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1. Introduction

Banach’s contraction theorem is one of the significant results of nonlinear analysis, which
also became the origin of understanding iterative and dynamical processes. Some methods,
such as Picard and Newton iterative methods, are based on this theorem. A mapping 7 : X — X

where (X,d) is a metric space, is said to be a contraction if there exists k € [0,1) such that for
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all x,y € X,
(1) d(Tx,Ty) <kd(x,y).

The mapping satisfying (1) has a unique fixed point, provided that the metric space (X,d) is
complete. Also, inequality (1) implies continuity of 7. In [1, Theorem 3.5], Banach’s con-
traction theorem has been generalized for two self-maps 7 : X — X and S : X — X. These
contractions can be employed in metric spaces, 2-metric spaces and by-metric spaces;see|2,
Lemma 1.6].

In [3], Kannan established contraction conditions which imply existence of fixed point in
complete metric space but do not imply continuity. Based on the result, if 7 : X — X where

(X,d) is a complete metric space, satisfies the inequality
(2) d(Tx,Ty) <k[d (x,Tx)+d (y,Ty)],

where k € [O, %) and x,y € X, then T has a unique fixed point. A similar contractive condition

has been introduced by Shukla [4].
2. Preliminaries

Definition 1 (Weak Contraction [5]). A mapping T : X — X on a complete metric space (X,d)

is said to be a weakly contractive mapping if

3) d(Tx,Ty) <d(x,y) =y (d(x,y)),

where x,y € X, y : [0,00) — [0,00) is continuous and non-decreasing such that y (x) = 0 iff

x =0 and limg_ye Y (X) = oo.
By setting ¥ (x) = kx, where k € [0, 1), then (3) reduces to (1).

Definition 2 (S-Contraction [4]). A mapping T : X — X where (X,d) is a complete metric space,
is said to be a S-contraction if there exists k € [O, %) such that for all x,y € X the following

inequality holds:

4) d(Tx,Ty) <kld(x,Ty)+d(Tx,y)+d(x,y)].
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In [6], a weaker contraction has been introduced in Hilbert Spaces. The above notion was

generalized to a weakly S-contraction by Shukla in [4].

Definition 3 (Weak S-Contraction [4]). A mapping T : X — X on a complete metric space (X,d)
is said to be weak S-contractive mapping or weak S-contractions if the following inequality

holds:

f—

d(Tx,Ty) < —[d(x,Ty)+d(Tx,y)+d(x,y)

(O8]

(5) —y(d(x,Ty),d(Tx,y),d(x,y))

3

for all x,y € X, where y : [0,00)° — [0,00) is a continuous mapping with y(x,y,z) = 0 iff

x=y=2z=0andlimy_,e (X) = oo.

By setting ¥ (x,,z) = k (x+y+2z), where k € [0, %) , the generalized mapping (5) reduces to
4.

Definition 4 (Partially ordered set). If (X, <) is a partially ordered set and T : X — X, we say

that T is monotone non-decreasing if x,y € X, x Xy, then Tx X Ty.

This definition coincides with the notion of a non-decreasing map in the case where X = R

and = represents the usual total order in R.

Definition 5 (2-metric space [7]). Let X be a non-empty set and letd : X X X x X — R be a map

satisfying the following conditions:

1. For every pair of distinct points x,y € X, thee exists a point z € X such that d (x,y,z) # 0.

2. If at least two of three points x,y,z are the same, then d(x,y,z) = 0.

3. The symmetric property d(x,y,z) =d(x,z,y) =d(y,x,z) =d(y,z,x) =d(z,x,y) =d(z,y,x)
holds for all x,y,z € X.

4. The rectangle inequality d(x,y,z) < d(x,y,t)+d(y,z,t) +d(z,x,t) holds for all x,y,z,t €
X.

Then d is called a 2-metric on X and (X ,d) is called a 2-metric space.
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Definition 6 ([7]). Let (X,d) be a 2-metric space and a,b € X,r > 0. The set B(a,b,r) is
called a 2-ball centered at a and b with radius r. The topology generated by the collection of

all 2-balls as a sub-basis is called a 2-metric topology on X.

Definition 7 ([8]). Let {x,} be a sequence in a 2-metric space (X,d).

1. {x,} is said to be convergent to x in (X,d), written lim,_,e.x, = x, if for all a € X, we
have lim,,_, d(xp,x,a) = 0.

2. {x,} is said to be Cauchy in X if for all a € X, lim, e d (X, Xm,a) = 0. That is, for each
€ > 0, there exists n; such that d(x,,xy,a) < € for all n,m > n,.

3. (X,d) is said to be complete if every Cauchy sequence is a convergent sequence.
Lemma 1 ([9], Lemma 3). Every 2-metric space is a Ti-space.

Lemma 2 ([9], Lemma 4). lim,,_,. X, = x in a 2-metric space (X,d), iff lim, X, = x in the

2-metric topological space X.

Lemma 3 ([9], Lemma 5). If T : X — Y is a continuous map from a 2-metric space X to a

2-metric space Y, then lim,_,x, = x in X implies lim, o Tx, =TxinY.

Remark 1. ([10])

1. Every 2-metric is non-negative and every 2-metric space contains at least three points.

2. A 2-metric d(x,y,z) is sequentially continuous in one argument. Furthermore, if a 2-
metric d(x,y,z) is sequentially continuous in two arguments, then it is sequentially con-
tinuous in all three arguments.

3. A convergent sequence in a 2-metric space need not be a Cauchy sequence.

4. In a 2-metric space (X,d), every convergent sequence in a Cauchy sequence if d is
CONtinuous.

5. There exists a 2-metric space (X,d) such that every convergent sequence is a Cauchy

sequence but d is not continuous.

3. Main result
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Our starting point is the definition of weak S-contraction on a partially ordered 2-metric

space.

Definition 8. Let (X, =<,d) be a partially ordered 2-metric space and T : X — X be a map.

3

Then T is called a weak S-contraction if there exists Y : [0,00)° — [0,00) which is continuous

and y(w,s,t) =0 iff s =w =1t = 0 such that:

1
d(Tx,Ty,a) S —d(x,Ty,a)—|—d(y,Tx,a)+d(x,y,a)

W

(6) _ll/(d<x7 Tyaa)7d(y7 Tx,a),d(x,y,a))
forall x,y,ace X andx <yory=x.

In what follows, we present our main fixed point theorems for weak S-contraction mappings

on partially ordered 2-metric spaces.

Theorem 4. Let (X, =<,d) be a complete, partially ordered 2-metric space and T : X — X be a

weak S-contraction such that:

1. T is continuous and non-decreasing.

2. There exists xo € X with xy = Txy.

Then T has a fixed point.

Proof. If xo = Txo, then the proof is finished. Suppose now that xy9 < Txp. Since T is a non
decreasing map, we have xo < Txy < T2x9 < --- < T"xg < ---. Put Xpn+1 = Tx,. Then, for all

n > 1, form (6) and noting that x,,_; and x,, are comparable, we obtain:

d(xn+17xn7a) = d<Txn7Txn—17a)

1
§ [d(xn7 Txnflaa) +d(-xn717Txn7a) +d(xn7xn717a)i|

IN

—l//<a’xn, Txn,l,a),d(x,,,l,Txn,a),d(xn,xn,l,a)>
1
= § [d<xmxnaa) +d<xn—laxn+laa) +d(xn7xn—l7a)}

(7
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_l//(d(xnvxnva)7d(xn—l7xn+1;a>7d(xn7xn—17a)>

1

= § [d(xn—laxn—l—l;a) +d(xn7xn—17a)]

-y O,d(xn,l,xn+1,a),d(xn,xn,1,a)>

1
®) < 3 [ACin-1,%001,0) +d(30,5,-1,0)|

for all @ € X. By setting a = x,,—1 in (7), we obtain d(x,+1,%,,x,—1) < 0, that is
9) d(Xp41,Xn,Xn—1) = 0.

It follow from (7) and (9):

1
d(xn+17xl’l7a) S § d(-xnflvxn7a)+d(xn7xn+17a)

+d(Xp—1,%n, Xnt+1) +d(Xn,Xn—1,a)

2 1
(10) = §d(xn—l;xn7a)+§d(xnaxn+laa)-
It implies that:
(11) d(-xn+17xn7a) S d(-xn—17xn7a)'

Thus {d (xn,xn+1,a)} is a decreasing sequence of non-negative real numbers and hence it is

convergent. Let

(12) lim d(x,,X,+1,a) =t.

n—oo

Taking the limit as n — oo in (10) and using (12), we obtain:

(t+t+1)=

W =

1
t < §|:1 d(xn—lyxn+17a)+t <
n—

That is,

UJI[\J

1
glmd(xn 1y Xnt1,a) <

UJII\)

That is,

2t < lim d(xp—1,Xp41,a) < 2t.
n—oo
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Therefore,
(13) lim d(x,—1,%,+1,a) = 2t.
n—soo
Taking the limit as n — oo in (7) and using (12) and (13) we get:

(14) r< Y ortn w0200 <

2t+1) =t.
: (21+1)

W | =

It implies that y(0,2¢,¢) = 0, that is, t = 0. Then (12) becomes:

(15) lim d (x4 1,xp,a) =0.

n—oo
From (11), we have if d(x,—1,x,,a) = 0, then d(x,,x,+1,a) = 0. Since d(xg,x1,x0) = 0, we
have d(x,, x,+1,%) =0 foralln € N.

Since d(X;—1,Xm,Xm) = 0, we have:
(16) d(xn7xn+17xm) =0

foralln>m—1. For0 <n <m— 1, noting thatm— 1 > n+ 1, from (16) we have d(x,;,— 1, Xpm, Xn+1) =

d(Xm—1,%m,Xx,) = 0. It implies that:
d(Xns Xnt1,Xm) < d(Xn, Xnt1,%m—1) +d (Xnt1,%ms Xm—1) + d (Xn, X, Xm—1)
(17) = d(Xn,Xnt1,Xm—1)-
Since d(xp,Xp41,Xn+1) = 0 from (17) we have:
(18) d(Xn, Xnt1,%m) =0

forO<n<m-—1.
From (16) and (18), we have d(x,,X,+1,X»,) = 0 for all n,m € N. Now, for all i, j,k € N with
i > j we have d(x;_1,x;,xj) = d(x;—1,x;,x¢) = 0. Therefore,
d(xi,xj,xk) < d(xjx;,xi—1) +d(xi,x6,x-1) +d(xXe,xj,%-1)

(19) < d(xjaxi—hxk) S e < d(Xj,Xj,.Xk) =0.

This proves that for all i, j,k € N, we have:

(20) d(xi,xj,xk) =0.
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Next we show that {x,} is a Cauchy sequence. Suppose to the contrary that {x,} is not a
Cauchy sequence. Then there exists € > 0 for which we can find sub-sequence {xn(k)} and
{Xm(x)} where n(k) is the smallest integer such that n(k) > m(k) > k and x,()—1, X ()1 are

comparable, and

(21) d(Xn(k)s Xm(k)» @) > €
for all k € N. Therefore,

(22) d(Xp()—1,%m(x) @) < €.
Then by using (20), (21) and (22), we have:

€ < dXu)sXim)» @) = d(TXpw)—15 T Xp(i)-1,@)

< % [d(xn(k)fb TXp()—15@) +d(Xon() =15 TXn()~1,@) +d (Xn() =15 Xn(k) -1, @)
—‘I/<d(xn(k)—1 T X~ 15@), d(X() 15 TXn(k) -1, @) +d (X (r) -1 7xn(k)—lva)>
_ %[d(xn(k)—lgxm(k),a)+d(xm(k)_l,xn(k),a),d(xm(k)_l,xn(k)_l7@)}
(23) _‘/’<d(xn(k)71 s Xn(k)» @) (X ()= 15X (k) s @) s & (X))~ 15 Xn (k) 15 a)) .

Again, by using (20), (21) and (22), we have:
€ < d<xn(k) 1 Xm(k)s a)
(24) < d (X k) Xn (k)15 @) A (X (1)~ 15 Xm(k) s @) A (X (s) s Xom (k) s X (k) —1) -

Taking the limit as k — oo in the above inequality and using (15), we obtain:

< i <
(25) €= klglc}od(xn(k)7xm(k)aa) S €
and
2 < i li
(26) €= k;n;d(xm(k)—lvxn(k)aa> + kl_r:zod(xm(k)—l >xm(k)7a)
(27) + im0 15X (k) X)) < E-

Therefore, we have:

(28) 1im d (Xy,(k) s Xn(k), @) = €,

k—oo
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(29) 1M d (X 1) Xn(r)-1,0) = €,
and

li =E€.
(30) 1M d (X -1,% k), @) = €

Taking the limit as kK — oo in (23) and using (28), (29) and (30), and considering the continuity

of v, we have:

(31) € < %(£+8+£)—y/(£,e,e):s—w(e,e,s)Ss.

That is, y(€,¢€,€) < 0, which proves that y(&,&,€) = 0 is a contraction since € > 0. Hence
{x,} is a Cauchy sequence and since X is complete, there exists z € X such that lim,, e x, = 2.

Then it follows from the continuity of 7" that
z=Ilimx,11 = limTx, =Tz
n—yoco n—oo
Therefore, z is a fixed point of T'. U

Now we prove that we can relax the continuity condition, i.e., 7 does not need to be contin-

uous.

Theorem 5. Let (X, =,d) be a complete, partially ordered 2—metric space and T : X — X be

a non-decreasing mapping such that:
1
d(Tx,Ty) < 3 |d(x.T) +d(.T2) +d(x,y)| = w(d(x.T5),d (. T2).d(x.y)
for x =y, where y : [0,00)3 — [0,0) is a continuous function such that W(x,y,z) = 0 iff x =

y =z =0. If there exists xy € X with xo =< Txo and if {x,} is a non-decreasing sequence in X

such that x, — x then x, X x for alln € N, then T has a fixed point.
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Proof. Since {x,} is a non-decreasing Cauchy sequence and lim,,_,.x, = z we have x,, < z for

all n € N. From (6), we have:

1
d(xp4+1,2,0)=d(Tx,,Tz,a) < §[d(xn,Tz,a)—i—d(z,Txn,a)—|—d(xn,z,a)}

_W<d(xn,Tz,a),d(z,Txn,a),d(xn,z,a)>

1
= 3 [d(xn,Tz,a) +d(z,%p41,0a) +d(xn,z,a)}

(32) _W(d(xm Tz,a),d(z,xn+1,a),d(xn,z,a).
Taking the limit as n — oo in (32), we have:

1
d(z,Tz,a) < 3 [d(z, Tz,a)+d(z,z,a)+d(z,z, a)}

—w(d(z,Tz,a),d(z,z,a),d(z,z,a))

1
< 3 [d(z, Tz,a)] — W(d(z,Tz,a),0,0)
1
< gd(z, Tz,a).
It implies that d(z,Tz,a) =0 for all a € X, thatis, Tz = z. O

In what follows, we prove a sufficient condition for the uniqueness of the fixed point in the

previous theorems.

Theorem 6. Suppose that either hypotheses from two previous theorems hold and for each

x,y € X, there exists 7 € X that is comparable to x and y. Then T has a unique fixed point.

Proof. In the previous theorems we proved that 7" has a fixed point. It remains to be proven
that the fixed points are unique. Let to this end x,y be two fixed points of 7. We consider the

following two cases.
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Case 1: If y is comparable to z, then 7"y =y is comparable to 7"z = z for all n € N. Therefore,

for all a € X, we have:

d(y,z,a) =

(33) <

d(T"y, T"z,a)

[d(T”_ly, T"z,a)+d(T" 'z, T",a) +d(y,z, a)}

W =

—y(d(T" 1. T"2,a),d(T" 12 T"y.a),d(3,2,0)
d(y,2,0) +d(z,y,0) +d(3,3,0)]

—w(d(y,z,a),d(z,y,a),d(zayya»

d(y,z,a).

W =

As a results, we have l//(d (y,z,a),d(z,y,a),d(z,y, a)) = 0. Therefore, taking into account the

assumption about Y, we get d(y,z,a) = 0, or equivalently, y = z.

Case 2: If y is not comparable to z, then exists x € X comparable to y and z. It implies that 7"x

is comparable to 7"y = y and T"z = z. Therefore, for all n € N and a € X, we have:

d(z,T"x,a) =

IN

(34)

IN

It implies that

d(T"z,T"x,a)

1
3 [d(T"ilz, T"x,a) +d(T" 'x,T"z,a) +d(T"z, T"x, a)}

—l,l/(d(T"flz, T"x,a),d(T" 'x,T"z,a),d(T"z, T"x, a))
1
3 [d(z, T"x,a)+d(T" 'x,z,a) +d(z, T"x, a)}
—l//(d(z, T"x,a),d(T" 'x,z,a),d(z, T"x, a))

2 1
gd(z, T"x,a) + §d(z, " 'x,q).

d(z,T"x,a) < d(z,T" 'x,a).

Then there exists lim,_,.d(z,T"x,a) =t. Letting n — oo in (34) and taking into account the

continuity of Y, we obtain:

t < (t+r+1)—y(t,t,1) <t.

W | =
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This gives us y(z,¢,t) = 0. Then t = 0, that is, lim, . 7"x = z. Analogously, lim,_,. 7"x = y.

Finally the uniqueness of the limit gives us y = z. U

Theorem 7. Let (X,=,d) be a complete, partially ordered 2-metric space and T : X — X be a
S-contraction such that:
1): Forall x,y € X, ifx Xy, then Tx = Ty.
2): For each x,y € X, there exists 7 € X that is comparable to x and y.
3): There exists xg € X with xog =< Txg or xg =~ Txy.
Then, for all a € X, inf{d(x,Tx,a) :x € X\ {a}} = 0. In particular
inf{d(x,Tx,a) :x€ X} =0.

Proof. We consider the following two cases:
Case 1: xo =< Txo, by the hypothesis (1), consecutive terms of the sequence {T"x(} are compa-

rable. It follows from (6) that for all a € X:

d(T" M xo, T"xo,q)

IN

1
3 [d(T"xo, T"xg,a) +d(T" 'xo, T" ' xg,a) +d(T" ' xo, T”xo,a)}

—l//(d(T"xo, T"xo,a),d(T" 'xo, T xg,a),d (T xo, T"xy, a))

1
= 3 [a’(T"_lxo7 T”+1xo,a) —Fa’(T”on7 T"xo,

a)
—l//(O,d(T”_lxo, T"xo, a),d(T”on, T"xo, a))
a)}

IN

[d(T”_lxo, T xg,a) +d(T" ' x, T"xo,

W = W =

IN

[d(T”_]xo, T"xo,a) +d(T"xo, T" ' xg,a)
(35) +d(T" ' x0, T"x0, T" ' x0) —i—d(T”“xo, T"xo,a)} )
We have d(x;,x;,x;) = 0 for all i, j,k € N. Then (35) implies:
n+1 n 1 n—1 n 2 n n+1
d(T""  xp,T"xp,a) < §d(T x0,T"xp,a) +§d(T x0, " x0,a).
That is,

d(T"  xg, T"xo,a) < d(T" 'xq, T"x0,a).
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Then there exists limd (7" 'xp, T"xq,a) = t. Therefore, according to the previous theorems,
n—yeo

we gett = 0. Then

lim d(T"" ' xy, T"x9,a) = 0.
n—oo

That is, inf{d(x, Tx,a):x € X} —0.

Case 2: xy > Txp. The same as in Case 1. [

4. Conclusion

In this paper, we have proposed a novel contraction mapping and explored its properties.
The contraction mapping theorems developed here are novel weak s-contraction mappings on

partially ordered 2-metric spaces.
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