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Abstract. In this paper, we study some unique coupled coincidence points for rational type contractions involving
generalized altering distance functions in metric spaces. Our results unify and generalize various known compa-

rable results from the current literature, Gupta et. al. [15], Nashine and Aydi [21], Rashwan and Saleh [25] and

many known results. An example is also given to support our main results.
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1. Introduction

In 1922, The Banach contraction mapping theorem [5] was introduced and it remains a pow-
erful tool in nonlinear analysis. Generalizations of this theorem have been obtained in several

branches of mathematics. In 1984 Khan et al. [16] initiated the use of a control function that
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alters distance between two points in a metric space. Such mappings are called an altering
distances.

In 2006, Bhaskar and Lakshmikantham [6] introduced the concept of coupled fixed point and
proved some coupled fixed point results under certain conditions, in ordered metric spaces and
applied their results to prove the existence and uniqueness of a solution for a periodic boundary
value problem. Many researchers have obtained coupled fixed point results for mappings under
various contractive conditions in the framework of partial metric spaces [1, 2, 3, 4, 10, 11, 18,

26].
2. Preliminaries

At first we state the following definitions and results.
Definition 1.1. [27] An altering distance function is a function ¢ : [0, +o0) — [0, 4-o0) satisfying

(i): ¢ is continuous and non-decreasing,

(ii): ¢(r) =0 < r=0.

Altering distances have been generalized to a two-variable function by Choudhury and Dutta
[9] and to a three-variable function by Choudhury [8] and was applied for obtaining fixed point
results in metric spaces. In [23], Rao et al. introduced the generalized altering distance function

in five variables as a generalization of three variables.
Definition 1.2. [9] Let W, be the set of all functions y : [0,0) x [0,00) — [0,00) that satisfy,
(i): v is continuous and non-decreasing in its two variables,
(ii): y(x,y)=0 & x=y=0.
Definition 1.3. [23] Let W5 denote the set of all functions y : [0,00)> — [0,00). Then  is said
to be a generalized altering distance function iff,
(i): y is continuous and non-decreasing in all five variables,

(ii): l[/(tl,tz,t3,t4,t5) =0 t1=h=t3=1=1t5=0.

Definition 1.4. [17] Let (X, <) be a partially ordered setand F : X x X — X and g: X — X. We

say that F has the mixed g-monotone property if F(x,y) is monotone g-non-decreasing in its
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first argument and monotone g-non-increasing in its second argument, that is, for any x,y € X,
x1,x € X, g(xl) = g(XZ) lmphes F(xhy) = F(Xz,y)

and

yi,y2 € X, gy1) 2 g(y2) implies F(x,y1) = F(x,y2).

Definition 1.5. [17] An element (x,y) € X x X is called a coupled coincidence point of the two

mappings F : X xX - X and g: X — X if

F(xay) = g(x)>F(y7x) = g(y)-
If g is the identity mapping, then (x,y) is called a coupled fixed point of the mapping F'.

The aim of this paper is to establish some unique coupled fixed point results for two self-
mappings F : X X X — X and g : X — X which satisfy rational type contractive condition in-
volving a generalized altering distance function. In order to validate our established theorems

and corollaries, an example has been given.
3. Main results

Let @ denote all functions ¢ : [0,00) — [0, ) which satisfy

(i): ¢ is continuous and non-decreasing,

(ii): ¢(r) =0if and only if =0,

(iii): ¢(t+s) < o(t)+ ¢(s), Vt,s € [0,00),

@)z 9(5) < 36(1). Vi €[0,e0).
Theorem 3.1. Let (X, d) be a metric space and F : X x X — X, g : X — X be two self mappings
such that F(X,X) C g(X) and g(X) is complete subspace of X. Suppose that there exist ¢ € O
and yy, ¥, € W, for which y;(x,x) < ¢(x) and

(1) 0 (d(F(x,y),F(u,v))) < v (K@u) ;K(y,V)) B WZ(K(x,u) ;—K(y,v)),

where
d(gu, F(u,v))[14d(gx,F(x,y))]
1+d(gx,gu)

K(x,u) = < ,d(gx,gu))
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and

d(gv,F(v,u))[1 +d(gy,F(y,x))]
1+d(gy,gv)

forall x,y,u,v € X. Then there exist x,y € X such that gx = F (x,y) and gy = F (y,x). That is, F

K(y,v) = ( ,d(gy,gV)),

and g have a coupled coincidence point.
Proof. Choose xp and yo in X and set gx; = F(x,y9) and gy; = F(yo,x0). Repeating this

process, set

8Xn+1 (le?yn)a

—F
2)
—F

8Yn+1 ()’naxn)-

This can be done because F(X,X) C g(X). If for some n € N,

8Xn = X1 and gyn = gVn+1

then, by (2) (x,yn) is a coupled coincidence point of F' and g. Hence we can assume that at

least
8Xn 7 gXnt1 OF &Vn 7 &Vnt1-

From (1), we have

‘P(d(gxmgxnﬂ)) = ¢)(d(F(x,,,l,yn,l),F(xn,yn)))

) K(xn—laxn)+K(yn—17Yn) K(xn—laxn)+K(Yn—layn)
S llll D) - VIZ 2 )
where
d(gxn, F(xy, 1+d(gxp—1,F(xp—1,Vn—
K(xnflax}’l) _ ( (g n ( n Ynl))—i[_d(gx(g lng; )( n—1,Yn 1))],d(gxn1,gxn)>
n—1,8%n
d(gxnagxn+1)[1 +d(gxn—1 7gxn)]
= d _
( 1+d(gx"_1’gx”) I (gxn lvgxn)
= (d(gxnagxn+l):d(gxnlvgxn))
and

K(yn—1,yn) = (d(gyn,gynﬂ),d(gyn1,gyn))-
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Hence

K(xn—l axn) ""K()’n—l ;)’n) <d(gxn,gxn+1) +d(gYnagYn+l) d(gxn—l ,gxn) +d(gyrt—l :gyn))

2 2 ’ 2
Wn Wn—1
27 2

where w, = d(gxn, 8xn+1) +d(gVn,&Vn+1)- Similarly we get

(K yn 17)’n +K(xn 1 xn)) _VIZ(K(yn—layn)+K(xn—l7xn))

2
Wy Wn Wp—1
2 Vo\72 2 )

By adding (3) and (4) and using properties (iii) and (iv) of ¢, we get

¢ (d(gYn,gVn+1))
4)

¢ (wn) < 0(d(8%n,8%n11)) + & (d(gyn,8Yn 1))
Wn Wp—1 Wn Wp—1
=2V (77) _2"’2<?T)

®) ¢(%)§W1 (%,%>—Wz<%,%).

Under the assumption that at least one of gx, # gx,1 and gy, # gy,+1 holds for all n, then
wy, # 0, ‘v’nandl//z( Lo ” ) > 0. Also, if w,_1 < w, then

Wp Wn Wnp—1
¢(7)<1I/1(7, > )

<w ()=o)

which is a contradiction. Then w, < w,_; Vn, that is the sequence {w,} is non-increasing.

Therefore there is some w > 0 such that

Iim w,, = w.
n—soo

We shall show that w = 0. Suppose the contrary, that w > 0. Taking the limit as n tends to oo of

both sides of (5) and using the continuity of ¢, y; and v, imply that

o <w(55)-vwe(35)

<V/1<V2V vzv) ‘P(g),
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a contradiction. Thus w = 0 and

(6) lim d(gxnagxn—i-l) =0 and lim d(gymg)’n—i-l) =0.
n—oo n—oo

In what follows, we shall prove that {gx,} and {gy, } are Cauchy sequences in X. Suppose the
contrary, that at least one of them is not Cauchy. Then there exists an € > 0 for which we can

find two sequences {my } and {n;} with ny > my > k such that

(7 d(8xn, 8%m,) +d(8&Vn,&Ym,) = €
and
3) d(gxn,—1,8%m,) +d(gVn—1,8Vm,) < €.

By using triangle inequality, (7) and (8), one gets
e< d(gxnkagxmk) + d(gynkagYmk)
< d(gXny,8%n,—1) +d(8Xn,—1,8%m,)
9
+d gV 8Ym—1) + (&Y, —1,8Ym,)

< d(gx”lk?gxnk—1> +d(gynk7gynk—l) + €.

Letting kK — oo in (9) and using (6) imply

(10) 1im d (g%, 8% ) + d(8Yng 8Ym) = €.
Again by triangle inequality,
d(gXn+1:8%m+1) +d(8Vn+1:8Vmy+1) < d(8Xn+1,8%n,) + d(8%n, 8%my) + A (8%my > 8Xmy+1)
+d(8Vn+1,8Ynm) + (8> &Ymy) + A(8Vmy > &Vmy+1)
< Wy + Wi, +d(8%n, 8%m,) +d(8Vny» &Ymy)
and
d(8Xny, 8%my) +d(8Vny> &Ymy) < A (8% 8Xmy+1) + A (8Xn11,8%my+1) + d(8Xmy 41, 8%my)
+d(gVn; 8Vme+1) A8Vt 1,8Ymt1) +d(8Vmy41,8Vmy)

< Wiy + Wiy +d(gx”k+1 7gxmk) + d(g)’nkygymk+l)-
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Hence

(11) gijgod(gxnk+1,gxmk+1)+d(gynk+1,gymk+1) =€

Now we apply inequality (1) and use (10) and (11) to get a contradiction.
(12)
0 (d(8xn1:8%m1)) = O (d(F (xng ¥ ) F (X Yy )))
< (K(xnk,xmk) +K(ynk,ymk)) “w (K(xnk,xmk) +K(ynk7ymk)) 7

2 2
where
d(gxmy 8Xmy+1)[1 +d(8%xny  8Xny 1))
K<x”k7xmk) B < - 1mj—d(gxnk7gxmkn)k . ,d(gxnkjgxmk)
and

d(8Vmy 8Ym+ 1)1 +d(8Vny, 8V +1)]
K — 107 M k2 O Mk d .
Vs Ymy ) ( TP ,d(8Vny>8Ym, )
By (6), we have
K(xnk’xmk)+K(ynk7ymk)
2

— (0,€) as k— oo.
Similarly we get
(13)

(p(d(gynkJrl»gykarl)) = (P(d(F(Ynkvxnk)»F()’mkaxmk)))
<y (K(ynkaymk) +K(xnk7xmk)> A (K(ynka)’mk) +K(xnk7xmk)) .

2 2
By adding (12) and (13) and from the properties of ¢, we get

K<xnkaxmk) +K()’nka)’mk) Wi’l—l )

O(d(8Xn+1,8%my+1) +d(8Ynt1,8Ym+1)) < 2y (

2 T2
_21//2 K(xnk7xmk)+K(y”k7ymk) Wn—1
2 T2
¢(d(gxnk+l7gxmk+1)—|—d(gynk+1,g)7mk+l < (K Xng s Xmy +K(yi’lk7ymk))
2

<K Xny s Xmy, +K(y”k7ymk))
-y

Taking limit as k tends to infinity implies

6(5) <wi(0.5) ~ ¥ (0.5).

N M
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which is a contradiction. This shows that {gx, } and {gy,} are Cauchy sequences in g(X). Since

g(X) is complete then there exist gx, gy € X such that

(14) lim gx, = gx and li_r>n gVn = 8).
n—oco

n—soo

Now we show that (x,y) is coupled coincidence point for F' and g. For this purpose we shall

use (1) with u = x, and v = y,, then take limit on both sides as n tends to infinity and use

Equation (6).
O (U(F (1), Flann)) < v (KON )y (Kt 2RO ),
where
e = (A o ) )
and
K(,y) (a’(gyn,F(yri,inzl)(zyj—gcyz’gy,F(w))] (g, gyn))_

As n — oo, implies that gx = F(x,y). A similar argument can be derived to show that F(y,x) =
gy- This completes the proof and (x,y) is a coupled coincidence point of F and g.

For uniqueness, let (x,y) and (x*,y*) be two coupled coincidence points of F' and g in X.

Then by (1) we have
(])(d(gx,gx*)) :(])(d(F(x,y),F(x*,y*))) < v (K(x,x*) ;-K()’,y*)) _W2<K<X,x*);‘K(y7y*))7
where
o (dlgx* F(x*,y*))[1 +d(gx,F(x,y))] 4
= (0,d(gx, gx"))
and
o _ (d(gy", F(y*,x"))[1 +d(gy,F(y,x))] ;
= (0,d(gy,8y")).
That is

Ko x) +K(y") _ (0 d(gx, gx") +d(gy,gy*)>
2 ! 2 ‘
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By a similar way

Mﬂ@Wf»:¢@GQWLHfJUDS%<K@Jﬂ+K@Jﬂ)_%<K@Jﬂ+K@¢ﬂ)

2 2

Then,

¢ (d(gx,8x")) + ¢ (d(gy.8y")) < 2w <0, dlgx.ex’) erd(gy’gy*)) —2y (0, d(gx,gx") erd(gypgy*)>

(P(d(gx,gx*) +d(gy,gy*)) < (0’ d(gx,gx") +d(gy,gy*)) v (07 d(gx,gx") +d(gy,gy*))'

2 2 2

* *
Since s is increasing and d(gx,gx );d(gy 2") > () then,

¢(d(gX,gx*) erd(gyvgy*)) < (d(gx,gx*) erd(gy,gy*)7d(gx,gx*) erd(gy,gy*))
v (07 d(gx, gx") erd (&, gy*))
¢(d(gx,gX*)42rd(gy,gy*)) < ¢(d(gx,gX*);Ld(gy,gy*)>
v (07 d(gx, gx") erd (&, gy*)) ‘

Therefore, W (d(g&gX*);d(gy,gy*) , d(gx7gX*)42rd(gy,gy*)> —0= d(gx,gX*)zd(gy,gy*) =0,i.e., gx=gx*

and gy = gy*. That is F' and g have unique point of coincidence.
If we take g = I (identity mapping) in Theorem ,we obtain the following corollary.

Corollary 3.2. Let (X,d) be a complete metric space and F : X x X — X. Suppose that there
exist € ® and w1,y € ¥ for which y(x,x) < ¢(x) and

K(x,u) +K(y, v)) w (K(x, u) +K(, V)> |

15 o(aF) Flun) < i

2 2
where
_ (d(u,F(u,v))[14d(x,F(x,y))]
and
_ (A, F(vu))[l +d(y,F(yx))]
K(y,V) - ( 1+d(y,v) ,d(y,v)),

forall x,y,u,v € X. Then F has a unique coupled fixed point.

In the case of partially ordered metric space, we obtain the following theorem.
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Theorem 3.3. Let (X,=,d) be a partially ordered metric space. Suppose that F : X x X — X
and g : X — X are two self mappings on X, F has the g-mixed monotone property, F(X,X) C
g(X) and g(X) is complete subspace of X. Suppose that there exist ¢ € ¥y and y1,y, € Ws

such that y(x,x,x,x,x) < ¢(x) and

(16) ¢ (d(F(x,y),F(u,v))) < w1 (M(x,u)) — v (M(x,u)),
where
() = (HETLEDTETL), g, ) (x3)) . F (1)

1
3 dlex ) +atgu Fe)] ).
for all x,y,u,v € X with gx < gu and gy >~ gv. Assume that X has the following properties:

(a): if a non-decreasing sequence x, — x, then x, = x for all n,

(b): if a non-increasing sequence y, — y, then y, =y for all n.

Moreover, if there exist xo,yo € X such that xo =< F (xo,y0) and yo = F (yo,x0). Then F and g have
a coupled coincidence point. This coupled coincidence point is unique if the set of all points
of coincidence is totaly ordered subset of X, that is, if (x,y) and (x*,y*) are two coincidence

points of F and g, then gx < gx* and gy = gy*.

Proof.
Let xo,yo € X be such that gxo < F (xo,y0) and gyo = F (yo,Xo). Since F(X,X) C g(X), we can
find x1,y; € X with gx; = F(x0,y0) and gy; = F(yo, o). Continuing this process, we construct

two sequences {x,} and {y,} in X such that
(I7) 8Xn+1 :F(xnyyn) and gyp+1 = F(ymxn)-
By induction, we will prove that

(18) 8xn = 8Xp41 and gyn = &Vn+1-

Since

gx0 = F(x0,y0) = gx1 and gyo = F (y0,%0) = gy1-
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Thus (18) is true for n = 0. We suppose that (18) is true for some n > 0. Since F has the
g—mixed monotone property, by (17) we have that
8xnt1 = F (Xn,Yn) 2 F (Xnt1,Yn+1) = 8Xnt2 and g¥n+1 = F (Yns Xn) = F (Ynt1,Xn41) = gVn+2,

that is (18)is true for all natural number n. If for some n € N,

8Xn = 8Xn4+1 and gVn = &Vn+1-
Then, by (17) (x,,,y,) is a coupled coincidence point of F and g. Hence from now on we assume
that at least

8%n 7# 8Xnt1 OT &Vn 7 8¥n+1-

From (16) and (18), we get
¢ (d(8xn,8xn11)) = ¢ (d(F (n—1,¥n-1), F (Xn,3n)))
(19) <Y1 (M(xn—1,%n)) — V2 (M (x5-1, %))
<Y1 (M(x0-1,%))

and

M(x—1,%,) = (d(gxnhF(xnl,yn1>)d(gx"’F(xnayn))

d(gxnfl 7gxn)

[d(gxn—laF(xm)’n))+d(gxn7F(xn—la)’n—l))})

7d(gxn717g-xi’l>7d(gxn717F(xn717yn71))7

d(gxnaF(xann))a

| =

1
= <d(gxna gxn+1)ad(gxn—l ) gxn) ) d(gxn—l ) gxn) ) d(gxn: gxn+1)7 Ed(gxn—l y8Xn+1 ))
By similar way, we have

¢ (d(gn+1,8Yn)) = 0 (d(F (Yn,%n), F (Yu—1,%1-1)))
<Y1 (M(Yn,yn-1)) = W2 (M(Yn, n-1))

< i (M(yn,yn-1))

and

1
M(Yn,Yn—1) = (d(gyn,gynﬂ),d(gyn_l,gyn),d(gyn,gynﬂ),d(gyn—l,gyn),Ed(gyn—hgynﬂ))

Since yq is increasing with respect to the second argument, then we have for all n > 1

d(gxn,8xnr1) < d(gxn—1,8%:) and d(gyn,gyn+1) < d(gVn—1,8Vn)-
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With respect to the first inequality we conclude that the sequence {d(gx,,gx,+1)} is non-

increasing sequence of positive real numbers, then there exist an € > 0 such that

lim d(gxp, gxn+1) = €
n—yoo

We shall show that € = 0. Taking the limit as n — oo in (19) and using the continuity of ¢,y
and y», we get.

¢(8) < W1(878785878) - w2(878587878)

< (])(8) - W2(878787878>7

which holds unless y»(€,¢€,€,€,€) =0. Thus € =0 and

(20) lim d(gx,, gxn+1) =0.

n—oo

Using the same idea, we deduce that

(21) lim d(gyn,gynt1) = 0.
n—oo

Now we shall prove that {gx, } and {gy,} are Cauchy sequences in X. For {gx,}, suppose that
it is not Cauchy. Then there exists an € > 0 for which we can find two sequences {m} and {n;}

with n; > my > k such that

(22) d(gxn,,8%m,) > €
and
(23) d(gxp,—1,8%m,) < €.

By using triangle inequality and having in mind (20) to (23), we have

]}iigcd(gxnk, gxmk) ) ]}Ln;d(gxnk-i-l  8Xmy+1 ) ) klijl;lod(gxnk y 8Xmy+1 )7

(24)
lim d(gxp+1,8%m,) — € as k— oo,

k—roo
Since ny > my, so from (18), gx,x = gxm, and gy,x = gym,. By (16) we have
¢(d(gxmk+lagxnk+l>) - ¢(d(F@kaa)’mk),F(Xnkaynk)»
S WI (M(xmkyxnk)) - II/2 (M(xmkaxnk))

=¥ (M('xmk7'xnk))
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and

(g%, (g,
Mo, 1) < (8Xmy > 8Xmy+1)d (8%n, ank—Q—l)’ d(2m ),

d(gxmk I gxnk )

d(8%my 8Xmy+1)), A(8Xny 8Xny11)) [d(gxmk,gxnkﬂ)+d(gxnk,gxmk+1)}>

| =

Taking limit as k tends to infinity, using (20, 24) and all properties on ¢, y1, y> imply
o(e) < yi(0,£,0,0,€) — y»(0,€,0,0,¢)
< wyi(ee,e,€,6)—yr(0,€,0,0,¢€)
< ¢(e) —v2(0,£,0,0,¢)
= y»(0,£,0,0,6) =0=¢=0,

which is a contradiction. This shows that {gx, } is Cauchy sequence in g(X). By a similar way
one can deduce that also {gy,} is Cauchy sequence. Since g(X) is complete then there exist

gx, gy € X such that
(25) lim gx, = gx and lim gy, = gy.
n—so0 n—oo

Now we show that (x,y) is coupled coincidence point for F and g. For this purpose we shall
use the properties on X and apply (16) with x = x,,, y = y,, u = x and v =y, then take limit on

both sides as n tends to infinity and use Equation (25).

¢ (d(F (xn,yn), F (x,3))) < W1 (M(xn,x)) — 92 (M (x,x))

where

,d(gxn,8x),d(8%n, 8Xn+1),d(gx, F (x,y)),

d(gx,F(x,y)) )
2

_ d(gxmgxnﬂ)d(gx,F(x,y))
Mlomx) = ( d(gxn, 8x)

1
3 0, F) + (g )] ) = 0.0.0.d(gx Fx)
Taking limit as n tends to infinity implies that gx = F(x,y). A similar argument can be derived

to show that F(y,x) = gy. This completes the proof and (x,y) is a coupled coincidence point of

the mappings F and g.
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For uniqueness, let (x,y) and (x*,y*) be two distinct coupled coincidence points of F and g

in X. Then by (16) we have

¢ (d(F(x,y),F(x*,y"))) < w1 (M(x,x")) — 2 (M(x,x")),
where

M(x,x

. <d(gx,F(x,)’))d(gX*aF(X*ay*)) Jd(gx, gx*),d(gx, F(x,y)),d(gx*, F(x*,y")),

d(gx,gx*)

[d<gx,F<x*,y*>>+d<gx*,F<x,y>>)

| =

= (0,d(gx,8x"),0,0,d(gx,gx"))

By a similar way

¢ (d(gy,8y")) = 0 (d(F(y,x), F(y",x"))) < w1 (M(y,y")) — w2 (M(y,y)),

d(gy, F(y,x))d(gy*, F (y*,x*))
d(gy,gy*)

M(y,y") = (

,d(gy,gy"),d(gy,F(y,x)),d(gy",F(y*,x")),

[d<gy,F<y*,x*>>+d<gy*,F<y,x>>)

| =

= (0,d(gy,8y"),0,0,d(gy,gy"))

Therefore, gx = gx* and gy = gy*. That is F' and g have unique point of coincidence.

Here, we derive the following corollaries from our Theorem . Also we illustrate our results
by an example.
Corollary 3.4. Let (X,=,d) be a complete partially ordered metric space. Suppose that F :
X X X — X is a self mapping on X such that F has the mixed monotone property. Suppose that
there exist @, 3,7,6 € [0,1) with ¢« + B +2y+ 28 < 1 such that

A(F (x,y), F(1,v)) < a(d(x’F (X’Z)(idi;"F (”"’))) +Bd(x,u)+

(26)
}/[d(x,F(x,y)) +d(u,F(u, V))} +0 [d(x,F(um)) + d(u,F(x,y))}
forall x,y,u,v € X withx < u and y > v. Assume that either
1.: F is continuous or
2.: X has the following properties:

(a): if a non-decreasing sequence x, — x, then x, = x for all n,
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(b): if a non-increasing sequence y, — y, then y, >y for all n.

Moreover, if there exist xo,yo € X such that xy < F(xo,y0) and yo = F(yo,x0). Then F has a

coupled fixed point (x,y) € X x X. [Theorem 2.1 in [7]]
Proof. This corollary is a consequence of Theorem by taking

e g(x)=x, VxeX
e 0(t)=t VYt >0
o Y (t1,0,13,14,15) = Oty + Bty + Y[13 4 14] + 2015
o Yo(t1,12,13,14,t5) = 0.

Corollary 3.5. Let (X, =<,d) be a complete partially ordered metric space and F : X x X — X

be a given mapping having the mixed monotone property such that there exists k € [0, 1) with

(27)
d(gx,F(x,y))d(gu, F(u,v))
d(gx, gu)

d(F(x,y),F(u,v)) < kmax{ ,d(gx,gu),d(gx,F(x,y)),d(gu,F(u,v)),

3 [dlex P )+t Pl |

forall x,y,u,v € X withx X u and y = v. Assume either

1.: F is continuous or
2.: X has the following properties:
(a): if a non-decreasing sequence x, — x, then x, = x for all n,

(b): if a non-increasing sequence y, — y, then y, >y for all n.
If there exist xo,yo € X such that xo < F(xq,y0) and yo = F(y0,X0). Then F has a coupled fixed
point.
Proof. It suffices to take
o g(x)=x, VxeX
o O(t)=1t vVt >0

o Y (t1,12,13,14,15) = max{t;,f,13,14,15}

o Yo(t1,0,13,14,t5) = (1 — k) max{t1,t2,13,14,15}.
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Corollary 3.6. Let (X, =<,d) be a complete partially ordered metric space and F : X x X — X

be a given mapping having the mixed monotone property such that there exists k € [0, 1) with

(28)

k [d(gx,F(x,y))d(gu,F(u,v))
d(F(x,y),F(u,v)) < 5 d(gx,gu)

,d(gx,gu),d(gx, F(x,y)),d(gu, F(u,v)),

%w@mem»+d@%F@J»}

forall x,y,u,v € X withx X uandy > v. Assume either F is continuous, or X has the following
properties:

(a): if a non-decreasing sequence x, — x, then x, =< x for all n,

(b): if a non-increasing sequence y, — y, then y, =y for all n.

If there exist xo,yo € X such that xy < F(xq,y0) and yo = F(yo,xo). Then F has a coupled fixed

point.
Proof. Here we take
e g(x)=x, VxeX
e O(t) =t VYt >0
o Y (t1,02,13,14,15) = %[l‘] +1+13414 +15]
( 1

_k
o Yu(t,1a,13,14,15) = 5~ [ 12+ 13 +1a+15].

Finally, we give the following example to verify Theorem as follows.

Example 3.1. Let X = [0, 0) be endowed with its Euclidian metric d(x,y) = |x—y| and its usual

ordering <. Take F : X — X defined by

-3
5oaz 3y

F(x,y) =
0 otherwise.

and ¢,y and W, as in Corollary . Take k = %.

We claim that (28) holds for each x <« and y > v. We divide the proof into the following

four cases
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Case I. If x > 3y and u > 3v, here we have F(x,y) = x_53y and F(u,v) = 422,

x—3y_u—3v x—u 3

d(F(x,y),F(u,v)):’ 5 5 ‘=| 5 +§(V_y)’

20 0V

—X U 9+3+6
< - - -
- 6 +30+< 30

30 30 30 30

4u+3v  4x+3y
+ 30 + 30 ]

<

)y

<
|
=

IN
o)

IN

r
—~
<
|
=
N—

IN

[d(x,u) +d(u,F(u,v)) —|—d(x,F(x,y))]

d(gx,F(x,y))d(gu, F (u,v))
d(gx,gu)

(gx, F (u,v)) +d(gu,F(x,y))]

N N = N =

IN

,d(gx,8u),d(gx, F(x,y)),d(gu, F (u,v)),

| =
QU

Note that, since 3y < x < u = 9y < 3u.

Case II. If x > 3y and u < 3v, here we have F(x,y) = x;3y and F(u,v) =0,

d(F(x,y),F(u,v)) = \x_53y ’S—C

X—u u X
6 630
—u u 4x+3y
T8 30
4x+ 3y

30 }
[d(x,u) +d(u,F(u,v)) —|—d(x,F(x,y))]

d(gx,F(x,y))d(gu, F(u,v))
d(gx, gu)

~[d(gx, F (u,v)) +d(gu, F(x,))]

=

<

IN
=

(@)}

IN

(x—u)+u+

—

IN

IA
W= O\ = QN =

,d(gx,gu),d(gx,F(x,y)),d(gu, F(u,v)),

N | =
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— __ u=3
Case III. If x < 3y and u > 3v, here we have F(x,y) = 0 and F'(u,v) = “=>~,

d(F(x,y),F(u,v)) =

IN

IN

[d(x,u) +d(x,F(x,y)) +d(u7F(u,v))]

d(gx,F(x,y))d(gu, F (u,v))
d(gx, gu)

> [d(gx, F(u,v)) +d(gu, F(x,y))]

VAN
N QN = O\ =

,d(gx,gu),d(gx,F(x,y)),d(gu, F(u,v)),

N | =—

Case IV. If x < 3y and u < 3v, here we have F(x,y) =0 and F(u,v) =0,

d(F(x,y),F(u,v))

IN

0
g d(gx’F(x’y))d(gu’F(u’v)),d(gx,gu),d(gx,F(Xa)’))ad(guaF(”a"))a

d(gx,gu)

[S—

> [d(gx,F(u,v))+d(gu,F(x,y))]

Moreover, it is easy to see that all other hypotheses of Corollary are verified . So F has a

coupled fixed point (0,0) € X? .
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