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Abstract: In this paper, we obtain some common random fixed point theorems for generalized weak contraction
condition in symmetric spaces. Besides discussing special cases, we observe the usefulness of results on the setting
of symmetric spaces.
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1. Introduction

In recent years, the study of random fixed points has attracted much attention, some of the recent
literatures in random fixed point may be noted in [2, 3, 4, 5, 6, 9, 10, 11].

The study of common fixed point theorems in symmetric spaces was initiated in the work of
Hicks and Rhoades [8]. Recently Beg and Abbas [5] prove some random fixed point theorem for
weakly compatible random operators under generalized contractive condition in symmetric space.
The purpose of this paper is to obtain some common fixed point theorems in symmetric spaces
for a certain class of mappings on general setting. Theses mapping satisfy the (E.A) property

which is studied for first time by Aamri and Moutawakil[1].

2. Preliminaries

Throughout this paper, (©2,X) denotes a measurable space (X - sigma algebra).
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Definition 2.1. Let X be a non-empty set and d: X x X— [0, «) a functional. Then d is called a
symmetric on X if

(S1): d(x,y) >0;

(S2): d(x, y) = 0; if and only if x=y;

(S3): d(x, y) = d(y, x);

The pair (X, d) is called a symmetric space of semi—symmetric space. If we include the triangle
inequality in the above definition then we get the usual definition of a metric space. However, a
symmetric on X need not to be metric on X. Therefore the class of symmetric spaces is larger
than metric spaces.

Let d be a symmetric on a set X. For € > 0 and x €X, B(x,€) denotes the spherical ball centered
at x with radius ¢, defined as the set {yeX: d(x, y) <e}.

A topology t(d) on X is given by Ue t(d) if and only if for each xeU, B(x, €) < U for some >0.
Note that

Al_r)lolo d(x,, x) = 0 Iff xp—X in the topology t(d).

Let F be a subset of X. A mapping & Q — X is measurable if £71(U)e X for each open subset U
of X. The mapping T: Qx F — F is a random map if and only if for each fixed x eF, the mapping
T(.,X) : Q—F is measurable.

A measurable mapping &: Q — Xis a random fixed point of random operators T: Qx F — F if
and only if T(u), E(m)) = &(w) for each w € Q. We denote the set of random fixed points of a
random map T by RF(T) and the set of all measurable mappings for Q into a symmetric space by
M(Q, X).

The following two axioms are given by Wilson[11]

Definition 2.2. Let {xn} and {yn} be two sequences in a symmetric space (X, d) and x, y € X.
The space X is said to satisfy the following axioms:

(W.1) Al_r)l;lo d(x,,x) = I{l_r){)lo d(xp,y) impliesx =y

(W.2) Illl_r)rolo d(x,,x) = I111_1)’21o d(xp, y,) implies d(y,,x) =0

The following definition is essentially due to Aamri and Moutawakil[1] on a metric space.
Definition 2.3. Let X be a symmetric space. Two mappings S, T: QxX—X satisfy the property
(E.A) if there exists a sequence{¢,} in M(Q, X) such that for some £ M(Q, X)
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lim T(w, & (w)) = lim S(w, &y (w)) = &(w) for every weQ

3. Common Fixed Point Theorems
Throughout this section we shall use the following notations:
1. X: = A symmetric space (X, d)
2. @:= A class of functions ®: [0, o) — [0, ) satisfying.
a. @ is continuous and monotone non-decreasing.
b.®o(t) =0 < t=0.
3. Mt ((w, x), (w, y)) = max{d(x, y), d(X,T(w, X)), d(y,T(w, y)), d(x,T(oo, y)),
d(y,T(w, x))}
4. Mgt ((w, x), (w, y)) = max{d(x, y), d(x,S(oo,X)), d(y,T(u), y)), d(x,T(oo, y)),
d(y, S(w, x))}
Definition 3.1. Let X be a metric space and T: QxX—X. Then mapping T will be called a quasi-

weak contraction if

¥ (d(T(w,%), T@,y)) < ¥ (Mr((@%), (@) = 8(Mr((0,9, (,y)))
for all x, yeX, ®eQ where {,d € ®.
When Y(t) = tand 4(t) = (1 — k)t with k € (0, 1), in the definition 3.1, we recover the well

known quasi-contraction due to Ciric[7].

3. Main Result

Theorem 3.1: Let X be a symmetric space and T: QxX—CB(X) be a quasi-contraction
satisfying the property (E.A.). Then T has a unique random fixed point.

Proof: since T satisfying the (E.A.) property, then there exists a sequences {&n} in M (Q, X)
such that

lim T(oo, En(oo)) = lim &, (w) = &(w)
For every weQ, for some EeM (Q, X).

Since T is a quasi-weak contraction then we get
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(4 (10, 5@), (0, 50(2)) )
< (M ((005@)), (0.5 ()
_ g (MT (0. 5@)), (w, En(w)))> (.1

Now consider
lim My ((w, E(w)), (w, En(w)))
= 1im max ({d(§(e), (@), d (§(@), (e, §(®)) ), d (8 (), (e, Ea(w)) )
4 (E), T(0,5:(0))), d (£(w), (w0, Ew)))})
= max ({d(5(«), §()),d (5w, T(w, (), d(5(w), §(w)),
d(8(@),&(0), d(Ew), T(w&w))})
= max ({0, d (§(w), T(«,§()) ), 0,0,d (§w), T(w, §w)))})
= d(5(), (o §(w))
lim My ((00,8(0)), (0.5 (@) = d (50, T(w,5(w))) (3.2)
Since y, @ € @ then (3.1) and (3.2) implies that

lim s (d (70, 5@), T(w,80@)))) = b (d(T(0,5@),5)))
< ¥ (d (5@ T(0.5@))) - 8(d (3, (0, 5))))

which is a contradiction.
Hence T(u), E(u))) = &(w)

Therefore &(w) is a random fixed point of T.
Uniqueness: To prove the uniqueness, we suppose that T has two distinct points &, (w) and

&2 (w) then
Mr ( (0,8 (), (0,E2(w)))
= max ({d(5 (), (), d (£(0), T(w, & (@) ), d (82(w), T(w, &(«))),
d (5.(0), T(@,5())), d (£2(0), T(,81(e)) )})
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= max({d(& (@), £ (), d(& (w), & (@), d(&; (w), & (w)),
(% (@), & (@), d(E(w), & (w))}) (3.3)
= d( (0), & (w))
Since Y5, @ € @ then

¥ (4@, 5)) = ¥ (d(T(.5 (@), 7(0,5)))
< ¥ My (0,5 @), (0,5)) = 8(Mr (0,5 @), (0.5)))
= U (d(5(), 5(@)) = 8 (d(5:(0),5()))
ie. P (d(5 (0),5()) < ¥ (d(E (), 5w)) - 8 (d(E ), &)

which is a contradiction

so  d(&(w),(w)) =0,

& (w) = & (w) for every meQ.

Therefore &(w) is a common unique random fixed point of T.

Theorem 3.2: Let X be a symmetric space and S, T: QxX—CB(X) be mappings satisfying the
modified property (E.A.) such that

P d (50,9, T(w,y) < ¥ (Msr((0,%), (@))) = 8 (Msr((@,%), @)))
for all x, yeX, ®eQ where y5,@ € ®. Then T and S have a unique common random fixed point.

Proof: Since S and T satisfies the (E.A.) property then there exists a sequences {&n} in M(Q2, X)
such that

lim T, §(w)) = lim S(w, &n(@)) = Jim & (w) = §(w)
For everyneQ, for some £ M (Q, X) since S and T is a quasi-weak contraction then we get

d (S(w5(@)), (0,50 ()))
< ¥ (Msr ((0.5@), (0,5())) = 2 (M ((0.5), (.8 @))))

Now consider
lim Ms;r ((@,5()), (0,5 ()))
= lim max ({d(5(0), 5 (©)),d (5(w), S(0,5w)) ), d (5 (@), T(w, 5 ())),
4 (5(), T(0,5 (), d (8a(),S(w,5w)))]})
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= max ({d((0), &), d (£(w), S(w, Ew)) ), d(E(w), §w)),
d(5(0),§(w)), d(5),5(w,5w)))})
= max ({0, d (£(e), 5(w, §(w))), 0,0, d (&(w),S(w,§(w)))})
= d (5(w), S(w, 5(w)))
-y, @ e @ then implies that

lim d (5(, 8), T(0,50()) = 0 (4 (5w, 8), 5())
< (4 (5@, 8(0.5@))) - 8(d (5@, 5(,5()))

which is a contradiction

50 S(w,§(w)) = §(w)

Therefore &(w) is a fixed point of S.

Similarly, we have proved that &(w) is a fixed point of T.

Uniqueness: To prove the uniqueness, we suppose that S and T has two distinct points &, (w)
and &, (w) then

Ms (@5 (@), (0 5()))
< max {d(& (@), E()), d (81 (@), S(0,& (), d (£2(0), T(w,E2(0))),
d (5.(0), T(@,5())), d(E(0),5(w,&()))}
Mt (@, 81(0)), (0,E2(02) )
< max{d(% (@), &()), d(§ (@), & (@), d(E2(w), & (),

d(z1 (w), & (00)): d(zz (w), & (00))}

= d(E1((D); &2 ((D))
Since Y5, @ € ® then

W (6 (), () < b (4 (S(080), T(0,6w)))
< Lp(MS,T(oo, & (), (w, Ez(oo))) - @(MS,T(UO, & (w), (o, Ez(ﬂ))))
< P (d(8 (), &()) = 8(d(%(@),5(w))
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P d(5(0), & () < ¥ (d(5(0),E)) = 0(d(5 (), E()))

which is a contradiction

SO d(El((‘))J &2 (00)) =0

= & (w) = & (w) forevery w € Q.

Therefore, S and T have a common random unique fixed point.
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