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Abstract. In this paper, we obtain a unique common fixed point theorems for pairs of multi-valued non-self

mappings on a partial Hausdorff metric space without using any continuity or commutativity of the mappings. In

doing so, we generalize a theorem by Rao and Rao.
Keywords: partial Hausdorff metric; multi-valued mapping; common fixed points; partial metric space; non-self
mapping.

2010 AMS Subject Classification: 47H10, 54H25.

1. Introduction

In 1969, Nadler [9] introduced the study of fixed points using the Hausdorff metric for multi-
valued mappings. Aydi et al. [3] came up with the concept of the partial Hausdorff metric and
used it to prove Nadler’s theorem on partial metric spaces. Rao and Rao [10] proved a fixed
point theorem for a multi-valued self mapping from a partial Hausdorff space into the family of

closed and bounded subsets of its partial metric space.
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Using the procedure described by Assad and Kirk [2], we extend the theorem by Rao and

Rao [10] to apply to a pair of non-self multi-valued mappings.

2. Preliminaries

We now introduce preliminaries which will be of use in this paper.
Definition 2.1 [8] A partial metric on a non-empty set X is a mapping p : X X X — [0, 4o0),
such that for all x,y,z € X.
PO: 0 < p(x,x) < p(x,y),
Pl: x=yifand only if p(x,x) = p(x,y) = p(»,y),
P2: p(x,y) = p(y,x) and
P3: p(x,y) < p(x,2) + p(2,y) — p(2,2).
The pair (X, p) is said to be a partial metric space.

From Definition 2.1, we deduce the following:

p(x,y)=0=x=y. (2.1)

Proof. If p(x,y) =0, then p(x,x) = 0 because 0 < p(x,x) < p(x,y) from PO. Similarly,
p(x,y) = 0 implies p(y,y) = 0 because 0 < p(y,y) < p(x,y). Hence p(x,y) = 0 implies
p(x,x) = p(x,y) = p(y,y) = 0. From P1 this means that x = y.

From P3, we infer that
p(x,y) < p(x,2) +p(z,). (2.2)

Example 2.1 Let X = R" and let p: Rt x Rt — RY, p(x,y) = max{x,y}. Then (X,p) is a
partial metric space.

Each partial metric p on X generates a T topology 7, on X with a base being the family
of open balls {B,(x,€) : x € X, & > 0}, where B,(x,€) = {y € X : p(x,y) < p(x,x) + €} for all

x€Xand € > 0.

Definition 2.2 [8] Let (X, p) be a partial metric space and {x,} be a sequence in X. Then
(i) {xn} converges to a point x € X if and only if p(x,x) = limy,_, ;e p(x, Xp).

(ii) {xn} is called a Cauchy sequence if only if there exists (and is finite) limy, jm— 0o P(Xn, Xm)-
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(iii) A partial metric space (X, p) is said to be complete if every Cauchy sequence {x,} in X

converges, with respect to Ty, to a point x € X such that

plx,x) = lim  p(xn,xm).

n,m——+oo

Lemma 2.1 [8] If p is a partial metric on X, then the mapping p® : X x X — [0,4o0) given by

p'(x,y) =2p(x,y) — p(x,x) — p(y,y) (2.3)

defines a metric on X.

In this paper, we denote p°® as the metric derived from the partial metric p.
Lemma 2.2 [8]
(a){x,} is a Cauchy sequence in (X, p) if and only if it is a Cauchy sequence in the metric space
(X, p*).
(b) (X, p) is complete if and only if (X, p*) is complete. Furthermore lim,_; o p(x,,x) = 0 if
and only if

p(x,x) = lim p(x,,x)= lim p(x,,x,)=0.

n—s—oo n,m—s—+o0
It is easy to see that every closed subset of a complete partial metric space is complete [6].
We define a metrically convex metric space.
Definition 2.3 [2] A complete metric space (X ,d) is said to be (metrically) convex if X has the
property that for each x,y € X with x # y there exists z € X,x # z # y, such that
d(x,z) +d(z,y) =d(x,y).

If (X,d) is a metrically convex metric space, and x,y € X, we term
seglx,y] :=={z € X :d(x,y) =d(x,2) +d(z,y)}. (2.4)

We get the following lemma from Assad and Kirk [2].
Lemma 2.3 [2] Let C be a closed subset of the complete and convex metric space X. If x € C

and'y ¢ C, then there exists a point z € dC (the boundary of C) such that
d(x,z) +d(z,y) = d(x,y).

Using (2.4), we can rephrase Lemma 2.3 as follows:
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Lemma 2.4 Let C be a closed subset of the complete and convex metric space X. If x € C and
y & C, then there exists a point 7 € dC (the boundary of C) such that 7 € seg|x,y].

Now, we introduce the metrically convex partial metric space.

Definition 2.4 A partial metric space (X, p) is said to be metrically convex if the corresponding
metric space (X, p*) is metrically convex in the sense of Lemma 2.1, where
p*(x,y) =2p(x,y) — p(x,x) = p(y,y) for all x,y € X.

As an example, the partial metric space (R™, p) where p(x,y) = max{x,y} for all x,y € R is
metrically convex because (X, p*) where p*(x,y) = |x —y| is the metric derived from the partial
metric p, is metrically convex.

Lemma 2.5 Let (X, p) be a metrically convex partial metric space. Let x,y € X. If 7 € seg|x, Y]
then:

(i) p(x,y) = p(x,2) = p(2,2) + p(z,y),

(ii) p(x,y) = p(x,2).

Proof. Applying (2.3) to Definition 2.3, if z € seg|x,y], then we have

p'xy) =p'(x,2)+p’(z,y)
= 2p(x,y) = p(x,x) = p(v,y) = 2p(x,2) — p(x,x) — p(2,2)
+2p(2,y) = p(2,2) = p(,¥)
= p<x7y) = p(X,Z) _p(Z7Z) +p(Z7y)
As (= p(z,z) + p(z,y)) > 0, from P2 of Definition 2.1, we have p(x,y) > p(x,z).
This completes the proof.
Lemma 2.6 Let C be a non-empty subset of a metrically convex partial metric space (X, p)

which is closed in (X, p®). If x € C and y € X\C, then there exists a point z € dC (the boundary
of C with respect to (X, p°®)) such that

p(x,y) +p(z,2) = p(x,2) + p(z,y).

Proof. From Definition 2.4, if the partial metric space (X, p) is metrically convex, then (X, p*)

is metrically convex. From Lemma 2.3, this means that if x € C and y € X \C then there exists z
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in dC, (the boundary of C), such that *(x,y) = p*(x,z) + p*(z,y). Using (2.3), this means

p'(xy) =p'(x2)+p’(z)
= 2p(x,y) — p(x,x) = p(y,y) = 2p(x,2) — p(x,x) — p(z,2)
+2p(z,y) = p(2,2) = p(,y)
= 2p(x,y) = 2p(x,2) +2p(2,y) = 2p(2,2)
= p(x,y) +p(z:2) = p(x,2) +p(z,y)

= p(x,2) + p(z,y) = p(x,y) + p(z,2).

This completes the proof.
3. The Partial Hausdorff Metric

Now, we describe the partial Hausdorff metric.

Let CB? be a family of all non-empty, closed and bounded subsets of a partial metric space
(X,p), induced by the partial metric p. The set A is said to be a bounded subset in (X, p) if
there exists xo € X and M > 0 such that for all a € A, we have a € B, (xo,M).

Definition 3.1 [3] For all A,B € CB?(X) and x € X, we define
(i)  p(x,A) =inf{p(x,a),a €A},

(i) 8,(A,B) =sup{p(a,B):acA},

(iii) 8,(B,A) =sup{p(b,A): b€ B},

(iv) Hy(A,B) =max {68,(A,B),5,(B,A)}.

The mapping H), : CB? x CB? — [0,+oo) is called the partial Hausdorff metric.

Remark 3.1 [3] Let (X, p) be a partial metric space and A any non-empty set in (X, p), then
a € Aifand only if p(a,A) = p(a,a), where A denotes the closure of A with respect to the partial

metric p.

We now state some properties of mappings 6, and H,,.
Lemma 3.1 [3] Let (X, p) be a partial metric space. For any

A,B € CBP(X) we have
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(i) 6,(A,A) =sup{p(a,a):acA};
(ii) 0p(A,A) <3(A,B);
(iii) 0p(A,B) =0 implies that A C B;

(h1) H,(A,A) < H,(A,B);
(h2) H,(A,B) = H,(B,A);
(h3) H,(A,B) =0 implies A =B.
We will utilize the following lemma in our proofs.
Lemma 3.2 [3] Let (X, p) be a partial metric space, A,B € CBP(X) and K > 1. For any a € A,

there exists b= b(a) € B such that
pla,b) < KH,(A,B).

The following definitions will be used in the course of our proofs.

Let 7 : C — X be a multi-valued mapping, where C C X. We say that T is a self mapping if
C = X, otherwise T is called a non-self mapping. If there is an element x € C such that x € Tx,
we say that x is a fixed point of T in X.

Suppose we have two multi-valued mappings S, 7T : C — X, with C C X. If there is an element
x € C such that x € (SxN Tx) then we call x a common fixed point of S and T in X.

We now prove the following lemma, which is modified from Theorem 1 of Assad and Kirk
[2], as it is necessary for our work.

Lemma 3.3 Consider a sequence {w, },cn € Ry such that, for all n > 2 we have
wy < kmax{wy,_2,w,_1},k € (0,1), (3.1)

then

wy < K212 max{wo, w1 }. (3.2)

Proof. We prove the lemma by the induction. First we show that Lemma 3.3 holds for n = 2.

We note that k € (0, 1) implies k < k'/2. Hence if n = 2, then (3.1) leads to

wy < kmax{wg,w;} < kl/zmax{wo,wl} = kz/zk_l/zmax{wo,wl}. (3.3)
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We then show that the lemma holds for n = 3. If n = 3, then (3.1) leads to w3 < kmax{wy,ws}.

If wi > wy, then we get

wz < kmax{wy,w,}
= w3 < kw
< kmax{wo,wy }
= /2 -k_l/zmax{wo,wl}.
If however w; < wy, we get
wz < kmax{wj,wy}
= w3 < kwy
= w3 < k x k2/%k~'2 max{wo,w }, from (3.3)
< k3> max{wo, w1 }
< K32 k2 max{wo,w; }, because k=2 > 1.

We now show that, if Lemma 3.3 holds for 1 <n < j where j > 2, then it must be hold for j+ 1.

Hence we have from (3.1)
wir1 < kmax{w;_1,w;}. (3.4)
We consider two cases.
Case (i): Suppose w;_; < wj. Then (3.4) becomes
Wil < kw;
< k- k%1% max{wo,w; } from (3.2) (3.5)
= kU2, 12 max{wo, w1 }.

Case (ii): Suppose w;_; > w;j. Then (3.4) becomes

wito <kwj
<k-kU=D/2p1/2 max{wp,w; } from (3.2) (3.6)

= kUFD/ 2,12 max{wo, wi }.
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We note that for j > 2 and k € (0, 1) we have k/+1)/2 > k(/+2)/2 Hence (3.5) and (3.6) imply
that

Wit S k(j+1)/2k_1/2max{w0,w1}.

This completes the proof.

Aydi et al. proved the following theorem.
Theorem 3.1. [3] Let (X, p) be a complete partial metric space. If T : X — CBP(X) is a multi-

valued mapping such that for all x,y € X we have
HP(Tx7 Ty) S kp(xuy)7 (37>

where k € (0,1), then T has a fixed point.
4. Main Results

We start by proving an extension of Theorem 3.1 which will then be used to establish Theo-
rem 4.3.
Theorem 4.1 Let (X, p) be a complete metrically convex partial metric space and C a non-
empty closed subset of X, the closure being with respect to (X, p*). Let dC, the boundary of C
with respect to (X, p*), be non-empty. Let S,T : C — CBP(X) be multi-valued mappings such
that for all x,y € C we have
H)y(Tx,Sy) < kp(x,y), (4.1)

where k € (0, Al‘) Furthermore, let x € dC imply Tx C C and Sx C C. Then there exists a common
fixed point x* of S and T in C and p(x*,x*) = 0.

Proof. We commence with an arbitrary xy € dC. This implies from the assumption that we can
choose x; € Txg C C. By Lemma 3.2 with K = L there exists y, € Sx; such that

vk

1
p(x1,y2) < —=H,(Txo,8x1). (4.2)

Vk

If y, € C, we set xo = y,. Thus (4.2) becomes

px1,x) < %Hp(Txo,le). (4.3)



COMMON FIXED POINTS FOR MULTI-VALUED MAPS IN PARTIAL METRIC SPACES 399

By (4.1), we have H,(Txo,Sx1) < kp(xo,x1). This means
p(x1,x) < \/%p(xo,xl).

If y, ¢ C, then by Lemma 2.4, there is x, € dC such that x; € seg[x;,y;]. Using Lemma 2.5

(i1), we get

p(x17x2) SP(XI,YZ)
= p(y1,y2), because x; =y

1
< —HP(TXO,S)C])

vk
< \//;P(xo,xl)-

Continuing in this way, we construct two sequences {x,} and {y,} in the following way, using

1
K=—>1:

Vi
(4.1) xo € dC,y; € Txg C C.
(4.11) For all n > 1,y2, € Sx20—1,Y20+1 € Tx2p.
(4.111) Here we apply Lemma 3.2. For all n > 1, we choose y;,+1 such that

1
P(Voani1,yom) < ﬁHP(szmezn_] ). Similarly we choose y;,+2 such that

1
P(V2n41,Y2n42) < ﬁHp(TXZmSXZnJrl)-
(4.iv) For all n > 1, if y, € C, then x,, = y,. However if y, ¢ C, then applying Lemma 2.4, we

choose x,, € dC such that x,, € seg[x,_1,Vn)-
Let us partition the elements in the sequence {x,} into two sets P and Q, where
P={xi€ {x,}:xi=yi} and Q = {x; € {x,} : x; £ yi }.
We consider the following cases
Case 4.1 Consider the case where (x,,x,11) € P x P,n > 1. Suppose n is even, that is n = 2m

for some m € N. Then, from (4.iv) we have x2,, = y2,,, and x2,,1-1 = Yom+1. Applying (4.ii1) we
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have

p(x2m;x2m+1> = p(y2m7y2m+1)

= p(Yam+1,Y2m)
1

IA

Hp(Tme, Sme_ 1 ), by (4111)

IN

===

X kp(X2m;X2m—1) by (4.1)
= \/%P(XZm—l ,me).
Using a similar argument, when n is odd, that is, when n = 2m + 1 for some m € N, we get

P(X2mets Xame2) < VP (Xoms Xame1)-

Thus in general, when (x,,,x,+1) € P X P,n > 1, we have
P(Xn, Xng1) < ﬁp(xn*hxn)' (4.4)

Case 4.2 Let us now consider the situation where (x,,x,+1) € P x Q,n > 1. Suppose n is even,
that is n = 2m for some m € N. Then, from (4.iv) we have x2,, = y.

We also have xp,,+1 € dC and X241 € seg[yom, Y2m+1]- From Lemma 2.5 (ii), we note that

P(X2m7X2m+1) = P(y2max2m+1) < p(yZm,)’Zm—H ) Applying (4111) we have

P(X2m, Xom+1) < P(Voms Yom+1)

S \/];P(Xmel 7-x2m)7

using the argument in Case 4.1.

Using a similar procedure, we can show that
P(X2mi1,%2m12) < VAP(Xam; Xam1)-
In general, when (x,,x,+1) € P X Q,n > 1, we have
P(Xn,Xng1) < \/l;p(xn,l,xn). (4.5)

Case 4.3 We consider the situation where (x,,x,+1) € Q x P,n > 1. In this case, we can show

by contradiction that x,,_| € P.
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We assume x,,_; € Q. This implies x,,_; € dC. This in turn implies that
Xp = yn € Tx,—1 C C, implying x,, € P, which is a contradiction. Hence x,_; € P, implying
Xn—1 = Yn—1-
Let us consider when #n is even, that is n = 2m for some m € N. Then, from (4.iv), we have

Xom+1 = Yam+1- We also have xp,, € dC and xy,,, € seg[yom—1,V2m]- Hence

p(x2m7x2m+1) = p(x2m:y2m+1)
< p(X2m>Y2m) + P(Y2m, Y2m+1), according to (2.2),

< p(yam—1,¥2m) + P(Y2m,Y2m+1), using Lemma 2.5 (ii),

1
< ﬁHp(TXZm—ZaSXZm—O +
1

1
—=H, (Sxom—1,Tx2), by (4.iii)

vk

1
= —H,(Txom—2,8%m—1) + —=Hp(T X2, SX21m—1)

vk vk

1
< — X k(pxom—2,%m—1) + pxom,Xom—1)), by (4.1
=~ \/z (P( 2m—2,X2m 1) P( 2m>X2m 1)) Y( )

= VEk(p(xam—2,%m—1) + P(X2m—1,X2m))
< 2Vkmax{p(xam_2,X2m 1) P(X2m—1,X2m) } -

We get a similar result when 7 is odd.

In general, when (x,,x,+1) € Q X P, and n > 2, then we have
P(xmxn—i—l) < 2\/%max {p(xn—27xn—l)7p(xn—l 7xn) } (46)

The case where (x,,,x,+1) € Q X Q is not possible.

Thus in all cases, according to (4.4), (4.5) and (4.6), we have

P(xn;xn—i—l) < rmax {p(xn—%xn—l )7p(xn—1 7xn)}7 (47)

1
where t = 2v/k < 1, implying k < T
According to Lemma 3.3, (4.7) implies

ptn Xng1) <1728, (4.8)

where 8§ = r~'/2max{p(x0,x1), p(x,x2)}.
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Consider n,m € N with n > m. Then, we have inductively from (2.2)
n—1

P(omyxn) <Y p(xiyXit)

i=m

n—1
< Z ti/2t71/25

i=m

< 125 +ioti/z

_ —1/2
—5—1_t1/2t .

As m,n — 4o we get

m}ylli_r>n+oop(xm,xn) =0 < +oo.

From Definition 2.2 (ii), this shows that the sequence {x,} € C is a Cauchy sequence. Because
C is closed in (X, p*), it is complete in (X, p*) and hence is complete in (X, p).

This means, according to Lemma 2.2, there is x* € C such that

. T * _ * XY
mﬂ{lgiwp(xm,xn) = Him_p(x*.x) = p(x*,x") =0.

We now show that x* is a fixed point of S and 7.

Consider a subsequence {xy, } of {x,} for which each x,,, € P. If n; is odd, that is
nj=2m;+ 1, then we have from the assumption, Hy(Tx*,Sx2m;+1) < kp(x*,x2m;+1). This
implies

jETme(Tx*,szij) = p(x*,x*) =0. (4.9)

Now consider n; being an even number, that is n; = 2m for some m;. Because xp; € Sxom;—1,

we have
P(TX" xm;) < 8p(Tx",Sxom;—1) < Hp(Tx",Sxom;—1)- (4.10)
Taking j — +o0in (4.10) and applying (4.9), we get

P ) < fim (1 Sz ) =0

= p(Tx*,x*) =0= p(x*,x¥)

= x* e Tx". (4.11)
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This shows that x* is a fixed point of 7. Using a similar argument we conclude that x* is also a
fixed point of S.
Rao and Rao [10] proved the following fixed point theorem (Theorem 2.8) involving the

Hausdorff partial metric for a pair of multi-valued self mappings.

Theorem 4.2. [10] Let (X, p) be a complete partial metric space and let S,T : X — CBP(X) be

mappings satisfying
1
Hy(56.79) < cman { p5), 55900 79). 5 13) + (059

forall x,y € X and 0 < a < 1. Then S and T have a common fixed point in X. Further, if we
assume that p(x,y) < p(y,8x) or p(x,y) < p(y,Tx) for all x,y € X, then S and T have a unique
common fixed point in X.

In this research, we modify the Theorem 4.2 so that it applies to a pair of non-self multi-
valued mappings in a metrically convex partial metric space.

We provide a proof for the following assumption.

Theorem 4.3. Let (X, p) be a complete metrically convex partial metric space and C a non-
empty closed subset of X, the closure being with respect to (X, p*). Let dC, the boundary of C
with respect to (X, p*), be non-empty. Let S,T : C — CBP(X) be mappings satisfying

Hp,(Sx,Ty) < amax {p(x,y)yp(x,SX),p(y, Ty), %[p(x, Ty) + p(y, S)O]}

forallx,y e X and 0 < a < % Let the following conditions apply:
(i) x € dC implies Tx C C,
(ii) x € dC implies Sx C C.
Then S and T have a common fixed point in X. Further, if we assume that p(x,y) < p(y,Sx) or
p(x,y) < p(y,Tx) for all x,y € X, then S and T have a unique common fixed point z in C with
p(z,2) =0.
Proof. We construct sequences {x,} € C and {y,} € X in the following way.

We commence by choosing an arbitrary xy € dC. According to (i), we choose x; € C such

1 1
that x; € Txg. We set y; = x;. Because o € (0, 4_1) implies — > 1, by Lemma 3.2, there exists

Ja
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y2 € Sx1 such that
1
p(y1,y2) < ﬁHp(TXO,SXI).

If y, € C, then we set xp = y;.
If however y, ¢ C, then, according to Lemma 2.4, there is x, € dC such that x; € seg[xy,yz].

Using Lemma 3.2, and recalling that y, € Sx1, we choose y3 € Tx, such that

1
p(y3,)2) < ﬁHp(sz,Sx1>.

From (i) in the assumption, we have y; € C.

In general, the sequences {x,} € C and {y, },>1 € X are constructed in the same way as we
did when proving Theorem 4.1.

We partition the elements of {x, } into sets P and Q such that P = {x; € {x,} : x; = y; } and
Q= {xi € {xa} :x; # yi}.

Now for n > 2, we consider the following cases.
Case 4.4 Consider x,, € P x P. This means x;,, = yj,.

If n is even, that is, if n = 2m for some m € N, we have x,, = x2,, = yo. As

Xom = Yom € Sxom—1, from (4.11), we can choose yy,,,+1 € Tx2,, such that

1
P2, Yami1) < ﬁHp(SXZm—bT)Qm)' (4.12)

We consider two scenarios.

4.4.1) If yy,,,11 € P, then x3,,,+1 = Yoim+1. Hence, (4.12) becomes

P(Xom, X2m+1) = P(Yams Yam+1)

IN

Hp (Sx2m— 15 Tme)

IA

3l %l-

X 0f max {p(XZm—l yX2m)s P(X2m—1,8%2m—1),

1
P(x2m, Tx2m), 5 P(x2m—1, Tx2m) + P(xX2m, Sx2m—1)] }

<

R

max {p(xzm—l yX2m)s P(X2m—1,Y2m) s P(X2m, Yom+1),

[P(e2m-1:¥2m41) + Pla2m:y2n)] }

| =
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- \/&max {p(XZm—l ,sz) 5 p(x2m—1 ,sz),

1
P(X2m, X2m+1), E[P(szq X2mt1) +P(x2m,xzm)]}
1
75[

pr(x2m717x2m) < %[p(x2m717x2m) +p(x2max2m+1)] implying p<x2m717x2m) < p(x2m7x2m+1)a

= p(X2m, Xom+1) < v/ ormax {p(x2m—17x2m) P(X2m—1,%2m) +p(xzm,x2m+1)]}- (4.13)

then we have

a
P(xX2m, X2mt1) < 5 [P (X2m—1,%2m) + P(X2m; X2m+1)]

< _
=~ z_ﬁp(xbn 17x2m)

Ja

< p(Xom—1,%um), a8 ——= < 1.
( 2m—1, Zm) ) \/—
This is a contradiction.

Hence p(xam—1,%m) > 3[P(*X2m—1,X2m) + P(X2ms X2m+1)] implying
p(x2m7x2m+1) =< \/Ep(x2m717x2m)-

(4.4.2) If y2,+1 € Q, then xp,,11 # Y2+ 1. From the construction of proof, we have

Xom+1 € seg[Xom, yam+1]. Using Lemma 2.5 (ii), we get
P(%2m; Xomi1) < P(Xoms Yam1)
= p(Yom,Y2m+1)
<Voap(xom-1,%m),

using the argument in (4.4.1).

We get the following similar result when 7 is odd, that is, when n = 2m + 1 for some m € N,

PO, Xna1) = P(X2ma1,%0m12) < VAP, Xom1)-

Thus, for x,, € P, we have
P, Xnt1) < VOUp(xa—1,%). (4.14)
Case 4.5 Consider the case where (x,,,x,+1) € Q X P. We claim that for n > 1, x, € Q implies
Xp—1 € P.
Letx,_1 € Q, then x,,_; € dC. This means, according to (ii), x, = y, € C. This implies x,, € P,

which is a contradiction.
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Hence we have

Xpn—1,%p+1 € P and x,, € seg[x,—1,yn].

Consider when 7 is even, that is, when n = 2m for some m € N. According to (4.iii),

Yom+1 € Tx2,, C C was chosen in such a way that

We apply (2.2) and get
PO2ms Xamt1) = p(X2m, Yom+1)

< p(X2m,Y2m) + P(Vom: Yam+1)

= p(X2m,Xom+1) < 2max{p(xam,yom), P(Yams Yam+1) }-
If p(x2m,Y2m) = P(Yom:Y2m+1), (4.16) becomes
P2y X2m+1) < 2p(Xam; Yam)
<2p(x2m—1,Y2m), as per Lemma 2.5 (ii)
=2p(Yom—1,Y2m), S Xom—1 = Yom—1

<2vVap(xam-—2,%m-1),
using the argument in (4.4.2).

If p(x2msy2m) < P(YamsYom+1), (4.16) becomes

P(2m; Xomi1) < 2p(Yom, Yomr1)-
Let us consider the term p(y2,, y2m+1). From (4.15) and Theorem 3.1 we have
PV2m,Yami1) < %HP(Sme—la Txom)
< Vomax { p(xam—1,%m), P(X2m—1,S%2m—1), P(X2m, TX2m),

1
> [P (x2m—1, Txom) + P(X2m: Sx2m—1)] }

= pV2m,Yam+1) < vVamax{p(xm—1,%m), P(2m—1,Y2m)s P(2m Yam+1)

1

3 [P(x2m—1,Y2m+1) + P(X2m, Y2m)] }-

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)
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As x2,, € seglxom—1,Y2m|, from Lemma 2.5 (ii), we have

p(XmelvyZm) 2 p(x2m717x2m)-
From P3 of Definition 2.1, we also have

< [p(x2m—1,%2m) + p(X2m, Y2m+1)
— p(X2m, Xom) + P(X2m Y2m)]
= [p(x2m—1,y2m) + P(x2n, y2m+1)]-
The expression (4.20) is because xp,, € seg[xom—1,y2m| and Lemma 2.5 (i).

Hence (4.19) becomes

Pamyoms1) < Voamax{p(xam—1,Y2m), P(*X2m, Yom+1),

1

5 [p(X2m—1,Y2m) + P(X2m, Yom+1)] }-

Suppose p(Xom—1,Y2m) < P(X2m;Y2m+1), implying

P(X2m,yom+1) > 3 [P(X2m—1,Y2m) + P(X2m,Y2m+1)]. Then (4.21) becomes
Pamsyoms1) < NV ap(XamsYamr1)-

We continue from (4.18) and get

P(2m,X2m+1) < 2P(Y2m: Yom1)
<2V ap(xam,yam+1)
= 2V 0p(X2m, X2m+1)5 S Xom i1 = Yomt1
< p(X2m,X2m+1), because 2¢/ar < 1.
This is a contradiction.

Hence p(xom—1,Y2m) > P(*X2m,Y2m+1), implying

1
P(X2m—1,y2m) > = [P(2m—1,Y2m) + P(X2m, Y2m+1)]-

-2
Then (4.21) becomes

p(y2m7y2m+1) S \/&p(XmelyyZm)-

407

(4.20)

(4.21)

(4.22)

(4.23)
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We continue from (4.18) and get
P2 X2m+1) < 2p(Yams Yam+1)
<2V op(Xam—1,Y2m)
=23/ ap(Yam—1,y2m), because xom—1 = yam—1
<2V x Vop(xpm_2,%m_1), as per (4.4.2)
= p(xX2m, X2mi1) < VAP(Xom_2,X2m_1), because 2v/a < 1. (4.24)

Hence, in observing (4.17) and (4.24), when x;,, € Q, we have

p(x2m7x2m+1) < 2\/&p(x2m727x2m71)- (425)
Using a similar argument, we can show that, when #n is odd, that is, when n = 2m + 1 for
some m € N, we have
POt 1, Xms2) < 27/ ap(Xom—1,%2m)-

Hence in general, when (x,,x,+1) € P x Q we have

PO, Xna1) <27/ ap(x_2,%0-1)-

The case of (x,,x,+1) € Q x Q is not possible.

For all cases 4.4 and 4.5 we have

P(Xn, Xn1) <t max{p(x,—2,X0—1), P(Xn_1,%)}, (4.26)
where

t=2vVa < 1.

According to Lemma 3.3, (4.27) implies

POt Xng1) < 20712 max{ p(xo,x1), p(x1,x2)} (4.27)

Using the same argument used during the proof of Theorem 4.1, (4.27) shows that there is

z € C such that

lim  p(xpu,x,) = lim p(z,x,) = p(z,2) =0.

m,n— oo n——+oo

We now prove that z is a fixed point of both S and 7.
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Consider the subsequence {x,,} of {x,} each of whose terms is in P. This means x,; = y,,
for j =1,2,.... Consider the case where n; is odd, that is n; = 2m; + 1 for some m; € N.

As Xomj+1 € szmj, we have
p(z,Txom;) < p(z:X2m;41)-

This implies lim;, 1« p(z, TXx2m;) = 0.
Using a similar argument, we can show that lim .« p(z, Sx2m;+1) = 0.

Now consider
p(z,82) < p(z, Txom;) + p(Tx2m;,S2)

< p(Z7 Tx2mj) + amax{p(Xij7Z)>p(x2mja Tmej>7

P(2,2), 5 [p(xom, 2+ p(e. Toam, )]

Taking j — +oo, we have
p(z,5z) <0+ amax{0,0, p(z,5z), %[p(z, S2)|}
= ap(z,57)
< p(z,8z), because a < 1
= p(z,5z) = 0.
This implies z € Sz meaning z is a fixed point in S. Using a similar argument, we have z is a

fixed point in 7.

We show the uniqueness of the fixed point. Let z and y be fixed points of both § and 7. As

z € Sz we have
p(y,8z) = aigsfzp(y,a) <p(,z) = p(z,y). (4.28)

Suppose, as per assumption, we have p(z,y) < p(y,Sz). Then, (4.28) leads us to conclude that
p(z,y) = p(,52). (4.29)
Because y € Ty, we have
p(z,y) = p(y,8z) < Hp(Ty,Sz)

< amax{p(z,y),p(y,Ty), p(z,52), %[p(y, Sz) +p(z, Ty)]}
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= p(z,y) = %[p(y, Sz) + p(z,Ty)] (4.30)

= p(z,y) < Lp(zaTy)
2-a (4.31)

<1.

o
< p(z,Ty), as 5

Let us consider (4.30). We also consider (4.29) which states that p(z,y) = p(y,Sz). We then

have

p(z,y) < = [p(,82) + p(z, Ty)]

[p(z,y) +p(z,Ty)]

IA
IQ ORI

I
RN

[p(z,y) + p(z,y)], because y € Ty

p(z,y)
=p(z,y)=0,asx < 1
=z=Y, by (2.1).
We will reach the same conclusion if we assume p(z,y) < p(z,Ty). This shows that the common

fixed point z is unique. The proof has been completed.

Remark 4.1 Theorem 4.3 is valid when we have S = T.

Remark 4.2 If we set S =T, and assume C = X, only (4.4.1) applies, and we get Theorem 4.2
by Rao and Rao [10].

When we set T = f where f is a single valued mapping we get the following corollary:
Corollary 4.1 Let (X,p) be a complete metrically convex partial metric space and C a non-

empty closed subset of X, the closure being with respect to (X, p*). Let dC, the boundary of C
with respect to (X, p*), be non-empty. Let S, f : C — CBP(X) be mappings satisfying

pl5v 1) < cmax  p5), p(5,53) U0 ), 3 0 1) + 03590

1
forallx,ye X and 0 < o < T Let the following conditions apply:
(i) x € dC implies fx € C,
(ii) x € dC implies Sx C C.

Then S and f have a common fixed point in X. Further, if we assume that p(x,y) < p(y,Sx) or
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p(x,y) < p(y, fx) for all x,y € X, then S and f have a unique common fixed point z in C with
p(z,2) =0.

If weset T = f, S = g, where both f and g are single valued mappings we get the following

corollary:

Corollary 4.2 Let (X,p) be a complete metrically convex partial metric space and C a non-
empty closed subset of X, the closure being with respect to (X, p*). Let dC, the boundary of C
with respect to (X, p*), be non-empty. Let g, f : C — X be mappings satisfying
plgx, fy) < amax{p(x,y), p(x,gx), p(y, fy), 5[p(x, fy) + p(y, gx)| } for all x,y € X and
O<a< % Let the following condition apply: x € dC implies fx € C and gx C C,

Then g and f have a common fixed point in X. Further, if we assume that p(x,y) < p(y,gx)
or p(x,y) < p(y, fx) for all x,y € X, then g and f have a unique common fixed point 7 in C with

p(z,2) =0.
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