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Abstract. In this paper coincidence and fixed point theorems for a pair of single-valued and multi-valued compat-
ible mappings on complete partial metric spaces are presented. The notion of compatible mappings for a pair of
single-valued and multi-valued mappings proved to be very useful as the existing metric fixed point theory contains
numerous fixed point results for pair(s) of mappings established under compatibility condition and its generaliza-
tions. Partial metric spaces are one of generalizations of the notion of a metric space that allows non-zero self
distance. The existing metric fixed point theory approaches, are adapted to establish the results. The main result
generalizes, in particular, a fixed point theorem due to Kaneko and Sessa for hybrid pair of compatible mappings.
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1. Introduction

The study of fixed points for compatible mappings on complete metric spaces was initiated
by Jungck [ 2 ]. Kaneko and Sessa [ 4 ] extended the notion of compatible mappings to include
multi-valued mappings, and established some metric fixed point results for single-valued and
multi-valued compatible mappings.

Partial metric spaces were introduced by Mathews [ 7 ] while studying denotational seman-
tics in data flow networks. Partial metric spaces are generalization of the notion of metric spaces
such that the distance of a point of the space from itself is not necessarily zero [ 8 ]. Matthews
established, as a tool for his study, a fixed point theorem, a generalization of the Banach contrac-
tion principle, for contraction mappings on complete partial metric spaces. Matthews therefore
initiated the study of fixed points in the framework of partial metric spaces. Matthews [ 8 ] also
studied topological aspects for partial metric spaces. Recently, there has been several studies on
possible generalizations of the existing metric fixed point results to partial metric spaces. This
paper forms a part of the studies for metric fixed point results for a hybrid pair of compatible
mappings.

The purpose of this paper is to generalize a metric fixed point theorem due to Kaneko and

Sessa [ 4 ] to partial metric spaces.

2. Preliminaries

The following definitions and preliminary results will be required to establish the results.
Definition 2.1. Let X be a non-empty set. Let 7 : X — 2%, where 2X denotes the collection
of all non-empty subsets of X, be a multi-valued mapping and f : X — X be a single-valued

mapping. Then:

(1) apointt € X is called a common fixed point of T and f if t = fr € Tt.

(ii) apoint s € X is called a coincidence point of f and T if fs € T's.

Definition 2.2. [ 8 ] Let X be non-empty set. A partial metric space is a pair (X, p), where p is
a function p : X x X — [0,0), called the partial metric, such that for all x,y,z € X the following
hold:
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(P1) x=y <& p(x,y) = p(x,x) = p(»,y);
(P2) p(x,x) < p(x,y);
(P3) p(x,y) = p(yx);
(P4) p(x,y) < p(x,2) +p(2,y) = p(z,2).

Clearly, by (P1) - (P3),if p(x,y) =0, then x = y. But, the converse is in general not true.

Amongst classical examples of partial metric spaces is a pair ([0,e), p) where p(x,y) =
max{x,y} for all x,y € [0,00). More examples of partial metric spaces may be foundin[ 1,3 ].

Each partial metric p on X generates a T topology 7, on X whose basis is the collection of
all open p-balls {B,(x,€) : x € X,& > 0} where
Bp(x,e) ={ye X : p(x,y) < p(x,x) + €} forall x € X, and € is a real number.

Let (X, p) be a partial metric space. Let A be any non-empty subset of the set X and x be an
element of the set X. It is well known [ 11 ] that x € A, where A is the closure of A, if and only
if p(x,A) = p(x,x). Also, the set A is said to closed in (X, p) if and only if A = A.

Definition 2.3. [ 8 ] Let (X, p) be a partial metric space. Then:

(i) A sequence {x,} in (X, p) is said to be convergent to x € X if and only if p(x,x) =
limy, o0 p(x,X).
(ii) A sequence {x,} in (X, p) is a Cauchy sequence if and only if
1imy, ;500 P (%, Xm) eXists and is finite.
(iii) A partial metric space (X,p) is said to be complete if every Cauchy sequence {x,}
in X converges with respect to the topology 7, to a point x € X such that p(x,x) =
1imy, ;00 P (X, Xim)-
Lemma 2.1. [ 1 ] Ler (X, p) be a partial metric space. Then the mapping p* : X x X — [0,00)
given by

p'(x,y) = 2p(x,y) — p(x,x) — p(y,y)

for all x,y € X defines a metric on X.

Lemma 2.2. [ 1 ] Let (X, p) be a partial metric space. Then:

(i) A sequence {x,} is a Cauchy sequence in (X, p) if and only if it is a Cauchy sequence

in the metric space (X, p*).
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(ii) A partial metric space (X, p) is complete if and only if the metric space (X, p*) is com-

plete.

Let (X,d) be a metric space and CB(X) denotes the collection of all non-empty bounded
closed subsets of X. For A,B € CB(X), define

H(A,B) = max {supd(a,B),supd(b,A)}
acA beB

where d(x,A) = inf{d(x,a) : a € A} is the distance from a point x € X to the set A € CB(X). It
is well known [ 6 ] that H is a metric, called the Pompeiu-Hausdorff metric, on CB(X) induced
by the metric d. The metric space (CB(X),H) is complete whenever (X,d) is complete.
Definition 2.4. [ 2 ] Let (X,d) be a metric space. The mappings f,g : X — X are called
compatible if and only if d(fgx,,gfx,) approaches 0 whenever {x,} is a sequence in X such
that { fx, } approaches ¢, {gx, } approaches 7 for some point z € X.
Definition 2.5. [ 4 ] Let (X,d) be a metric space. The mappings f: X — X and T : X — CB(X)
are compatible if and only if fTx € CB(X) for all x in X and H(T fx,, fTx,) approaches 0,
whenever {x, } is a sequence in X such that {T'x,, } approaches N € CB(X) and { fx, } approaches
tEN.

Kaneko and Sessa [ 4 | extended the Proposition 2.2 due to Jungck [ 2 ] to include a hybrid
pair of mappings, and obtained the following result:
Lemma 2.3. [ 4] Let (X,d) be a metric space. Let f : X — X and T : X — CB(X) be compatible
mappings. If fy € Ty for somey € X, then fTy=T fy .
Definition 2.6. [ 10 ] Let (X, p) be a partial metric space. Mappings f,g: X — X are:

(i) compatible if and only if p(fgx,,gfx,) approaches p(t,t) whenever {x,} is a sequence
in X such that both { fx, } and {gx,} approachr € X.
(ii ) non-compatible if there exists at least one sequence {x,} in X such that both { fx, } and

{gx,} approach r € X, but p(fgx,,gfx,) diverges.

Definition 2.7. [ 3 ] Let (X, p) be a partial metric space and CB?(X) denotes the collection of
all non-empty bounded and closed subsets of X. For A,B € CB?(X), define

H,(A,B) = max {5,(A,B), 5,(B,A)}
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where p(x,A) =inf{p(x,a) :a € A}, 5,(A,B) =sup{p(a,B) :a € A} and §,(B,A) =sup{p(b,A) : b € B}.
Then the mapping H,, is a partial metric, called the partial Hausdorff metric, on CB? (X ) induced
by the partial metric p.
Proposition 2.1. [ 3 ] Let (X, p) be a partial metric space. For A, B,C € CB?(X), the following
hold:

(hl) H,(A,A) <H,(A,B);

(h2) H,(A,B) = H,(B,A);

(h3) H,(A,B) <H,(A,C)+H,(C,B) —inf.cc p(C,C).
Lemma 2.3. [ 3] Let (X, p) be a partial metric space. Let A,B € CBP(X) and q > 1. Then for

any a € A, there exists b € B that depends on a such that

pla,b) < qH,(A,B).

Definition 2.8. Let (X,p) be a partial metric space. The mappings f:X — X and T : X —
CBP(X) are:

(i) compatible if and only if fTx € CBP(X) for all x € X and

Hy(T fxun, fTxn) = Hp(fTn, fTxn)

whenever {x,} is a sequence in X such that {Tx, } approaches N € CB?(X) and {fx,}
approaches t € N.
(ii) non-compatible if there exists at least one sequence {x,} in X such that {T'x,} ap-

proaches N € CB?(X) and { fx,} approaches t € M, but

Hy(T fu, fTx0) # Hp(FTx0, fTx).

Lemma 2.4. Let (X,p) be a partial metric space. Let f:X — X and T : X — CBP(X) be
compatible mappings. If fy € Ty for some y € X, then fTy =T fy.

Proof. Let x, =y for each n, then fx, = fy — fy and Tx,, = N = Ty. Suppose that fy € Ty
for some y € X, then

H,(fTy,Tfy) = Hy(fTx,T fx,) = Hy(fTxpn, fTx,) by compatibility of the mappings f and
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T ( see Definition 2.8 ) Thus by Definition 2.2 (P2) we have fTy = T fy. This completes the

proof.

Motivated by Nadler [ 6 ] and inspired by Kubiak [ 9 ], Kaneko and Sessa [ 4 | established
the following metric fixed point result for a hybrid pair of compatible mappings.
Theorem 2.1. [ 4 ] Let (X,d) be a complete metric space, f : X — X and T : X — CB(X) be
compatible continuous mappings such that T (X) C f(X) and
H(Tx,Ty)
< hmax {d(fx,fy),d(fx, Tx),d(fy,Ty), %[d(fx, Ty)+d(fy,Tx)] }for all x,y in X, where 0 <
h < 1. Then, there exists a pointt € X such that ft € Tt .

In this paper Theorem 2.1 is generalized to partial metric spaces in order to obtain a fixed

point theorem for hybrid pair of compatible mappings in partial metric spaces.
3. Main Results

The following theorem is a generalization of Theorem 2.1 to partial metric spaces.
Theorem 3.1. Let (X, p) be a complete partial metric space. Let f: X — X and T : X — CBP(X)

be compatible continuous mappings such that
(i) T(X) C f(X) and
(ii) Hp(Tx,Ty)

1
< hmax{p(fx,fy),p(fx,TX),p(fy, Ty), 51p(fx,Ty) +p(fy, Tx)]} for all x,y in X,
where 0 < h < 1.

Then, the mappings f and 7 have a common coincidence point. i.e. there exists a point t € X
such that fr € Tt.

Proof. Let xo be an arbitrary point in X. Using Theorem 3.1 (i) we can find x| € X such that
fx1 € Txg. By the definition of H), (refer Definition 2.7) , and the Theorem 3.1 (ii) for h = 0,

we have

p(fx1,Tx1) <Hp(Tx0,Tx1) =0

§Hp(Tx1,Tx1)
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This implies that fx; is contained in 7'xy.
Consider a case when i > 0.

1
For define g = ﬁ So g > 1. By Lemma 2.3 , there exists a point z; € Tx; such that

p(z1, fx1) < gH,(Tx1,Txp). By Theorem 3.1 (i), we can find x, € X such that z; = fx, € Tx;.
In general, after selecting x,, we can choose x,,1 € X and set
Zn = fxp4+1 € Tx, satisfying:

P(zns fxn) = p(fXns1, fxn) < qHp(Txn, Tx,—1) for each n > 1. Now,
(D p(fu fxnet) <qHp(Tx—1, Tx)
< ghmax{p(fxn—1, [xn), P(fXn—1,TXn=1), P( X0, TXn),
Pt T) + P, T )]}
<Vhmax{p(fxn-1,fxn), P(fn1 f %), P(F, fn 1),
1P (Fa 1. i)+ p(Fon )]
< VA (i 1), 3P0 501 Fns )+ P )
<Vhmax {p(fxn, fXn1), p(fXn, fX11)}

(2) P(fxn, fxn1) S VhP(fxn, fxa—1) forall n>2.

By mathematical induction, we get

3) P(fxn, fxns1) < (\/f_t)n_lp(fm,fxl) forall neN.

By (3 ) and Definition 2.2 ( P4 ), for any m € N we have

P(fXn, fXnym) S P(fXn, fXni1) +P(fXnrts fXni2) + -+ P(fXntm—2, [Xntm—1)
+p(fxn+m—1 7fxn+m)
<[ (V) e (VT T )

(\/E)”_l
1-vh

By the Lemma 2.1 , we get for any m € N, p*(fx,, fXn+m) < 2p(fXn, fXn+m) — 0 as n — oo.

< p(x2,x1) >0 as n—oo since 0<h<l1.

This yields { fx, } is a Cauchy sequence with respect to p* and hence convergent by Lemma 2.2.
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Thus, there exist some ¢ € X such that

€ p(t;1) = lim p(fxn,1) = lm_p(fxn, fxm).

From (1) and ( 2 ) we have:

C]Hp(Txna Txnfl) < \/Ep(fxnflafxn)
Hy,(Txp, Txn—1) <hp(fxn—1,fx,). for n>2.
This implies that {7x,} is a Cauchy sequence as { fx, } is a Cauchy sequence. Hence {Tx,} is

convergent by completeness of (CB?(X),H,).
Now, let Tx, — N € CB?(X). Then we have the following:

p(t,N) <p(t, fxu) + p(fXn,N) = p(fXn, [Xn)
<p(t, fxn) +Hy(Txy—1,N) — Hy(Txy—1,Txp_1)
<p(t,t)+0 as n—o by (4)
=p(t;1)
This implies that # € N, since N is closed.

By compatibility of the mappings as in Definition 2.8 (H,(T fxu, fTxy) = Hy(fTxn, fTxy)),

Proposition 2.1 ( h3 ) and continuities of the mappings f,T we have :

p(ftht) Sp(ft7ffxn+l) +p(ffxn+l7Tt)) _p(ffxn+laffxn+l)
<p(ft, ffxns1) "‘Hp(fon»Tt) _Hp(fonafon)
Sp(ftaffxn+l) +HP(fonanxn>

+Hy(T fxn,Tt) — Hy(fTxn, fTx,) — Einf p(z,2)
Z

T fxn

<p(ft, ft).

So we have p(ft, ft) < p(ft,Tt) < p(ft, ft).
This implies p(ft,Tt) = p(ft, ft). Therefore ft € Tt since Tt is closed. This completes the

proof.
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Corollary 3.1. Let (X, p) be a complete partial metric space. Let T : X — CBP(X) and f : X —
X be a continuous mapping satisfying H,(Tx,Ty) < hp(fx, fy) for all x,y € X, where 0 < h < 1
and T fx = fTx. If the mappings f,T satisfy condition (i ) of Theorem 3.1 , then the mappings
f and T have a common coincidence point.
Remark 3.1. Let (X, p) be a partial metric space. We denote by PB?(X) the collection of all
non-empty and bounded subsets G of X such that for each x € X, there exists a point y € G with
p(x,y) = p(x,G). If we define T : X — PBP(X), then the iterative process z, in the above proof
can be simplified to the modified iteration scheme of Smithson [ 5 ], where T'x is compact and
therefore contained in PBP(X). This can be done as follows: after selecting x,, let x,1 € X
be such that z, = fx,1 € Tx, and p(fxu,2,) = p(fxn,Tx,). Clearly PBP(X) C CBP(X) and
therefore we have the following as corollary of Theorem 3.1.
Corollary 3.2. Let (X,p) be a complete partial metric space. Let f:X — X and T : X —
PBP(X) be continuous mappings satisfying fTx € PBP(X) for all x € X. If the mappings [ and
T are such that H,(T fx, fTx) < p(fx,Tx) for all x € X and satisfy conditions ( i ) and ( ii ) of
the Theorem 3.1 , then the mappings f and T have a common coincidence point.

We now present an illustrative example for Theorem 3.1.

Example 3.1. Let X = [1,) and p : X X X — [0,0) be a function given by p(x,y) = max{x,y},
for all x,y € X. Clearly (X, p) is a partial metric space. Define fx = 2x* — 1 and Tx = [1,x?]
for each x > 1. Clearly, the mappings f and T are continuous and satisfy condition (i) of the
Theorem 3.1. Since {fx,} — 1 and {Tx,} — {1} if and only if {x,} — 1, H,(fTx,,T fx,) =
Hy(fTxn, fTxy) = 2x,° — 1 if and only if {x,} — 1 and fTx, = [1,2x,® — 1] € CBP(X) for all
X,y € X, then f and T are compatible mappings. Now, H,(Tx, Ty) = H,([1,x%],[1,y?]). Without

loss of generality we assume y < x. This implies that

H,(Tx,Ty) =x*

<2(x2+1)(x2— H+1
- 2

1
zimax{fx,fy}

1
zzp(fx,fy) forall x,ye€X.
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Thus, the mappings f and T satisfy condition ( ii ) of the Theorem 3.1 for 7 = % Therefore by
the Theorem 3.1, 1 is a coincidence point for the mappings f and 7. i.e. t = 1.

We now present a fixed point result by imposing appropriate restrictions to the mappings f
and T as defined in Theorem 3.1.
Theorem 3.2. Let (X, p) be a complete partial metric space. Let f: X — X and T : X — CBP(X)
be compatible continuous mappings satisfying both conditions ( 1 ) and ( ii ) of the Theorem
3.1. Furthermore, if for each x € X either fx # f2x implies fx & Tx or fx € Tx implies that
f"x — y for some y € X. Then the mappings f and 7" have a common fixed point in X.
Proof. Since f and T satisfy both conditions of the Theorem 3.1 , then fr € Tt for some t € X.
We assume fx # f2x implies fx ¢ Tx for each x € X. Now, by continuity of f and the Lemma
2.8 we have f%t € fTt =T ft. Thus we have fr = f2t € T ft. i.e. f(¢) is a common fixed point
for fand T.
We assume fx € Tx implies that f"x — y for some y € X. By continuity of f we have fy =y.
We now show that y is also a fixed point for 7. By the Lemma 2.4 , f"t € T f"~ !t for each

natural number n, and the continuity of 7 we have:

p(,Ty) <p(y,f't)+p(f't,Ty) — p(f"t, f"t)
SP()@fnt) +HP(Tfn_17Ty) _HP(Tfn_ltqun_lt)
<p(»y)

=p(,y).

Therefore, y € Ty since Ty is closed. This completes the proof.
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