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Abstract. In this paper we obtain some fixed and best proximity point theorems for cyclic (¢, ¢)-weakly

contraction mappings. The results obtained herein extend some recent results.
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1. Introduction and Preliminaries

Thought this paper N denotes the set of naturals and X a metric space (X,d). Let
A and B be nonempty subsets of a metric space X. A mapping T : AUB — AUB is
called a cyclic mapping if T(A) C B and T(B) C A. A point z € AU B is said to be
fixed point of T"if Tz = z and a best proximity point of T"if d(z,Tz) = d(A, B), where
d(A,B) = inf{d(z,y) : * € A, y € B}. All mappings do not have fixed points. For
example the mapping 7" : [0,00) — [0,00) defined by Tz = 1 + z, has no fixed points,
since x is never equal to x + 1 for any = € [0,00). If the fixed-point equation Tz = x

does not possesses a solution, it is contemplated to resolve a problem finding an element

*Corresponding author

Received April 16, 2012
135



136 S. N. MISHRA', RAJENDRA PANT"*, AND DPRV SUBBA RAO?

x such that z is in proximity to T'x in some sense. Best proximity theorems analyze the

conditions under which the optimization problem, namely miil d(x,Tz) has a solution [9].
xre

Kirk et al. [7] obtained the following interesting fixed point theorem for cyclic mappings.

Theorem 1.1. Let A and B be nonempty closed subsets of a complete metric space X

and T : AUB — AU B be a cyclic mapping. Assume that there exists A € (0,1) such that
d(Tz,Ty) < Ad(z,y) (1.1)

forallz € A andy € B. Then T has a unique fized point in AN B.

The condition (1.1) entails AN B being nonempty. Eldred and Veeramani [4] modified
the condition (1.1) for the case AN B = () as follows:

d(Tx, Ty) < Md(x,y) + (1 — \)d(A, B) (1.2)

for all x € A and y € B, where A € (0,1). The mapping T satisfying condition (1.2)
is called a cyclic contraction. Eldred and Veeramani [4, Th. 3.10] obtained a unique
best proximity point for the mapping 7' in a uniformly convex Banach space setting.
Subsequently, a number of extensions and generalizations of their results appeared in [1,

2, 5, 10] and many others.

Recently, Al-Tagafi and Shahzad [1] introduced the notion of cyclic ¢-contractions and
obtained some existence results for this new class of mappings. In this paper we, extend
cyclic p-contractions and introduce the notion of cyclic (¢, p)-weakly contractions. Sub-
sequently, this notion is utilized to obtain some fixed and best proximity point theorems

which generalize certain results of [1], [4] and [7].
2. Cyclic (¢, p)-weakly contractions

Throughout this section ® denotes the class of the functions ¢ : [0,00) — [0, 00)

satisfying:
(a) ¢ is continuous and monotone nondecreasing,

(b) p(t) =0t = 0.
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The function ¢ € @ is also known as altering distance function (see, for instance, [6]).

Now we introduce the following notion of a cyclic (1, p)-weakly contraction mapping.

Definition 2.1. Let A and B be nonempty subsets of a metric space X and T': AUB —
AU B a cyclic mapping. The mapping 7" will be called a cyclic (¢, p)-weakly contraction
if, ¥, p € ® and

P(d(Tz, Ty)) < P(d(z,y)) — (d(x, y)) + (d(A, B)), (2.1)
for all z € A and y € B (see also, [3, §]).
Remark 2.2. We remark that:
1. A cyclic g-contraction is cyclic (1, ¢)-weakly contraction with (t) = ¢ for ¢t > 0.

2. A cyclic contraction is cyclic (¢, ¢)-weakly contraction with ¥(t) = ¢, ¢(t) = (1 — M)t
for t > 0 and X € (0,1).

Recall that, a Banach space X is said to be:
(a) uniformly convex if there exists a strictly increasing function o : (0,2] — [0, 1] such

that the following implication holds for all z,y,p € X, R > 0 and r € [0,2R]:

ol < B

T+ T
i<k p= |- < (-0 (F)) A
o~ gl > r

(b) strictly convex if the following implication holds for all z,y,p € X and R > 0:

Iz —pll <R
r +
ly—pl <R 0= H—2 : —PH < k.

TF#yY

We begin with the following lemma.

Lemma 2.3. Let A and B be nonempty subsets of a metric space X andT : AUB — AUB
a cyclic (Y, p)-weakly contraction mapping. For xy € AU B, define x4, := Tx,, for each
n > 0. Then for allx € A and y € B,

(i) ¢(d(4, B)) < ¢(d(z,y));
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(i) d(Tz,Ty) < d(x,y); and
(iii) d(zpyo, Tns1) = d(Txpiq, Txy) < d(xpy1, ) for each n > 0.

Proof. (i) Since d(A,B) = d(z,y) for all x € A and y € B and ¢ € ®, we have
p(d(A, B)) < p(d(z,y)).

(ii) Since T is a cyclic (¢, ¢)-weakly contraction, we have

(d(Te, Ty)) < ¢(d(z,y)) — p(d(z,y)) + p(d(A, B))

forallx € A and y € B.

From (i) ¢(d(A, B)) < ¢(d(z,y)), hence

Y(d(Tx, Ty)) < Y(d(z,y)).

Since ¢ € ®, it follows that d(Tx, Ty) < d(z,y).
(iii) Since T is a cyclic (¢, p)-weakly contraction, we have
V(d(@ps2, Tnt1)) = V(AT Tpt1, Txy))
< P(d(zng1, 7)) = e(d(@ni1, 20)) + p(d(A, B))

for all n > 0. Using (i) and (ii), we get

U(d(zni2, 7)) = P(d(Tzpsr, Ton)) < (d(@nga, 7).
Now since ¢ € ®, it follows that

d(xn+27 xn—s—l) = d(Txn-l—lu Tmn) < d($n+17 mn)

Theorem 2.4. Let A and B be nonempty subsets of a metric space X andT : AU B —
AU B a cyclic (v, ¢)-weakly contraction mapping. For xo € AU B, define 41 := Tx,
for each n > 0. Then lim d(x,,Tz,) = d(A, B).

n—o0

Proof. It follows from Lemma 2.3 (iii) that {d(z,, z,+1)} is a decreasing sequence. Thus

lim d(xy,, Tpy1) = 1o for some ro > d(A, B). If d(x,,, Tpy+1) = 0 for some ng > 1 then we
n—oo
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are done. Assume that d(x,,2,41) > 0 for each n > 1. Since T is a cyclic (¢, p)-weakly

contraction, we have

(AT 1, ng2)) < P(d(@n, Tns1)) = P(d(@n, Tnp1)) + p(d(A, B)) (2.2)

for each n > 1.

Now by Lemma 2.3 (i) and (2.2), we have

p(d(A, B)) < o(d(wn, tn11)) < P(d(@n, Tni1)) = D(d(Zni1, Tni2)) + (4, B). (2.3)

Since ¥, p € ® and d(x,, Tpy1) > 10 > d(A, B), it follows from (2.3) that

lim Qo(d(xmxn—l-l)) = QO(TO) = @(d(A’ B))

n—0o0
for each n > 1. Since p € &, ry = d(A, B).

In view of Remark 2.2 (1) and (2), Proposition 3.1 of [4] and Theorem 3 of [1] are

special cases of Theorem 2.4.

Theorem 2.5. Let A and B be nonempty subsets of a metric space X andT : AUB —
AU B a cyclic (1, p)-weakly contraction mapping. For xo € A, define x,41 := Tx, for
each n > 0. If {x9,} has a convergent subsequence in A, then there ezists a point z € A

such that d(z,Tz) = d(A, B).

Proof. Let {z3,,} be a subsequence of {xs,} such that klim Top, = 2. Since
—00

d(A, B) < d(z,2on,—1) < d(2,Zan,) + d(T2n, , Ton,—1)
for each k& > 1, it follows from Theorem 2.4 that klim d(zan, , Ton,—1) = d(A, B). Since
— 00
d(A, B) < d(xap,,Tz) = d(zan,—1, 2)

for each k > 1, it follows that d(z,Tz) = d(A, B).
In view of Remark 2.2 (2), Proposition 3.2 of [4] is a special case of Theorem 2.5.

Corollary 2.6. [1, Theorem 4]. Let A and B be nonempty subsets of a metric space
X andT : AUB — AU B a cyclic p-weakly contraction mapping. For xo € A, define
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Tpy1 = Tx, for eachn > 0. If {x3,} has a convergent subsequence in A, then there exists

a point z € A such that d(z,Tz) = d(A, B).
Proof. It comes from Theorem 2.5, when ¢(t) = t.

Lemma 2.7. Let A and B be nonempty subsets of a uniformly convexr Banach space X
such that A is conver. Let T : AUB — AU B be a cyclic (¢, p)-weakly contraction

mapping. For xq € A, define x,,+1 :=Tx, for each n > 0. Then
lim ||Zap42 — Ton]| =0 and lim ||z9,13 — T2n11] = 0.
n—oo n—oo

Proof. Suppose that lim ||z2,12 — Z2,|| > 0. Then there exists €y > 0 such that for each
n—oo

k > 1, there is an n; > k satisfying
‘|x2nk+2 — Tony, || Z €o- (24)
Choose 0 < v < 1 such that SIS d(A, B) and choose ¢ such that
v

. d(A, B)o(y)
(A, 8)71_—5(7)} |

By Theorem 2.4, there exist N; and N, such that

O<5<min{

Hx2nk+2 - xan-l-lH < d(Av B) +¢ and ||:E2nk+1 - [EanH < d(A> B) +e€ (25)

for all ny > Ny, Ny. Let N := max{Ny, No}. It follows from (2.4), (2.5) and the uniform

convexity of X that

Ton,+2 T Ton,
2

— Tong+1

< (1 s (m)) (d(4, B) + =)

€ A, the choice of ¢ and the fact that ¢ is strictly

for all n, > N. As %%%

increasing imply that
Ton,+2 + Ton,

2 < d(A7 B)7

— Tongi+1

for all n,, > N, a contradiction. Therefore lim ||xg,12 — x2,|| = 0. Similarly we can show
n—oo

that lim H.l’2n+3 — xanH = 0.
n—00

Theorem 2.8. Let A and B be nonempty subsets of a uniformly convex Banach space

X such that A is conver. Let T : AUB — AU B be a cyclic (1, p)-weakly contraction
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mapping. For xq € A define x,11 := Tz, for each n > 0. Then for each € > 0, there

exists a positive integer Ny such that for all m >n > Ny
||l’2m — $2n+1” < d(A, B) + .

Proof. Suppose the contrary. Then there exists ¢y > 0 such that for each k > 1, there

exist my > ny > k satisfying
[ €2m;, — Tany4all = d(A, B) + g0 and [|zam, 1) — Tan4all < d(A, B) +e0.  (2.6)

By the triangle inequality and (2.6), we have
d(A, B) + €0 < [[2m, — Tan, 11|
< z2my — Taimp—) | + [[T20mp—1) — T2n, 41l
< |lz2m;, = @a(m, -1 || + d(A, B) + 0.
Making k — oo and using Lemma 2.7, we get
1 ([, — 22y l] = d(A, B) + 20, 2.7
Since T' is a cyclic (¢, p)-weakly contraction, by Lemma 2.3 (i) and (ii), and the triangle
inequality, we obtain
(llzam, = von1ll) < llz2m, — zomys2ll) + U llzom,+2 = 2om,4sll) + Y [l22m, 13 = 22n,41l])
< U(llwom, — 2mr2ll) + V(|22m01 — B2mer2ll) + (|2m,43 — T2ner1])
< Y(llz2mi — zomyr2ll) + U([[22my, — T2my41l)
— @(llzam, — zamtall) + 0(d(A, B)) + ([l 22my+3 — Ton,+1l])

< Y(l|ram, — Tamy12ll) + Y (|22m, — Tamg11ll) + V(| T2my 13 — Tan,41l])-
(2.8)

Since ¢ € ®, (2.8) implies that
||$2mk - xan-i-lH < ||x2mk - mek+2|| + ||'I2mk - x2mk+1|| - §0(||$2mk - x2mk+1||)
+ gp(d(A, B)) + "zkaJri’» - xanJrlH

< zam;, — Tamrzll + 1 T2m;, — Tomsa |l + [|[T2m,+3 — Ton41])-
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Making k — oo and using (2.7) and Lemma 2.7, we get
A(AB) + 0 < d(A,B) + €0 = lim ¢([[22m, — 2amal]) + p(d(A, B)
S d(A, B) + 9.

Hence

1 (2, — Pament]) = @(d(A, B). (29
Since ¢ € ®, by (2.6) and (2.9)
p(d(A, B) +e0) < lim o([[wom, — Tomy41])
= ¢(d(A, B)) < ¢(d(A, B) + €0),

a contradiction and hence the Theorem.

Theorem 2.9. Let A and B be nonempty subsets of a uniformly convex Banach space X
such that A is closed. Let T : AUB — AUB be cyclic (1, )-weakly contraction mapping.
For xy € A define x, 1 := Tz, for eachn > 0. Ifd(A, B) =0, then T has a unique fized

point z € AN B.

Proof. Let € > 0 be given. By Theorem 2.4, there exists N; such that

||132n — 1’2n+1H <e

for all n > N;. By Theorem 2.8, there exists N, such that

||$2m - $2n+1|| <é¢g

for all m > n > N,. Let N := max{Ny, Na}. Then
|22m — @2nll < ||lT2m — Tont1ll + | T2nt1 — Tan| < 22

for all m > n > N. Thus {z3,} is a Cauchy sequence in A. Since X is complete and
A is closed, it follows that xo, — z € A as n — oo. Now by Theorem 2.5, we have
d(z,Tz) = d(A, B) = 0, and z is a fixed point of 7. The uniqueness of fixed point follows

easily.

Corollary 2.10.[1, Theorem 6]. Let A and B be nonempty subsets of a uniformly convex
Banach space X such that A is closed. Let T : AUB — AU B be cyclic p-weakly
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contraction mapping. For o € A define x,1 := Tz, for each n > 0. If d(A,B) = 0,
then T has a unique fized point z € AN B.

Proof. It comes from Theorem 2.9, when (t) = t.

Theorem 2.11. Let A and B be nonempty subsets of a uniformly convex Banach space
X such that A is closed and conver. Let T : AUB — AU B be cyclic (v, p)-weakly
contraction mapping. For xo € A define x4 := Tx, for each n > 0. Then {x9,} € A

and {x2,11} € B are Cauchy sequences.

Proof. If d(A, B) = 0, the result follows from Theorem 2.9. So assume that d(A, B) > 0.
Suppose that the sequence {xs,} is not Cauchy. Then there exists g > 0 such that for

each k > 1, there exist my > ny > k satisfying
[Z2m,, — T2n, || 2 €0 (2.10)

Choose 0 < v < 1 such that S d(A, B) and choose ¢ such that
gl

0<5<min{%—d(A,B),d<{4’_L5)(i(;)}.

By Theorem 2.4, there exists N such that

| T2n, — Ton,+1]| < d(A, B) +¢. (2.11)
for all n, > N;. By Theorem 2.8, there exists Ny such that

| T2m, — Ton,+1]| < d(A, B) +«. (2.12)

for all ny > Ny. Let N := max{Ny, No}. Tt follows from (2.11), (2.12) and the uniform

convexity of X that

Tong+2 T Ton,

2

— To2ng+1

< (1 — (ﬁ)) (d(A, B) + ¢)

for all ng, > N. The choice of € and the fact that ¢ is strictly increasing imply that

Tong+2 T Ton,
—2 — T2ni+1

< d(A,B),

for all ny > N, a contradiction. Thus {xs,} is a Cauchy sequence in A. Similarly, we can

show that {zg,4+1} is a Cauchy sequence in B.
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Theorem 2.12. Let A and B be nonempty subsets of a uniformly convexr Banach space
X such that A is closed and conver. Let T : AUB — AU B be cyclic (v, p)-weakly
contraction mapping. For xy € A define x,1 := Tx, for each n > 0. Then there exists a

unique z € A such that xq, — 2, T?2 = z and ||z — Tz|| = d(A, B).

Proof. By Theorem 2.11, {xs,} is a Cauchy sequence in A and hence 3, — z € A as
n — 00. By Theorem 2.5, ||z — T'z|| = d(A, B). To show that z is unique we assume that
there exists a y € A such that ||y — Ty|| = d(A, B) with T?y = y. By Lemma 2.3 (i) and

(ii), we have
1Ty — 2l = Ty — T2)) < |y — T#I| and |T= - y|| = |T= - T%]| < ||z — Tyl.

Thus |7z — y|| = ||z — Ty||. In fact ||z — Ty|| = d(A, B); otherwise ||z — Ty|| > d(A, B)
and since T is cyclic (¢, p)-weakly contraction, it follows that
Y(ITz = yll) = (I T2 — Tyl))
< P(llz = Tyll) — e(llz = Tyl) + ¢(d(4, B))
<(llz =Tyl) — ¢(A, B) + (A, B)
= ¥(llz = Tyl)) = o(T= = yl)),

a contradiction. Thus ||z — Ty|| = d(A, B) = ||y — Tz||. Now by convexity of A and X

0<

5 5 H < d(A, B),

y+z_TyH:Hy—Ty+z—Ty

a contradiction. Thus y = z.

In view of Remark 2.2 (1), Theorem 8 of [1] is a special case of Theorem 2.12.
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