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Abstract. In this paper, using the known class of <7-contractions, we discuss the existence problems of points
of coincidence and common fixed points for four self-mappings with .o/-implicit contractions on non-complete
2-metric spaces and give some particular forms, also obtain a common fixed point theorem for an infinite family of

self-mappings on complete 2-metric spaces and give a more general result. The obtained results generalize Kannan

type (common) fixed point theorems and its variant forms and other corresponding conclusions.
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1. Introduction and Preliminaries

The following result is a real generalization of Banach contraction principle, i.e., Kannan

type fixed point theorem:
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Theorem 1.1 [1] Let (X,d) be a complete real metric space, f : X — X a self-mapping. If there

exists k € [0, 1) such that

d(fx, fy) <kld(x, fx)+ f(y, fy)],Vx,y € X.

Then f has an unique fixed point z € X.
The next result is a variant form of Theorem 1.1:
Theorem 1.2 [2] Let (X,d) be a complete real metric space, f : X — X a self-mapping. If there

exists k € [0, 1) such that

d(fx, fy) <kld(x,y) +d(x, fx)+ f(y, fy)],Vx,y € X.

Then f has an unique fixed point z € X.

In 2008, The authors in [3] introduced a new general class of contractions(i.e., 7 -contractions)
and obtained a fixed point theorem which is a generalization of Kannan type theorem and its
variant fixed point theorem(Theorem 1.1-1.2). The authors in [4] gave a integral version of the
corresponding result in [3] on real metric spaces and the authors in [5] generalized the corre-
sponding results in [3] on complex valued metric space.

In this paper, we will discuss and obtain some new common fixed point theorems for a fam-
ily of self-mappings with .o7-implicit contractions on 2-metric spaces (see [6-9]) and further
generalize the corresponding conclusions.

At first, we give some well known definitions and results.

Let Ry = [0,00) and .« be the set of all functions & : R3 — R satisfying

(1) o 1s continuous on the set ]Ri (with respect to the Eucliean metric on Ri);

(a2) a < kb for some k € [0,1) whenever a < o(a,b,b) or a < o(b,a,b) or a < a(b,b,a)
forall a,b € [0,00).

Definition 1.1[6-7] A 2-metric space (X,d) consists of a nonempty set X and a function d :
X x X x X — [0,+00) such that

(i) for distant elements x,y € X, there exists an u € X such that d(x,y,u) # 0;

(ii) d(x,y,z) = 0 if and only if at least two elements in {x,y,z} are equal;

(iil) d(x,y,z) = d(u,v,w), where {u,v,w} is any permutation of {x,y,z};

(iv) d(x,y,z) < d(x,y,u) +d(x,u,z) +d(u,y,z) for all x,y,z,u € X.
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Definition 1.2 [6-7] A sequence {x, },cn in 2-metric space (X,d) is said to be a cauchy se-
quence, if for each € > 0 there exists a positive integer N € N such that d(x,,x,,,a) < € for all
a€ X andn,m > N.
Definition 1.3 [8-9] A sequence {x,},cn in 2-metric space (X,d) is said to be convergent to
x € X, if lim,,, ;e d(xpy,x,a) = 0 for each a € X. And write x,, — x and call x the limit of
{xnfnen.
Definition 1.4 [8-9] A 2-metric space (X,d) is said to be complete, if every cauchy sequence in
X is convergent.
Definition 1.5 [10-11] Let f and g be two self-mappings on a set X. If w = fx = gx for some
x € X, then x is called a coincidence point of f and g, and w is called a point of coincidence of
fand g.
Definition 1.6[12] Two mappings f,g : X — X are said to be weakly compatible if, for every
x € X, holds fgx = gfx whenever fx = gx.

The following three lemmas are known results.
Lemma 1.1 [6-9] Let (X,d) be a 2-metric space and {x,},cn a sequence. If there exists i €
[0, 1) such that d(x,,2,Xy+1,a) < hd(xp41,%n,a) forall a € X and n € N, then d(x,,, x,x;) =0
for all n,m,l € N, and {x, },cn is a cauchy sequence
Lemma 1.2 [6-9] If (X, d) is a 2-metric space and sequence {x, },eny — x € X, then lim,,_, ;oo d(xp,b,¢) =
d(x,b,c) for each b,c € X.
Lemma 1.3[10-11] Let f, g : X — X be weakly compatible. If f and g have a unique point of

coincidence w = fx = gx, then w is the unique common fixed point of f and g.
2. Main Results

Theorem 2.1 Let (X, d) be a 2-metric space, S,7,F,G : X — X four mappings satisfying that
S(X) C G(X) and T(X) C F(X). Suppose that for each x,y,a € X,

d(Tx,Sy,a) < o(d(Gx,Fy,a),d(Gx,Tx,a),d(Fy,Sy,a)), (2.1)
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where a € o7. If one of S(X),T(X),F(X) and G(X) is complete, then 7 and G, S and F have
an unique point of coincidence in X respectively. Further, if {G,T} and {S,F} are weakly
compatible respectively, then S, T, F, G have an unique common fixed point in X.

Proof Take any element xy € X, then using the conditions S(X) C G(X) and T(X) C F(X), we

can construct two sequences {x, } and {y, } as follows:
Yon = Txon = Fxopt1, yont1 = Sxont1 = Gxopp2,n =0,1,---. (22)
Foranyn=20,1,--- and a € X, by (2.1),
d(Tx2,Sx0p41,a) < Oc(d(zen,szn+1,a),d(zen,sz,,,a),d(sznH,sznH,a)),

1.e.,
d(yon,yont1,a) < & (d(yon—1,Y20,a),d(Yan—1, Y20, @), d(Yon, y2n+1,a)),

hence by (&2), we obtain
d(yon,yont1,a) < kd(yp—1,ym,a),Vn=1,2,--- a€X. (2.3)
Similarly, For any n =0,1,--- and a € X, by (2.1),
d(Txon42,S%0m+1,a) < &(d(Gxopy2, Fxons1,a),d(Gxonta, Txopi2,a),d(Fxoni1,Sx0m41,4)),

1.e.,
d(y2n42,Y20+1,@) < 0(d(yans1,Y20, @), d(Yons1,Y20+2,@),d(Y2n, Y2nt1,4)),

hence by (&2), we obtain
d(yan+1,Y2n+2,@) < kd(yan,yant1,a), Vn=1,2,--- ja€X. (2.4)
Combining (2.3) and (2.4), we have
d(nr1,Yn42,a) < kd(Yn,yni1,a), Vn=12,-- .a €X. (2.5)

Hence {y,} is Cauchy by Lemma 1.1.
Suppose that FX or TX is complete. Since y;, € TX C FX foralln=1,2,--- and {y,} is

Cauchy, there exist u,v € X such that yy, = u = Fv as n — . We easily know

d()’2n+17’4;a) S d()’Zn;’fiaCO +d(y2n+17y2naa) +d(y2n+17u7y2n)7 Vn = 1727"' ,a eX
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implies that y,,, 1| — u as n — oo since y,, — u and {y, } is Cauchy.

By (2.1), foreachn € Nand a € X,
d(Txz,,Sv,a) < Oc(d(zen,Fv,a),d(zen,szn,a),d(Fv,Sv,a)),

1.e.,
d(yZmSVa (,l) S a(d(erL—lauaa)ad(erl—l7y2n7a)7d(u7SV7 a)) . (26)

Letting n — oo in (2.6) and using (1) and Lemma 1.2, we obtain
d(u,Sv,a) < (X(0,0,d(u,Sv,a)),Va cX.

Hence d(u,Sv,a) = 0 for all a € X by (&2), so Fv = u = Sv. This shows that u is a point of
coincidence of S and F.
Since u = Sv € SX C GX, there exists w € X such that u = Gw. By (2.1), foralln =1,2,---

anda € X,
d(Tw,Sxpp41,a) < Oc(d(Gw,Fx2n+1,a),d(Gw,Fw,a),d(sznH,Sx2n+1,a))

i.e.,
d<TW7y2n+17a) S a(d<u7y2n7a)7d(uaFwaa)ad(yZWyZn-i-laa))' (27)

Letting n — oo in (2.7), we obtain
d(Tw,u,a) < a(O,d(u,Fw,a),O)).
Hence we have
Tw=u= Gw,

that is, u 1a also a point of coincidence of T and G.

If z = Tx = Gx is also a point of coincidence of T and G, then using (2.1), we obtain
d(Tx,Sv,a) < Oc(d(Gx, Fv,a),d(Gx,Tx,a),d(Fv,Sv, a)),

1.e.,

d(z,u,a) < Oﬂ(d(z,ma),0,0),

hence d(z,u,a) =0 for all @ € X by (a2). So u = z, this means that u is the unique point of

coincidence of T and G. Similarly, u is also the unique point of coincidence of S and F'.
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If {G,T} and {S,F} are weakly compatible respectively, then u is the unique common fixed
point of {G,T} and {S,F} respectively by Lemma 1.3. Hence we easily know that u is the
unique common fixed point of {S,T,F,G}. Similarly, we can obtain the same conclusion for
SX or GX being complete.

Using Theorem 2.1, we are easy to obtain the following common fixed point theorems.
Theorem 2.2 Let (X, d) be a 2-metric space, S,7,F : X — X three mappings satisfying that
S(X)UT(X) C F(X). Suppose that for each x,y,a € X,

d(Tx,Sy,a) < o(d(Fx,Fy,a),d(Fx,Tx,a),d(Fy,Sy,a)),

where o € o/. If one of S(X),T(X) and F(X) is complete, {F,T} and {S,F} are weakly
compatible respectively, then S, 7', F have an unique common fixed point in X.

Theorem 2.3 Let (X, d) be a 2-metric space, T,F,G : X — X three mappings satisfying that
T(X) C F(X)NG(X). Suppose that for each x,y,a € X,

d(Tx,Ty,a) < a(d(Gx,Fy,a),d(Gx,Tx,a),d(Fy,Ty,a)),

where o € o7. If one of T(X),F(X) and G(X) is complete, {G,T} and {T,F} are weakly
compatible respectively, then 7', F, G have an unique common fixed point in X.

Theorem 2.4 Let (X, d) be a 2-metric space, S,T : X — X two mappings. Suppose that for each
x,y,acX,

d(Tx,Sy,a) < a(d(x,y, a),d(x,Tx,a),d(y,Sy, a)),

where a € o7 If S(X) or T(X) is complete, then S, 7T have an unique common fixed point.
Theorem 2.5 Let (X, d) be a complete 2-metric space, F,G : X — X two surjective mappings.

Suppose that for each x,y,a € X,
d(x,y,a) < a(d(Gx,Fy,a),d(Gx,x,a%d(Fy,y,a)),

where o € o7 Then F,G have an unique common fixed point in X.

Remark 2.1 If 7 = S and G = F in Theorem 2.4 and Theorem 2.5 respectively, then we obtain
two fixed point theorems. The first case is the version of the corresponding conclusion in [3] on
2-metric spaces, the second case is a more generalization of a known fixed point theorem for a

mappings with a quasi-contractive condition on 2-metric spaces.
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Next, we obtain common fixed point theorems for an infinite family of self-mappings on
complete 2-metric spaces.
Theorem 2.6 Let (X,d) be a complete 2-metric space, {7;};* , a family of self-mappings on X.
Suppose that for each i, j € N with i # jand a € X,

d(Tix. Tyy.a) < a(d(x.y.a).d(x, Tv,a).d(. Ty.a)). (28)

where o € o7 Then {7;} , have an unique common fixed point z € X.

Proof Take an element x; € X and construct a sequence {x,}_; as follows
Tx,=xp41,n=12,---. (2.9)
For any n € N and a € X, using (2.8) and (2.9), we have

d(Toxn, Ty 1Xn41,a) < 0 (d(Xn, X1 1,0),d (%0, Toxn,@),d (X i1, Ty 1X041,)),
i.e.,
d(Xn11,%n42,@) < 0(d (X0, Xn11,0),d (X0, X1 1,0),d (Xn 11, %012,0)),
using (¢2), we obtain

d(Xpt1,%n42,a) < kd(xp,xp11,a),Yn €N, a € X.

Hence {x,} is a Cauchy sequence by Lemma 1.1. Let x,, — u as n — oo by the completeness of
X.
For any fixed n € N and any i € N with i > n and a € X, by (2.8) and (2.9),

d(Tyu, Tixi,a) < Oc(d(u,xi,a),d(u,Tnu,a),d(xi,Tixi,a)),
1.e.,
d(Tu,xiy1,a) < oo(d(u,xi,a),d(u, Tu,a),d(xi,xi11,a)). (2.10)

Let i — oo in (2.10) and using (1) and Lemma 1.2 and the Cauchy property of {x;}, we

obtain
d(Tyu,u,a) < Oc(O,d(u,Tnu,a),O)),Va €X.

Hence T,u = u(Vn € N) by (a2), i.e., u is a common fixed point of {7;}* ,.
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Suppose that v is also a common fixed point of {7;} |, then for any a € X,
d(u,v,a) =d(Tyu, Thv,a) < a(d(u,v,a),d(u,Tlu,a),d(v, Tzv,a)) = Oc(d(u,v,a),0,0),

hence d(u,v,a) = 0 for all a € X, therefore u = v. This shows that u is the unique common fixed
point of {7;}7 ;.

Using Theorem 2.6, we obtain the following more general common fixed point theorem.
Theorem 2.7 Let (X,d) be a complete 2-metric space, {7;};-; a family of self-mappings on X

and {m;}; | a family of natural numbers. Suppose that for each i, j € N withi # jand a € X,

d(T"x, T;"-"y, a)<a (d(x,y, a),d(x,T"x,a),d(y, Y“imjy, a)) , (2.11)

1 1

where a € o7. Then {7;}? , have an unique common fixed point u € X.
Proof Let f; =T foralli=1,2,- -, then { f;}? | satisfies all conditions of Theorem 2.6, hence
{fi}7=, have an unique common fixed point u € X.

Fix any i € N. Since fiTju = T; fju = Tiu, Tu is a fixed point of f;. For any j € N with j # i,
by (2.11)

d(fiTu, fiTiu,a) < a(d(Tu, Tu,a),d(Tu, fiTu,a),d(Tu, f;T,,a)),Va € X,

hence

d(Tiu, fiTiu,a) < OC(0,0,d(Y}u,iju,a)),‘v’a €X.

This implies d(Tiu, fjT;u,a) = 0 for all a € X by (a2), hence Tju is a fixed point of f; for
J # i, further Tiu is a common fixed point of { f;};>_, for any i € N. Therefore Tju = u by the
uniqueness of common fixed points of { f;};>_, for any i € N, hence u is a common fixed point

of {T;}*,. Obviously, u is the unique common fixed point of {7;}? ;.

Conflict of Interests

The authors declare that there is no conflict of interests.

REFERENCES

[1] R. Kannan, Some results on fixed points, Bull. Calcutta Math. 60(1968), 71-76.
[2] D. P. Shukla and S. K. Tiwari, Unique fixed point for s-weak contractive mappings, Gen. Math. 4(2011),
28-34.



440 SHENG-JIE GENG, YING-ZHEN LANG, YONG-JIE PIAO

[3] M. Akram, A. A. Zafar and A. A. Siddiqui, A general class of contractions: .o-contractions, Novi Sad J.
Math. 38(1)(2008), 25-33.
[4] Mantu Saha and Debashis Dey, Fixed point theorems for .o7-contraction mappings of integral type, J. Non-
linear Sci. Appl. 5(2012), 84-92.
[5] R.S. Shi and Y. J. Piao, Fixed points and common fixed points of mappings with .<7-implicit contractions on
complex valued metric space, J. Jilin Univ., Sci. 54(4)(2016), 743-747.(In Chinese)
[6] S.L.Singh, Some contractive type principles on 2-metric spaces and applications, Math. Semin. Notes, Kobe
Univ. 7(1)(1979), 1-11.
[7] Y. J. Piao, Unique common fixed point for a family of self-maps with same type contractive condition in
2-metric spaces, Anal. Theory Appl. 24(4)(2008), 316-320.
[8] Y.J. Piao, Uniqueness of common fixed points for a family of maps with ®;-quasi-contractive type in 2-metric
spaces, Acta Math. Sci. 32(6)(2012), 1079-4085.(In Chinese)
[9] Y. H. Han and Y. J. Piao, Improvements of coincidence point and common fixed point theorems for mappings
on 2-metric spaces, J. Syst. Sci. Math. Sci. 36(10)(2016), 1-8. (In Chinese)
[10] M. Abbas and G. Jungck, Common fixed point results for noncommuting mappings without continuity in
cone metric spaces, J. Math. Anal. Appl. 341(1)(2008), 416-420.
[11] Y. Han and S. Y. Xu, New common fixed point results for four maps on cone metric spaces, Appl. Math.
2(2002), 1114-1118.
[12] C. D. Bari and P. Vetro, ¢-pairs and common fixed points in cone metric spaces, Rend. Circ. Mat. Palermo.

57(2008), 279-285.



