)) < r(8((n,Y), T(x,x)) +d((x,x), T (»)))),
on the hole space. Note that T have a unique fixed point x* = (0,0).
If d = & = v, we obtain the following result.

Corollary 3.10. Let (X,d) a complete metric space and let T : X — X be a mapping such that,
forall x,y € X,

d(x,Ty) <d(x,y) implies d(Tx,Ty) < a(d(x,y))(d(y,Tx) +d(x,Ty)),

1
where o : [0,4oc0[— [0, 3[ is a function such that limsup o(s) < > forallr > 0.
s—rt
Then, there exist a unique element x* € X such that Tx* = x*.

Remarque 3.11. In corollary 3.10 if the function o is replaced by a constant r € [0, %[ we get

the theorem 2.2
The following result generalizes theorem 2.1.

Theorem 3.12. Let X be non-empty set, d, 8 and y three metrics on X and T : X — X a mapping
such that:
(1) (X,d,8,7) is a (M)-space.
(2) For all x,y € X, one of the following three conditions:
i d(x,Ty) <8(x,y),
ii. 8(x,Ty) <y(x,y),
ii. y(x,Ty) <d(x,y),
implies
d(Tx,Ty) < a(6(x,y))(d(x,Tx) + 8(y, Ty)),
6(Tx, Ty) < a(y(x,y))(8(x, Tx) +¥(y, T)),
Y(Tx, Ty) < a(d(x,)) (v(x, Tx) +d(y,Ty)),
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1
where o : [0,4c0[— [0, 3[ is a function such that limsup o(s) < E,for all r > 0.
s—rt
Then T has a unique fixed point x* € X.

Proof. step 1:

Letting xo € X, we define the sequence (x,), by x,+1 = Tx,, for each n € N, we have
d(anrlaTxn) =0< 5(xn+1axn>7

therefor we have

d(Txn—HaTxn)S (5(xn+17xn))(d(xn+l;Txn—i-l)+6(xn7Txn)>7
8(Txns1,Txn) < 0U(Y(Xnt1,%0) ) (8 (K15 T X 1) + V(%0 Tk )

V(Txnp1, Txn) < 0(d(Xn11,%0)) (Y (X041, Ty 1) +d (X, Txn)),

(04
(04

wherefrom
d(Xn12,%n+1) < 08 (Xnt1,%0) ) (d (X1, Xn12) + 8 (Xn, Xn41)),
8 (Xn+2,%n+1) < O(Y(Xnt1,%0)) (8 (Xnt-1,%n42) + V(oXn, Xn11))
Y425 Xn41) < 0(d (Xnt1,%0) ) (VK15 Xn42) + (X, Xnt1))
this yields
d(Xp42,%n+1) < a(n)é (X, Xn+1),
8 (Xn+2,%n+1) < b(n)Y(Xn, Xn+1),
Y42, %n11) < e(n)d (X, Xn+1),
with

) Xn+1:Xn
a(n) = 20msxl)

. (Y(xn+15%0))
b(n) = 125y,

d(Xp11,%n
cln) = Zaat ey

Thus, we have

d(xn+27xn+1> < a(n)S(xnaxn—H)

IN

a(n)b(n—1)y(xn—1,%)

a(n)b(n—1)c(n—2)d(x,—2,x,—1), foralln > 2.

IN
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Analogously, we obtain & (xp42,X,+1) < b(n)c(n—1)a(n—2)0(x,—2,x,—1) and Y(xp12,Xp+1) <
c(n)a(n—1)b(n—2)y(xp—2,Xn—1)-

By hypothesis, 0 < ]Etggt) < 1, Vt € [0, +-o0], then:

d(.xn+2,xn+l) < d(xanaxn*I)v
5(xn+27xn+1) <

'Y(xn+27xn+1) < }’(anz,xn,l).

It follows that (d(x3p,x3p+1))p, (d(X3p+1,%3p+2))p and (d(x3p12,X3p43))p converges to d,ds,

and d3, respectively. And (8(x3p,%3p+1))p (0(X3p+1,X3p42))p and (O(x3p42,%3p4+3))p con-
verges to 81,8, and 83, respectively. And (Y(x3p,X3p+1))p» (Y(X3p+1,X3p+2) ) p and (Y(x3p+2,X3p+3) ) p
converges to Vi, %, and '3, respectively.

1

1 1
Since limsupa(t) < =, limsupa(t) < = and limsup o () < =.
=8 1=y 2 t—dy

[\

There exist py € N and ry € [0, 5[ such that for any integer p > p\

max{o(d(x3p+1,%3p+2)); (8 (xX3p,X3p11)): A(Y(X3p42,X3p43)) } < 11

Hence
(X(5(X3p+1,x3p)) < N
1= (S (x3p41,x3p)) — 1=r1?
a(y(x3p.x3p—1)) r
1—a(y(x3px3p—1)) — 1=r1’
a(d(x3p—1,%3p-2)) < _n
l—a(d(xgl,,17x3‘,,,2)) — 1-r"

There exist Ry € [0, 1] such that
d(X3p41,X3p42) < R1d(x3p-2,X3p—1).
In the same way, we find that exist py,p3 € N and Ry, R3 € [0, 1| such that
d(x3p12,%3p+3) < Rod(x3p—1,X3p) for p > pa,

d(x3p+4,X3p43) < R3d(x3),X3p41) for p > p3.

It follow that ¥,>1d(x3p—1,X3p), Lp>1d(x3p—2,X3p—1) and X,>0d(x3p,X3p+1) are convergent.

Therefore

Zn20d<xn7xn+l) = szod(x3p7x3p+l) +Zp21d(x3p7x3pfl) +2p21d(x3p717x3p72)>
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is convergent. In the same way; we find ,>008 (Xn,Xp+1) and X,>0Y(Xn,Xn+1) are convergent.
Hence (xy,), is a Cauchy sequence in (X ,d), (X,06) and (X,7y); since (X,d,d,7) is an (M)-space,

there exist x*,y*,z* € X such that

0.

limd (x,,x") = lim & (x,,,y") = lim y(x,,,2")
n n n

Step 2:
Ifx* #y*. And since lim,, d(Tx,,x*) =0 andlim, & (x,,x*) = 6 (y*,x*) > 0, we obtain d (x*, Tx,) <

O (x*,x,) for large integers, which gives

(19) d(Tx*,Tx,) < a(8(x",x,))(d(x*,Tx") + 6 (xn, Tx)),
(20) O(Tx*,Txy) < o(y(x",x,)) (0 (X", Tx™) + Y(xn, Txn)),
(1) Y(Tx*,Tx,) < a(d(x*,x,))(y(x*, Tx*) +d(xn, Txy)).

Using (19), we obtain Tx* = x* and by (20) we conclude that 6(Tx*,y*) < §(x*,Tx*) so, we
have Tx* = y*, also x* = y*, which is contraction.
Similarly if x* # 7" and y* = 7, we get a contraction.

Thus

step 3:

As in the step 3 the proof of theorem 3.1, we have a subsequence (xc(n)) n such that:
d(Tx*, Txg(ny) < Q(O(X",xg () ) (d(X*, TX") + 6 (Xg(n)s TXg(n)))s
O(Tx*, Txg(ny) < (VX" X)) (8 (X", TX") + V(X6 (n), TXe(n)))
’Y(TX*a Txd(n)) < (d(X*va(n)))(y(X*v TX*) + d(xc}'(n)’ Txc(n)))'

1
Furthermore, limsup (8 (x", X)) < 3 implies that exists k € |0, %[ such that

n

d(Tx*, Tx(,(n)) < k(d(x*, Tx*) + 5(x6(n),TxG(n))),

and consequently

d(Tx",x*) < kd(x*,Tx").
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Thus d(Tx*,x*) = 0, hence, x* is a fixed point of T.

step 4:

For the uniqueness of the point, we assume that X and y are two different fixed points of T. We
have d(x,y) < 6(x,¥) or 8(x,y) < d(X,y). For the first case, we obtain: d(X,Ty) = d(X,y) <
0(x,y) and then

Then d(X,y) = 0, thus, T has a unique fixed point in X. This completes the proof.
If 0 = v, we obtain the following result.

Corollary 3.13. Let X be non-empty set, d and & two metrics on X and T : X — X a mapping

such that:

(1) (X,d,d) is a (M)-space.
(2) For all x,y € X, one of the following two conditions:
i d(x,Ty) < d(x,y),
ii. 6(x,Ty) <d(x,y),
implies
d(Tx,Ty) < a(6(x,y))(d(x,Tx) + 8(y, Ty)),
a(d(x,y))(8(x, Tx) +d(y, Ty)),
where o : [0,4c0[— [0, 3[ is a function such that limsup o(s) < %,for all r > 0.

s—rt
Then T has a unique fixed point x* € X.

Corollary 3.14. Let (X,d,0,7) a (M)-space and T : X — X a mapping such that:

d(Tx,Ty) < a(6(x,y))(d(x,Tx) + 6(y,Ty)),
8(Tx,Ty) < a(y(x,y))(8(x,Tx) +¥(y,Ty)),
Y(Tx, Ty) < a(d(x,y))(y(x,Tx) +d(y,Ty)),

1
where o : [0, 4oc0[— [0, 3[ is a function such that limsup o(s) < > forallr > 0.

s—rt

Then T has a unique fixed point x* € X.
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Example 3.15. Let X = [0, 1] endowed with the usual distance d and the distance § and y
defined by 6(x,y) = 2|x—y| and y(x,y) = 3|x —y|.
(X,d), (X,0) and (X,7y) are complete metric spaces. We define o from [0,+oo[ into [0,1] by
~6

ot) = 15—28 , and consider the mapping defined on X by

x if x€[0,1],

Tx=
0 if x=1.
For x,y € [0, 1], we have
d(Tx,Ty) = i]x— \<i 3‘x’y‘(ix—|—2 )=a(8(x,y))(d(x,Tx)+8(y,Ty))
9 y - 10 y —12 10 Sy - 7y ) y; y 9
1 5 71|x7y‘ 9 27
S(TxaTy) = g’X—y‘Sﬁe 2 (gx—i—my):}/(d(x,y))(5(x,Tx)+y(y,Ty)),
3 5 1 27 9
— y—vy| < e shkylzL Z )= .

Forx € [0,1[ and y = 1 T satisfy corollary 3.14, similarly fory € [0,1{ and x = 1. Then T has

a unique fixed point in X, T0 = 0.

Corollary 3.16. Let (X,d) a complete metric space and let T : X — X be a mapping such that,
forall x,y € X,

d(x,Ty) <d(x,y) implies d(Tx,Ty) < a(d(x,y))(d(x,Tx)+d(y,Ty)),

1
where o : [0,4oc0[— [0, 3[ is a function such that limsup o(s) < > forallr > 0.

s—rt
Then, there exist a unique element x* € X such that Tx* = x*

Remarque 3.17. In corollary 3.16 if the function o is replaced by a constant r € [0, %[ we get

the theorem 2.1.
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