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1. Introduction and preliminaries

Since the appearance of Banach’s contraction principle, a variety of generalizations, exten-

sions and applications of this principle have been obtained; see Rhoades[24] for a complete
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survey of this subject, Alber and Guerre-Delabriere [14]defined weakly contractive mappings
on a Hilbert spaces and established a fixed point theorem for such mappings, Dutta and Choud-
hury [13]generalized the weak contractive condition and proved a fixed point theorem for a self-
mapping, which in turn extends Theorem 1 in[24] and the corresponding result in [14], Zhang
and Song [20] introduced generalized weak contractive mappings and obtained a common fixed
point result. Doric [15] extended the result of Zhang and Song using a pair of functions y
and ¢@. On the other hand, Banach’s contraction principle is broadly applicable in proving the
existence of solutions to operator equations, including the ordinary differential equations, par-
tial differential equations and integral equations. This principle has been generalized in many
directions. For instance, Matthews [23] introduced the concept of a partial metric as a part of
the study of denotational semantics of dataflow networks. He gave a modified version of Ba-
nach’s contraction principle, more suitable in this context. Many authors followed his idea and
gave their contributions in that sense, see for example [4, 5, 6, 11, 12, 19, 21, 22, 25, 27, 28].
Subsequently, several authors studied the problem of existence and uniqueness of a fixed point
for mappings satisfying different contractive conditions (e.g., [2, 3, 7, 8, 12, 26, 29]). Existence
of fixed points in ordered metric spaces has been initiated in 2004 by Ran and Reurings [9], and
further studied by Nieto and Lopez [10]. Finally, several interesting and valuable results have
appeared in this direction[16, 17]. The aim of this article is to study the necessary conditions
for existence of common fixed points of six maps satisfying generalized weak contractive con-
ditions in the framework of complete two partial metric spaces endowed with a partial order.
Our results extend and strengthen various known results[1, 18, 20].

Following are some definitions and known results needed in the sequel.

Definition 1.1.[23] Let X be a nonempty set. A mapping p: X x X — RT is said to be a

partial metric on X if for any x,y,z € X , the following conditions hold true:

(P): p(x,x) = p(y,y) = p(x,y) if and only if x=y;
(P): p(x,x) < p(x,y);
(P3): p(x,y) = p(y,x);

( )
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A nonempty set X equipped with a partial metric p is called partial metric space. We shall
denote it by a pair (X; p).

If p(x,y) =0, then (P;) and (P;) imply that x = y. But converse does not hold always.

A trivial example of a partial metric space is the pair (R*,p), where p : Rt x RT — R™ is
defined as p(x,y) = max{x,y}.

Each partial metric p on X generates a Ty topology T, on X which has as a base the family of
open p-balls {B,(x,€) : x € X,& > 0}, where By (x,€) = {y € X : p(x,y) < p(x,x) + €}, for all
x € X and € > 0. Observe (see [23], p. 187) that a sequence x,, in X converges to a point x € X,
with respect to 7, if and only if p(x,x) = r}l_r)l;lo p(x,x,). If p is a partial metric on X, then the

mapping p’ : X x X — R (set of all non-negative real numbers) given by

pP(xy) = 2p(x;y) — p(x;x) — p(:y)

is a metric on X.

Example 1.1.[23] If X = {[a,b]:a,b € R,a <b} then p(|a,b],[c,d]) =max{b,d} —min{a,c}
defines a partial metric p on X.

Definition 1.2.[23] Let X be a partial metric space.

(a): A sequence {x,}in X issaid to be a Cauchy sequence if ) }7112100 p(xn,xp) exists and
is finite. |

(b): X is said to be complete if every Cauchy sequence {x,} in X converges with respect
to T, to a pointx € X such that r}l_rgo p(x,x,) = p(x,x). In this case, we say that the

partial metric p is complete.

Aydi [5] obtained the following result in partial metric spaces.

Theorem 1.1. Let (X,<y) be a partially ordered set and let p be a partial metric on X such
that (X, p) is complete. Let f : X — X be a nondecreasing map with respect to <x. Suppose
that the following conditions hold: for y < x, we have:
®): p(fx,fy) < px,y) = @(p(x,y));
where @ : [0,+oo[— [0, +oo[ is a continuous and non-decreasing function such that it is
positive in ]0, +oo[, ¢(0) = 0 and [Erfw Q(t) =00

(ii): there exist xo € X such that xy <x fxo;
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(iii): f is continuous in (X, p), or;
(iiii): if a non-decreasing sequence {x,} converges to x € X, then x,, <x x for all n.
Then f has a fixed point u € X. Moreover, p(u,u) = 0.
Recently, Abbas and Nazir [1] extended Theorem (1.1) and obtained the following theorem.

Theorem 1.2.[1] Let (X, <) be a partially ordered set such that there exist a complete partial
metric p on X and f a nondecreasing selfmap on X. Suppose that for every two elements

x,y € X with y < x, we have

v(p(fx, fy) S w(M(x,y)) — o(M(x,y)),

where

M (x,y) = max {p(x,y), p(fx,x), p(f,), P 1)) ;p(y’ 1) 2

v, : Rt — RT, yis continuous and nondecreasing, ¢ is a lower semi continuous, and y(t) =
¢(t) =0 if and only if t = 0. If there exists xo € X with xo < fxo and one of the following two

conditions is satisfied:

(a): fis continuous self map on (X, p°);
(b): for any nondecreasing sequence x, in (X, <) with lirJrrl p5(z,x,) = 0it follows x,, < z
n—r—+oo

foralln e N,

then f has a fixed point. Moreover, the set of fixed points of f is well ordered if and only if f
has one and only one fixed point.
A nonempty subset W of a partially ordered set X is said to be well ordered if every two elements

of W are comparable.
2. Fixed point results

Throughout the rest of this paper, we denote by (X,<,d,d) be a complete two partially
ordered metric spaces, i.e., < is a partial order on the set X and d, & are complete two partially
ordered metric spaces on X. A mapping F : X — X is said to be nondecreasing if x,y in X, x <

y=Fx=<XFy.
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Theorem 2.1. Let (X, <,d,0) be a complete two partially ordered metric space; let F : X — X

be a continuous and nondecreasing mapping such that for all comparable x,y in X:

(1) y(d(Fx,Fy)) < w(Ms(x,y)) — ¢ (Ms(x,y)),
) V(8(Fx,Fy)) < w(Ma(x,y)) — ¢(Ma(x,y)).
where:

[d(x, Fy) +d(Fx,y)]

My(x,y) = max{d(x,y),d(x,Fx),d(y,Fy),d(x,x),d(y,y), : 1
Ms(x,y) = maX{3(x,y),5(x,Fx),5(y,Fy),5(x,x)75(y,y)’[S(X’Fy);s(FxJ)]}’

(@): y : [0,4+00[— [0,40oo[ is a continuous and monotone nondecreasing function with
y(t) =0if and only if r = 0.
(b): ¢ : [0,+o0[— [0,+oo[ is a lower semi-continuous function with ¢ (¢) = 0 if and only if

t=0.
If there exists xo € X with xog < Fxg, then F has a fixed point .
Proof. Since F is a nondecreasing function, we obtain by induction that:
x0 =< Fxg < F2xg < ... < F'xg < F"Tlxy < ...

Put xg € X, x,+-1 = Fx,, Then, for each integer n =0, 1,2, ...., as the elements x,,;| and x,, are

comparable, from (1) we get:

3) V(d(Xnr1,%n)) = W(d(Fxn, Fxp—1)) < W(Ms(xn,Xn-1)) — @(Ms (Xn, Xn—1))-

Which implies y(d(x,41,%1)) < W(Mg(xn,x,—1)). Using the monotone property of the y —

function, we get:

“) d(xn+17xn) < Mé(xnaxnfl)-
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Now, from the triangle inequality, for § we have:

M5(xn7xn—1) = max{5(xn,xn_1),5(xn,Fxn),5(xn_1,Fxn_1),5(xn,xn),

[6 (xp, Fxp—1) + 5(Fxn,xn_1)]}
2

= maX{S(xn;xn—l)a 6(xn7xn+1)a 6(xn—laxn)a 6(xnaxn)a
[6(xn7xn) + a(xn+laxn—l)]

5()6”_] 7-xn—1)7

S(anlaxnfl), 2 }
< maX{S(xn,xn_l), 5(xn+1 7xn); [S(Xn,anrl) _; a(x’“x”*l)] }
5) = max{8(xn,%,_1),0(Xns1,%,)}.

If: O (Xp41,%n) > O(Xn,Xn—1), then Mg (xp,xp,—1) = 0 (Xp41,Xn) > 0.

By (3) it furthermore implies that:
V(d(xns1,20)) < W(6(Xnt1,%0)) — (8 (Xt 1,Xn))

< Y(8(xnt1,%n))

= Y(8(Fxn, Fxy_1)).
From (2) implies:
(6) W (d(Xnr1,%0)) < W(Ma(xn,x0-1)) — (M (X, Xn—1)).-
Similarly the (5) , we can show that:

My (xp,xn—1) = max{d(xp,xp—1),d(Xn+1,%n)}

If: d(xpt1,%0) > d(xp,x,—1) then My (x,,x,—1) = d(xp41,%,) > 0. By (6) it furthermore implies

that:
Y (d(Xnt1,%0)) < W(d(Xnr1,%0)) — O(d(Xni1,%)).

Which is a contradiction. So, we have:
(7) d(anrl»xn) SMd(xnaxnfl) Sd(xnyxnfl)-
Putin (2) , x = x,,y = x,_1 we get:

V(8 (Fxn, Fxn—1)) < W(Ma(xn,xn—1)) — @ (My(Xn,Xn—1))-
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Using (7) implies:
V(8 (Xnt1,%)) < W(d(Xn,X0-1)) — @ (d (Xn,%n-1)).-
Which implies:
V(8 (xn+1,%n)) < W(d(Xn,Xn—1))-
Using the monotone property of the ¥ — function, we get:
8) 6(xn+laxn) < d(xnvxn—1)~

Putin (1), x =x,,—1,y = x,_2 we get:

Y(d(Fxp—1,Fxn—2)) < Y(Ms(xn—1,%0-2)) — @ (M5 (xXp—1,Xn-2))-
Which implies
W (d(xn, Xn—1)) < W(Ms(Xn—1,%-2))-
Using the monotone property of the ¥ — function, and (5) , we have:
©) d(xn,Xn—1)) < Ms(Xp—1,%1-2) = 6 (Xn,Xn—1)-
(8) and (9) implies
O (Xpt1,%n) < 8 (X, xn—1)-
Which is a contradiction. So, we have:

(10) S(X,H_],Xn) < Mé‘(xnaxn—l) < 6<xnaxn—l)-

Therefore, (7) and (10) , the sequence {d(x,+1,%,)} (resp{d(x,+1,%,)}) is monotone non in-

creasing and bounded, thus, there exists » > 0 such that:

(11) lim (%) = lim M(xx-1) =,
Using (3), (10), (2) , and (7) , we obtain:

(12) W(d(Xnt1,%n)) < W(d(Xn—1,%0-2)) — 9 (d(Xn—1,Xn—2)).

We suppose that » > 0, then, letting n — oo in the inequality (12) , we get:

y(r) <w(r)—o(r),
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Which is a contradiction unless » = 0, hence,

(13) lim d(xp41,%x,) =0.

n—y—+-o0

Next we prove that {x,} is a d-Cauchy (resp 6-Cauchy ) sequence suppose that {x,} is not a
d-Cauchy (resp 6 -Cauchy ) sequence, then, there exists € > 0 (resp & > 0) for which we can

find subsequences {x,,, } and {x,, } of {x,} with ny > my > k (resp ny. > my, > k’ ) such that:
(14) d(xp, Xm,) > € (resp 8(xp,, ,Xm, ) > €).

Further, corresponding to my, we can choose ny, in such a way that it is the smallest integer with

ny > my satisfying (14) , then
(15) d(Xp,—1,%m,) <E.
Using (14) , (15) and the triangle inequality , we have:
€ < d(xp,Xm,) < d(Xng, Xn—1) +d(Xn—1,%m,) < d(Xng,Xn,—1) +E.
Letting k — 4o and using (13) , we obtain:
(16) kgrfmd(x"k’xmk) =¢€ (resp kgrfm3(xnk,xmk) =¢g).

Again, the triangle inequality gives us:

d<xnk717xmk) S d(xnkflaxnk)'f’d(xnk;xmk)

d(-xnkaxmk) S d(xnpxnkfl) +d(-xnk*17~xmk)-
Then we have:
’ d(xnk—l 7xmk) - d(-xi’lk7xmk) |§ d(xnk,xnk—l)~

Letting k — 40 in the above inequality and using (13) and (16) , we get:

17) kEde(xnk_l,xmk) =E€.
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Similarly, we can show that:

kgrfwd(xnﬂxmk*l) - kEde(xnrl axmkfl)
= kgr—bl:lood(xnk 7-xmk—|—l)
(18) = kgrfmd(xnk_l,xmk) =¢.

As:

Md(xnkfl 7xmk71) = max{d(-xnkfl 7xmk71)7d(-xnk71 7xnk)7d(xmk71 7~xmk) ) d(-xnkfl 7xnk71)v

[d(xnk_l ’xmk) + d(‘xnk7xmk_1] }
> .

d(xmk—laxmk—l)a
Using (13) and (16) , (18) , we have:

(19) lim Md(xnk,l,xmk,l) = maX{S,0,0,0,0,E} =E.
k—>+o0

For example is chosen k = max{k,k'} , similarly (19) , we have:

20 lim Mg(Xp, —1,Xm, 1) = €.
(20) k—1>r—01:100 S(Xklxkl)

As ng > my and x,, 1 , X, —1 are comparable. Setting x = x,, 1 and y = x;,, 1 in (1) , (2) , we

obtain:

Y (d(Fxp—1,Fxm—1)) = W(d(Xne,%m)) < W(Ms (X1, Xm,—1))) — O (M5 (X1, Xm—1))

W(6(Fxnk—17Fxmk—1)) = l,l/(5(xnk,xmk)) < W(Md(xnk—hxmk—l))) - ¢(Md(xnk—17xmk—1))'

Letting k — o0 in the above inequality and using (16) , (19), (20) , we get:

v(e) < y(e)—9¢(e)
y(e) < w(e)—9o(e)
Implies:
v(e)<wy(e) < w(e)—¢(e)

<
®
IN
<
N
IN
=
™
|
<
B
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Which is a contradiction as € > 0 and & > 0. Hence {x, } is a d-Cauchy (resp §-Cauchy)sequence.

By the completeness of X, there exists z € X such that hT X, =z, that is,
n—r—+4oo

(21) lim d(x,,2) =d(z,z) = lim d(xp,x,) =0.

n— oo m,n——+oo

Moreover, the continuity of F implies that:

lim d(x,.1,2) = nEde(Fxn,z) =d(Fz,z) =0.

n—r+oo

And this proves that z is a fixed point.

Notice that the continuity of F in Theorem (2.1) is not necessary and can be dropped.

Theorem 2.2. Under the same hypotheses of Theorem (2.1) and without assuming the continu-
ity of F, assume that whenever {x,} is a nondecreasing sequence in X such that x, — x € X im-

plies x, < x for all n € N, then F has a fixed point in X.

Proof. Following similar arguments to those given in Theorem (2.1), we construct a nonde-
creasing sequence{x,} in X such that x, — z for some z € X. Using the assumption of X, we

have x,, < zfor every n € N. Now, we show that Fz=2z. By (1), (2) , we have:

Y(d(Fz,x011)) = W(d(Fz, Fxn)) < W(Ms(2, %)) — ¢(Ms(2,x0)),

Y(8(Fz,xn11)) = W(8(Fz, Fxy)) < W(Ma(z,%0)) — @ (Ma(z,%2))-

Which implies:

V(d(Fz,xn41)) < W(Ms(z,xn)),
(22) W(5(FZ,X,1+1)) < W(Md(Z,xn)) - ¢(Md(Z,xn))-
Where:

d(Fz,z) < My(z,x,) = max{d(z,x,),d(Fz,z),d(xn,Xn4+1),d(z,2),

d(xn,xn), [d(z7xn+l) ;_d(szxn)] }

max{d(z,x,),d(Fz,z),d(Xn,Xn11),d(z,2),

[d(z,%u+1) +d(Fz,2) +d(z,%,)]
2 }

IN

d(xnaxn)7
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Taking limit as n — +oo, by (21) , we obtain :

lim My(z,x,) =d(Fz,z).

n—r—oo

Similarly, we can show that:
lim M =0(Fzz).
Jim 5(z,%0) = 8(Fz,7)

Therefore, letting n — o in (22) , we get:

y(d(Fz,z)) < y(8(Fz,2)),
(23) V(6(Fz,2)) < y(d(Fz,2)) — ¢(d(Fz,2)).
Which implies:

Y(d(Fz,2)) < y(d(Fz,2)) — ¢(d(Fz,2)).

Which is a contradiction unless d(Fz,z) = 0, thus Fz = z.

Next theorem gives a sufficient condition for the uniqueness of the fixed point.

Theorem 2.3. Let all the conditions of Theorem (2.1) (resp.Theorem (2.2)) be fulfilled and let

the following condition be satisfied: For arbitrary two point x,y € X . There exists z € X which

is comparable with both x and y. Then the fixed point of F is unique.

Proof. Suppose that there exist z,x € X which are fixed points. We distinguish two cases.

Case 1: If x is comparable to z, then F"'x = x is comparable to F"'z =z forn =1,2,3,... and:

y(d(x,2) = y(d(F"x,F"z))

< Y(Ms(F"'x,F" 7)) — ¢ (Ms(F"'x,F""'2))

(24) < y(Ms(x,z)) — ¢(Ms(x,2)).

Where:

[6(x, Fz) + 8(Fx,2)]

Ms(x,z) = max{d(x,z),6(x,Fx),8(z,Fz),8(x,x),6(z,2),

= max{d(x,z),8(x,x),5(z,2), [6(x,2) —; 5(x,z)]}

(25) = 0(x,2).

> }
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Using (24) and (25) , we have:

(26) w(d(x,z)) < w(d(x,2)) = 9(8(x,2)).

Similarly, we can show that:

27) ¥(8(x,2)) < w(d(x,2)) — 9(d(x,2)).

Using (26) and (27) , we have:

y(d(x,2)) < y(d(x,2)) — 9(d(x,2)).

Which is a contradiction unless d(x,z) = 0, this implies that x = z
Case 2: If x is not comparable to z, then there exists y € X comparable to x and z, the mono-
tonicity of F implies that F"y is comparable to F"x =x and F"z =z, forn=0,1,2, ...

Moreover,

w(d(z,F"y)) = y(d(F"z,F"y)) < w(Ms(F"~'2, F"'y)) — o (M5 (F"~ 'z, F""y)),
28)  W(8(z,F"y)) = W(8(F"z,F"y)) < w(My(F" 'z, F""'y)) — (Mg (F"~ 'z, F""y)).
Where:

My(F" 12, F*ly) = max{d(F" 'z,F""'y),d(F" 'z, F"z),d(F" 'y, F"y),d(F" 'z, F"17),

o . d anlzyFny +d FnZ’anly

= rnax{d(z,F”_ly),d(z,z),d(F"_ly,F”y),a’(F”_ly,F”_ly)7
[d(z, F"y) +d(z, F""'y)]

> }
(29) < max{d(z,F""'y),d(z,F"y)}.
Similarly, we can show that:
(30) Ms(F"~'z, F"~'y) <max{8(z, F""'y),8(z, F"y)}.

For n sufficiently large, because d(F" 'y, F*~ly) — 0 and d(F"~ 'y, F"y) — 0
(resp.8(F"~ 1y, F"~1y) = 0 and §(F" 'y, F"y) — 0) when n — oo.

Similarly as in the proof of Theorem (2.1.), it can be shown that:

d(z,F"y) < My(z,F"'y) <d(z,F""'y) (resp 8(z,F"y) < Ms(z, F"'y) < 8(z, F""'y)).
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It follows that the sequence {d(z,F"y)} (resp {8(z,F"y)} is nonnegative decreasing and, con-

sequently, there exists & > 0 (resp ¢ > 0) such that:
lim d(z, F"y) = lim My(z, F""'y) = o (resp lim 8(z, F"y) = lim Ms(z, F""'y) = o).
n—o0 n—o0 n—o0 n—oo

We suppose that o > 0 (resp a’ > 0 ), then letting n — o in (28), we have:
v(a) <y(a)—¢(a),

y(w) < y(a)—o(a).
Which implies:

Then:
v(a) <y(a)-¢(a).

Which is a contradiction. Hence o = 0 . Similarly, it can be proved that:
. o
’}grgod(x,F y) =0.

Now, passing to the limit in d(x,z) < d(x,F"y) +d(F"y,z) , it follows that d(x,z) =0, s0o x =
Z , and the uniqueness of the fixed point is proved.

Now we present an example to support the useability of our results.

Example 2.1. Let X = {0,1,2} and a partial order be defined as x <y whenever y < x , and
defined : X x X — R as follows:

d(0,0) = 1, d(1,1) =3, d(2,2) =0,

d(1,0)=d(0,1)=12,  d(2,0)=d(0,2)=7,  d(2,1)=d(1,2) =5.

Then (X, <,d) is a complete partially ordered metric space.

And define § : X x X — R as follows:

0(0,0) =1, o(1,1)=0, 0(2,2) =0,

0(1,0) =6(0,1) =12, 0(2,0) =6(0,2) = 10, 0(2,1)=d(1,2)=6.

Then (X, <, d) is a complete partially ordered metric space.

Let F : X — X be defined by:

FO=1, Fl=2, F2=2.

Define Y , ¢ : [0, +oo[— [0, 400 by w(r) =2t and ¢(r) = 5 . We next verify that the function
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F satisfies the two inequalities (1) and (2) . For that, given x,y € X withx <y ,soy < x. Then
we have the following cases.
Case 1:If x=1,y=0, then:
d(F1,F0)=d(2,1) =5, O0(F1,F0)=46(2,1)=6.
And:

My(1,0) = max{d(l,O),a’(l,Fl),d(O,FO),d(l,1),d(0,0),[d(l’FO);Ld(Fl’O)]}’

347
= max{12,5,12,3,1, ;L }=12.

[5(1,F0) + 8(F1,0)]

Mgs(1,0) = max{d(1,0),6(1,F1),6(0,F0),6(1,1),8(0,0), 5 —1
= max{12,6,12 0,1,0210} 12.
As:
W(d(F1,F0) = 10 <24 — 12 = 18 = y(M5(1,0)) — §(M;(1,0)),
W(S(F1,FO0) = 12 < 24— 2 = 18 = y(M,(1,0)) - ¢ (My(1,0)).
The inequality (1) and (2) are satisfied in this case.
Case2: Ifx=2,y=0, then:
d(F2,F0)=d(2,1) =35, O0(F2,F0)=6(2,1)=6.
And:
My(2.0) = max[d(2.0).d(2.F2).d(0.F0),d(2.2).d(0,0), 2B L2l

5+7
= max{7,0,12,0,1, 42_ }=12.

[5(2,F0)+ 8(F2,0)]

Ms(2,0) = max{d(2,0),6(2,F2),6(0,F0),6(2,2),8(0,0), 5 s

6410
= max{10,0,12,0,1, +2 }=12.

y(d(F2,F0)=10<24— % =18 = y(Ms(2,0)) — ¢ (Mg(2,0)),

W(§(F2,F0) = 12 <24 — 2 — 18 = y(M,(2,0)) — 0 (My(2,0)).
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The inequality (1) and (2) are satisfied in this case.

Case3: Ifx=2,y=1,thenas d(F2,F1) =0, §(F2,F1)=0,M;(2,1) =5 and M5(2,1) =6,
the inequality (1) and (2) are satisfied in this case.

Case4: If x=0,y=0, thenas d(F0,F0) =3, §(F0,F0) =0, M;(0,0) =12 and M(0,0) = 12,
the inequality (1) and (2) are satisfied in this case.

Case5: Ifx=1,y=1,thenasd(F1,F1)=0, 6(F1,F1) =0, M4(1,1) =5 and Ms(1,1) =6,
the inequality (1) and (2) are satisfied in this case.

Case 6: If x=2,y=2,thenas d(F2,F2) =0, §(F2,F2) =0, M;(2,2) =0 and Mg(2,2) =0,
the inequality (1) and (2) are satisfied in this case.

So, F, y and ¢ satisfy all the hypotheses of Theorem (2.1). Therefore F has a unique fixed

point. Here 2 is the unique fixed of F.
If we take y(¢) =t in Theorem (2.1) , we have the following corollary.

Corollary 2.1. Let (X,<.,d, 8) be a complete two partially ordered metric space; let F : X — X

be a nondecreasing mapping such that for all comparable x,y in X with:

d(FX,Fy) SMg(X,y) _(P(MS(xvy))a

5(Fx7Fy) SMd<x7y) _¢(Md(x7y))'
where:

[d(x,Fy)+d(Fx,y)]

My(x,y) = max{d(x,y),d(x,Fx),d(y,Fy),d(x,x),d(y,y), : 1,
Ms(x,y) = maX{5(xay),5(x,Fx),5()’,Fy),5(x,x),6(y,y),[S(X’Fy);‘s(ny)’)]},

¢ : [0,+oo[— [0,4o0[ is a lower semi-continuous function with ¢ (t) = 0 if and only if t = 0.
If there exists xg € X with xy = Fxo and one of the following two conditions is satisfied:

(i): F is a continuous in (X,d, ).

(ii): {x,} is a nondecreasing sequence in X such that x,, — x € X implies x,, < x for all

neN.

Then F has a fixed point. Moreover, if the following condition is satisfied: For arbitrary two
points x,y in X , there exists z € X which is comparable with both x and y , then the fixed point

of F is unique.
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If we take ¢ (1) = (1 — k)t for k € [0, 1] in Corollary (2.1), we have the following corollary:

Corollary 2.2. Let (X, <,d, ) be a complete two partially ordered metric space ;let F : X — X

be a nondecreasing mapping such that for all comparable x,y in X with:
d(Fx,Fy) <kMs(x,y),
6(Fx,Fy) < kMy(x,y),

where:

[d(x, Fy) +d(Fx,y)]

My(x,y) = max{d(x,y),d(x,Fx),d(y,Fy),d(x,x),d(y,y), : V,
Mé(xvy) = maX{5(x,y),S(X,Fx),5(y,Fy),6(x,x)76<y’y),[S(X’Fy)_;(s(Fx7y)]},

And k € [0,1]. If there exists xo € X with xo < Fxo and one of the following two conditions is
satisfied.:

(i): F is a continuous in (X,d, ).

(ii): {x,} is a nondecreasing sequence in X such that x,, — x € X implies x,, < x for all

neN.

Then F has a fixed point. Moreover, if the following condition is satisfied: For arbitrary two
points x,y in X , there exists z € X which is comparable with both x and y , then the fixed point
of F is unique.
Corollary 2.3. Let (X,<.,d, 8) be a complete two partially ordered metric space; let F : X — X

be a nondecreasing mapping such that for all comparable x,y in X with:
d(anFy) < S(X,y) - ¢(M3(x7y))7
S(anFy) < d(x7y) - (P(Md(xay))»
where:
¢ : [0, 4c0[— [0,4o0| is a lower semi-continuous function with ¢(t) = 0 if and only if t = 0.
If there exists xg € X with xy =X Fxo and one of the following two conditions is satisfied:
(i): F is a continuous in (X,d, ).
(ii): {x,} is a nondecreasing sequence in X such that x,, — x € X implies x,, < x for all

neN.
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Then F has a fixed point. Moreover, if the following condition is satisfied:For arbitrary two
points x,y in X , there exists z € X which is comparable with both x and y , then the fixed point

of F is unique.

Remark. So our results can be viewed as the generalization and extension of corresponding

results in [1, 5, 12] and several other comparable results.

3. Application

De note by A the set of functions & : [0, +oo[— [0, +oo[ satisfying the following hypotheses:

(h1): : a is Lebesgue-integrable mapping on each compact subset of [0, +oo|

(hy): : For every € > 0, we have:

/08 a(s)ds > 0.

We have the following results.

Corollary 3.1. Let (X,<,d,0) be a complete two partially ordered metric space; let F : X —

X be a nondecreasing mapping such that for all comparable x,y in X with:

d(vaFy) M&(X,y) Mé(xvy)
/ oy (s)ds S/ o (s)ds—/ o (s)ds,
0 0 0

O(Fx,Fy) My (x,y) My (x,y)
/ Oﬂl(s)dsg/ Ocl(s)ds—/ o (s)ds,
0 0 0

where: o, ap € A . If there exists xg € X with xg < Fxq , Then F has a fixed point.

t

t
Proof. Follows from Theorem (2.1) by taking y(z) = / o (s)ds and @(t) = / o (s)ds .
0 0

Corollary 3.2. Under the same hypotheses of Corollary (3.1) and without assuming the continu-
ity of F, assume that whenever {x,} is a nondecreasing sequence in X such that x, — x € X im-

plies x, < x for alln € N, then F has a fixed point in X.

t

t
Proof. Follows from Theorem (2.2) by taking y/(¢) = / oy (s)ds and ¢(t) = / o (s)ds .
0 0
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