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1. Introduction

The concept of cone metric spaces was introduced initially by Huang Lang and Zhang-Xian ([3]) which
is the generalization of a metric space. In this space, they have replaced the set of real numbers by real
Banach Space in the definition of metric space.

Very recently, in 2004 the concept of partially ordered metric space which was introduced by Ran and
Reurings ([4] )Guo and Lakshmikantham ([5]) studied the concept of coupled fixed points in partially
ordered metric spaces. Bhaskar and Lakshmikantham ([8]) introduced monotone property in partially

ordered metric spaces and given an application to the existence of periodic boundary value problem.
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Nieto and Lopez ([6] - [7]) rediscovered the partially ordered metric spaces and applied their problems to
periodic boundary value problems.

Recently, Karapinar ([9]) proved coupled fixed point theorems for nonlinear contractions in ordered cone
metric spaces over normal cones without regularity. He considered the continuity of communting mappings
in a whole complete space. Shatanawi ([10]) proved coupled coincidence fixed point theorems in cone
metric spaces over which were not necessarily normal. See also the results of Sabetghadam ([11]), Ding
and Li ([12]), and Aydi, Samet and Vetro([13]).

In this paper we have studied unique common triple fixed point theorem for two maps by using ¢ -
monotone and w - compatible mappings satisfying more general contractive condition in ordered cone
metric spaces over a cone that is only solid(i.e., has a nonempty interior). We furnish example to

demonstrate the validity of the results.

2. Preliminaries

Now here we recall some definition.
Definition 2.1. Let E be a real Banach space with respect to a given norm || . || and let Og be the

zero vector of E. A non - empty subset P of E is called a cone if the following condition hold:

(1) P is closed, nonempty and P # {Og};

(2) a,beR,a,b>0, 2,y € P= (ax+by) € P;

(3) ze Pand —z € P =z =0.

Given a cone P C F a partial ordering <p with respect to P is naturally defined by = <p y if and only if
y—ax € P for x,y € E. We shall write © <p y to indicate that x <p y but z # y while z <« y will stand
for y — x € intP, intP denotes the interior of P .

The cone P is called normal if there is a number K > 0 such that for all z,y € FE, O0p <p x <p y implies
[zlle<Kyle.

In what follows we always suppose that E is a real Banach spaces with cone P satisfying intP # ()(such
cones are called solid).

Definition 2.2. Let X be a nonempty set. Suppose the mapping d : X x X — P satisfies:

(1) d(z,y) = 0g if and only if x = y;
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(2) d(z,y) = d(y,x) for all z,y € X;

(3) d(z,y) <p d(z,z)+d(y,z) for all z,y,z € X.

Then d is called a cone metric on X and (X,d) is called a cone metric space. It is obvious that cone
metric spaces generalize metric spaces.

Example 2.3. Let E=R? P={(z,y) € E:2,y >0} C R?, X = Rand d : X x X — E such that
d(z,y) = (| — y|, @]z — y|), where o <0 is a constant. Then (X, d) is a cone metric space.

Definition 2.4. Let (X,d) be a cone metric space. Let {x,} be a sequence in X and z € X.

(a) If for every ¢ € E with Op <p c there is N € N such that d(z,,z) <p ¢, for all n > N, then

{z,} is said to be convergent to x. This limit is denoted by lim,,cc2, = x Or T, —  as n — 0.

(b) If for every ¢ € E with 0g <p c there is N € N such that d(z,,z,) <p ¢, for all n,m > N,

then {z,} is called a Cauchy sequence in X.

(¢) If every Cauchy sequence in X is convergent in X,

Then (X, d) is called a complete cone metric spaces.
Let (X, d) be a cone metric space. Then the following properties are often used(particularly when dealing

with cone metric spaces in which the cone need not be normal):

(Py) If E is a real Banach space with a cone P and if a <p ha where a € P and h € [0, 1), then a = Og;

(P2) if Op <p u < ¢ for each Op < ¢, then u = Op;

(P3) if u,v,w € E,u <p v and v < w, then u < w;
(Py) if c €intP,0 <p a, € FE and a,, — Og, then there exists k € N such that for all n > k we have

a, < C.

Definition 2.5. Let X be nonempty set and /' : X x X x X = X, g : X — X. An element
(z,9,2) € X x X x X called:

(T1) a tripled fixed point of the F if F(x,y,z) =z, F(y,z,z) =y and F(z,y,x) = z;

(T5) a tripled coincidence point of mappings F and g if F(z,y,2) = g(z), F(y,z,2) = ¢g(y) and

F(z,y,2) = g(2) and in this case (gz, gy, gz) is called a triplet point of coincidence.
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Definition 2.6. Let X be nonempty set. Mappings F' : X x X x X — X, g: X — X are called w
- compatible if gF(z,y, z) = F(gx, 9y, 92), 9F(y,z,2) = F(gy,9z,92) and gF(z,z,y) = F(gz, gz, gy)
whenever gx = F(z,y,2),9y = F(y,z,z) and g¢(z) = F(z,y,x).

According to Borcut and Berinde [15], we give also the following concepts.

Consider on the product X x X x X the following partial order:

for (z,y,2), (u,v,w) € X x X x X, (u,v,w) < (2,y,2) &z >u,y <v,z>w.

Definition 2.7. Let (X, <) be a partially ordered set and F': X X X x X — X and g : X — X. The
mapping F' is said to have mixed g - monotone property if F' is monotone g - non-decreasing in x and z

is monotone g - non-increasing in y that is, for any z,y,z € X

x1,20 € X, g(21) < g(w2) = F(21,9,2) < F(12,9, 2) (2.1)
Y1,Y2 € X’g(yl) < g(yQ) = F(xaylaz) > F(SC,yQ,Z) (22)
z1,%22 € Xag(zl) < g(ZQ) = F(xvyazl) < F(x,y,zg) (23)

hold.
Definition 2.8. [2] Let X be non - empty set. Then we say that the mappings F': X x X x X — X and
g: X — X arew - compatible if gF'(z,y, z) = F(gz, gy, 92), gF' (y, z,¥) = F(gy,9z,9x) and gF(z,y,z) =

F(9z, 9y, gx) whenever g(z) = F(z,y,2),9(y) = F(y,z,2) and g(z) = F(z,y,).
3. Main results

Theorem 3.1. Let (X, d, <) be an ordered cone metric space over a solid cone P. Let F': X x X x X — X
and g : X — X be mappings such that F’ has the mixed g - monotone property on X and there exists
three elements xg,y0,20 € X with gxg < F(x0,¥0,20),9%0 = F(yo,20,20) and gzo =< F(z0,x0,Y0)-

Suppose further that F', g satisfy
d(F(iC, Y, Z), F(U, v, ’U.))) jp ald(ng g’LL) + a2d(F(ZL', Y, Z)v ng) + a3d(gy7 g’U)

+ agd(F(u,v,w), gu) + asd(F(x,y, 2), gu) + agd(F (u,v,w), gx) + azd(gz, gw),
(3.1)

for all (z,y,2), (u,v,w) € X x X x X with (92 = gu,g9y = gv and gz =< gw), where a; > 0, for

1=1,2,...,7 and Zzzl a; < 1. Further suppose

(1) F(X x X x X) C g(X);

(2) g(X) is a complete subspaces of X.

Also, suppose that X has the following properties:
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(7) if a non - decreasing sequence {x,} in X is such that x,, — x, then x,, < x for all n € N,
(#4) if a non - increasing sequence {y,} in X is such that y,, — y, then y,, = y for all n € N,

(7i7) if a non - decreasing sequence {z,} in X is such that z, — z, then z, < z for all n € N.

Then there exists x,y,z € X such that g(z) = F(z,y,2), g(y) = F(y,z,z) and g¢(z) = F(z,z,y),

that is, F" and g have tripled coincidence point in X.

Proof.
Let zo,yo, 20 € X be such that g(zo) = F(2o,%0,20), 9(Yo) = F(yo,20,20) and g(20) = F(20,Z0,Yo).
Since FI(X x X x X) C ¢g(X), we can define x1,y1,21 € X such that

g(x1) = F(x0,90,20), 9(w1) = F(yo, 20, 20) and g(z1) = F(20,%0,%0)-

In the same way, we can choose Za, Y2, 20 € X such that g(xs) = F(z1,y1,21), 9(y2) = F(y1,21,21) and
g(z2) = F(z1,21,%1). Continuing like this, we construct three sequences {x,},{y,} and {z,} in X such

that, for all n > 0, we get

g(-rnJrl) = F(xnyyn7zn)ag(yn+l) = F(yn7zn7xn>7g(zn+1) = F(Znaxnvyn)~ (32)

Now we prove that for all n > 0,

9(®n) 2 9(Tnt1),9(Yn) = 9(Yn+1) and g(2n) = g(zn11)- (3.3)

we shall use the mathematical induction. By contraction condition we have

9(z0) 2 F(zo,Y0,20) = 921,  9(Yo) = F(y0,20,0) = gy1 and  g(20) = F(20,Z0,Y0) = g21-
i.e., (3.3) holds for n = 0. We assume that (3.3) holds for some n > 0. As F' has the mixed g - monotone

property and gz, < gZn11,9Yn = 9Ynt1 and gz, = gzpt1, from (3.2) and (2.1) — (2.3) we get

gTn4+1 = F(xnvynazn) j F(xn+1,yn,zn)7
9Yn+1 = F(yna vaxn) = F(yn+17 Znaxn)a (34)

and 9Zn+1 = F(Zruznayn) = F(Zn+17$nayn)'

Also for the same reason we have,
9Tnt2 = F(@Zni1, Ynt15 Znt1) X F(Tns1,Yn, 2n),
9Yn+2 = F(Yn+1, 2041, Tnt1) = F(Ynt1, 20, Tn), (3.5)
and  gzpi2 = F(2nt1, Tnt1, Ynt1) = F(zn41, Tn, Yn).
Then from (3.4) and (3.5) we obtain

9(@nt1) 2 9(@nt2); 9(Ynt1) = 9(Yny2)  and  g(zni2) = g(zn42)-
Thus by mathematical induction, we conclude that (3.3) holds for all n > 0.
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On using condition (3.1) we have

d(97n, 9Tni1) = A(F(Tn—1,Yn—1,2n-1), F(Tn; Yn, 2n))

<p a1d(9Tn-1, 92n) + a2d(F(Tn—1,Yn-1, 2n—1), 9Tn-1)) + a3d(9Yn—1, 9Yn)
+ asd(F(Tn, Yn, 2n), 920)) + asd(F(Tn-1,Yn-1, 2n-1), 9Tn))
+ agd(F(ZnyYn, 2n)s 9Tn—1)) + a7d(gzn—1, g2n)

= a1d(9Tn—1,9%n) + a2d(gTn, 9Tn—1) + a3d(gYn—1, 9Yn) + a2d(9Tni1, 9Ty)
+ asd(gzy, gxn) + aed(gTni1, 9Tn-1) + a7d(gzn—1, g2n)

<p a1d(gTn—1, 9Tn) + a2d(gan, 92n—1) + azd(gyn—1, 9yn) + a4d(gTn+1, gn)
+ ag[d(grn i1, 92n) + d(gTn, gTn—1)] + azd(gzn—1,92n).

= (a1 + az + a6)d(g2n—1,92n) + (a4 + a6)d(gn, gTni1) + a3d(gyn—1, 9Yn)

+ ard(gzn—1,9%n)

which implies that

(1 — a4 —ag)d(gen, gTnt1) <p (a1 + ag + ag)d(92n—1, 9Tn) + a3d(gYn—1, GYn)

+ a7d(gzn—la an)

Similarly,

d(9Yn, 9yn+1) = A(F(Yn—1, 201, Tn—1, F(Yn;, 2n, Tn))

<p a1d(gYyn—1,9Yn) + a2d(F(Yn—1, 2n—1,Tn-1,9Yn—1)) + a3d(g2n—1, 92n)
+ a4 d(F (Yn, 2, Tns gYn)) + a5d(F(Yn—1, 2n—1, Tn—1, 9Yn))
+ a6d(F (Yn, Zn, Tns GYn—1)) + a7d(grn_1, gn)

= a1d(gYn—1, 9Yn) + a2d(gYn, gYn—1) + asd(9zn—1, g2n) + a1d(gYn+1, gyn)
+ a5d(gyn; 9Yn) + a6d(9Yn+1, 9Yn—1) + ard(9Tsn—1, gs)

<p a1d(gyn—1,9Yn) + a2d(9Yn, 9yn—1) + azd(gzn—1, g2n) + a1d(gyn+1, gyn)
+ asld(gYn+1, 9Yn) + d(9Yn, 9Yn—1)] + azd(gTn-1, gTs).

= (a1 + a2 + a6)d(gyn—1, 9yn) + (a4 + a6)d(gYn, gyn+1) + asd(gzn_1,9%n)

+ ard(9xn—1, 9%n)
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which implies that

(1 = a4 — ag)d(gyn, gyn+1) <p (a1 + a2 + a6)d(gyn—1, 9yn) + a3d(92n-1,9%n)
+ ard(grn—1,97n)
Also,
d(gzn, 92n+1) = A(F(2n—1,Tn—1,Yn-1), F'(2n, Tn, Yn))
<p a1d(gzn-1,9zn) + a2d(F (2n-1, Tn—1,Yn—1,9%n—1)) + azd(9Tsn—1, gTs)
+ asd(F (20, Tny Yn, 92n)) + a5d(F(2n—1,Tn—-1,Yn—1,9%n))
+ agd(F(2n, Tn, Yns 92n—1)) + ard(gyn—1, 9yn)
= a1d(g2n-1,92n) + a2d(9zn, 92n—1) + asd(gxn—1, 9xn) + asd(gzn+1, g2n)
+ asd(gzn, 92n) + acd(92n+1, 92n—-1) + a7d(gyn—1, 9Yn)
<p a1d(9zn—1,9%n) + a2d(9zn, §2n—1) + a3d(9Tn—1, 9%n) + a4d(gzn+1, 92n)
+ aeld(9zn41, 92n) + d(g2n, g2n—1)] + ard(gyn—1, gyn)
= (a1 + a2)d(9zn-1,92n) + a3d(gTn—_1, g2n) + asd(92n+1, 9%n)
ag[d(92n+1,92n) + d(92n, g2n—1)] + a7d(gYn—1, gyn)
= (a1 + as + a6)d(9zn—1,92n) + (a4 + ag)d(9zn+1, 92n) + asd(gTn—1, gxn)
+ ard(gyn-1, 9yn)

which implies that

(1 —as — ag)d(9zn, 92n+1) <p (a1 + a2 + ag)d(gzn—-1,92n) + a3d(gTn_1, 9%y) + azd(gyn—1,9yn) (3.8)

Adding (3.6), (3.7) and (3.8) we obtain that

(1= as — ag)[d(g2n, gZni1) + d(gYn, 9Yn+1) + d(g2n; 92n41)]

<p (a1 + a2 + ag)[d(9Tn—1, 975) + d(gyn—1, 9Yn) + d(g2n—1, g2s)]
+a3ld(gzn—1,9%n) + d(gYn—1,9yn) + d(92n—1, 9%n)] (3.9)

+az[d(grn—1,92n) + d(gYn—1, 9yn) + d(g2n—1, g2n)]

= (al +ag +as + ag + cw[d(gxn_l, gxn) + d(gyn—lvgyn) + d(an_l,an)

Now stating from d(gz,+1, 9%n) = d(F(Tn, Yn, 2n), F(Tn—1,Yn—1, 2n—1)) and using that g(z,—1) < g(x,),

9Wn-1) = g(yn) and g(zn—1) = g(2n),
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we get that

d(gZn+1, 9%n) = d(F (T, Yn, 20, F (-1, Yn—1, 2n-1))
<p 01d(9n, 9Tn-1) + a2d(F (20, Yn, 2n; 92n)) + a3d(g¥n, gYn—1)
+ a4d(F(Zn—1,Yn—1s2n—1,9%n)) + asd(F(Zpn, Yn, Zn, §Tn—1))
+ agd(F(Zn—1,Yn—1,2n—1,9%n)) + a7d(92zn, 92n—-1)
= a1d(gn, gTn—1) + a2d(92n11, 92n) + a3d(gyn, gyn—1) + asd(gzn, grn_1)
+ asd(9Tn+1, 9Tn—1) + aed(gTn, 9Tn)) + a7d(9zn, G2n—1)
= a1d(gTn, gTp—1) + a2d(92n11, 97n) + a3d(gyn, gyn—1) + asd(gzn, grn_1)

+as [d(g‘rnJrlv gxn) + d(gxna g$n71)] + a7d(gzn, gznfl)

d(gTni1,9%n) = (a1 + a4 + a5)d(gxy, grn—1) + (a2 + a5)d(9Zni1, 9Tn) + a3d(GYn, GYn—1)

(3.10)
+ ard(gzn, 92n—1)
Similarly,
d(gyn+179yn) = d(F(yna Zny Tn, F(ynfla Zn—1, xnfl))
<p (a1 + as + a5)d(gyn, gYn—1) + (a2 + a5)d(gyn+1, gyn) (3.11)
+ a3d(gzna gzn—l) + cwd(gxn, gwn—l)
d(gszrlvgzn) SP (al + ay + a5)d(gznv gznfl) + (a2 + a5)d(gzn+17 gzn)
(3.12)
+ azd(gzn, 9rn—_1) + a7d(gyn, GYn—1)
Adding (3.10), (3.11) and (3.12) we obtain that
(1 —az — as)[d(9Tn+1, 9Tn) + d(gYn+1, 9Yn) + d(g2n+1,92n)]
<p (a1 + as + as)[d(gzn, 9Tn_1) + d(GYn, GYn—1) + d(92n, 92n—1)]
+a3[d(gzn, 92n—1) + d(gYn, gYn—1) + d(92n, g2n—1)] (3.13)

+ar [d(gmnv gmn—l) + d(gyn; gyn—l) + d(gzn; gzn—l)]

= (a1 + a3 + a4 + a5 + a7)[d(9Tn, 9Tn—1) + d(gYn, 9Yn—1) + d(g2n, g2n-1)]
Now adding (3.9) and (3.13) we get

2a1 + as + 2a3 + a4 + a5 + ag + 2a7
2—@2—@4—&5—&6

<p ( Nd(9xn, 9Tn—1) + d(gYns 9Yn—1) + d(92n, 92n—1)]
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with 0 < A < 1. where \ = 2atazt2astastastas 2oy
— : 2—as—as—as—ag

Since ZZ:1 a; < 1. using relation (3.13) n - times, we obtain

d(9Tny1,9%n) + A(GYnt1, 9Yn) + d(92ns1,92n) <p Ad(gTrn—1,9%n) + d(gYn—1,9Yn) + d(g2n—1,92n)]

<p N[d(9Tn-2,9Tn—-1) + d(gYn—2, gYn—1) + d(g2n—2, 92n—1)]

<p A"[d(gz0, g21) + d(9Y0, 9y1) + d(g20, g21)]-
Then d(gTn+1,9%n) + d(gYn+1, 9yn) + d(gzn+1,92n) — Op as n — oo.
Thus d(g2n+1, 97n) = d(9Yn+1, 9Yn) = d(gzn+1, 92n) = Op as n — co.
Next we show that {gz,}, {gynand{gz,} are Cauchy sequences. For any m > n > 1, repeated use of

triangle inequality gives

d(gn, gTm) + d(gYn, 9ym) + d(92n, 92m) <p d(9Zn, 9Tni1) + d(gTni1, gTnt2) + - + d(9Tm—1,9Tm)
+ d(9Yn> 9Yn+1) + A(GYn+1, GYnt2) + -+ + A(GYm—1, 9Ym)
+ d(gzn, gzn+1) + d(gzn_H, gzn+2) + o+ d(gzm—hgzm)

<p N"+ A" X [d (g, g21) + d(gy0, 9y1) + d(g20, 921))]
)\TL

<
,Pl_/\

[d(nga gxl) + d(gyOa gyl) + d(gz()v gzl)]

—0g as n — oo.

from (P;) it follows that for O < ¢, and large n : 1)‘:;\ [d(gx0, gz1) + d(gy0, gy1) + d(920,921)] < ¢, thus

according to (P3),
[d(92n, 92m) + d(gYn: gYm) + d(92n, 92m)] < c.

Since,

d(gn, 9Tm) 2p [A(9Zn, 9Tm) + d(9Yn,> 9Ym) + d(g2n, 92m)];

d(9Yn; 9Ym) 2P [d(9Tn, 9Tm) + d(gYn, 9Ym) + d(gzn, g2m)];
and

d(9zn, 92m) 2p [d(gTn, 9Zm) + d(9Yn; 9Ym) + d(92n, 92m)]

then by (P3),d(g9zn, 92m) < ¢, d(gyn, gym) < ¢ and  d(gzn, gzm) < c. for n large enough and hence

{9z}, {9yn} and {gz,} are Cauchy sequencesin g(X). By completeness of g(X) there exists gz, gy, gz €

g(X) such that gz, = gz, gy, — gy and gz, — gz as n — co.

Since {gz,} and {gz,} is nondecreasing and {gy, } is non-increasing, using the conditions (¢), (i7) and (ii7),

we have gz, = gz, gy, = gy and gz, = gz foralln > 0. If gz, = gz,9y, = gy and gz, = gz
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for some n > 0, then gr = gz, X grpy1 X g7 = gTn, 9Y = gYnt1 =X gYn = gy and gz = gz, =

9Zn+1 = gz = gz, which implies that gz = ga,, = F(@n, Yn, 2n), 9Y = 9Yn = F(Yn, 2n,Tn), and gz =
9zn = F(zn, Tn, yn), that is, (Tn, Yn, 2n) 1s a triplet coincidence point of F' and g. Then, we suppose that

(920, 9Yn, 92n) # (92, 9y, g2) for all n > 0.
Now we prove that F(z,y,2) = gz, F(y,z,2) =gy and F(z,z,y) = gz. For this, consider

d(F(z,y,2),9x) <p d(F(x,y,2), 9Tnt+1) + d(gTny1, gT)

=d(F(z,y,2), F(n, Yn, 2n)) + d(gTni1, 9T)

<p a1d(gz, grn) + azd(F(x,y, 2), g7) + asd(gy, gyn) + asd(F(zn, yn, 2n), gn)
+asd(F(,y, 2), gtn) + agd(F(2n, Yn, 2n), 92) + a7d(9z, g2n) + d(gni1, 97)

= ad(ge, gzn) + azd(F(z,y, 2), ) + asd(gy, gyn) + aad(F(92n i1, 97n)
+ asd(F(x,y,2),9Tn) + agd(gZni1, 92) + asd(gxn, gz) + azd(gz, gzn)
+ (9211, 9n) + d(g2n, g)

(1 —az —a5)d(F(z,y,2),92) <p (1+ a1 + a5 + as)d(gr, gzn) + (1 + a4 + ae)d(gTni1, g2n)

azd(gy, gyn) + a7d(9z, 92n)
Which further implies that

14+ a1 +as+ag as
d(F(z,y,2),92) <p ———————d(gx, grpn) + ———d(9Y, 9yn
(Flay,2),90) Sp —1 g g + o sdlov, o)

1+ay4+ag ar

— —d(gTpy1,97,) + ———————d(g2,92p

(1—&2—&5) (g +1,9 ) (1—@2—&5) (g g )

Since gz, — gr, gy, — gy and gz, — gz, then for Op < c there exists N € N such that

d(gz, gun,) < kettele gy gy,) < G d(gTag, grn) < A and
d(gz,gzn) < %, for all n > N. Thus,

d(F(z,y,z),gx) < c. Now according to (P.) it follows that d(F(z,y,z2),g9z) = O, and F(z,y,2) = gx.
Similarly, we can get F(y,z,2) = gy and F(z,z,y) = gz. Hence (gz, gy, gz) is tripled coincidence
point of mappings F' and g.

This completes the proof.

Theorem 3.2. In addition to the hypotheses of Theorem 3.1, Suppose that for every (z,y, 2), (z*, y*, 2*) €
X x X x X there exists (u,v,w) € X x X x X such that (F(u,v,w), F(v,w,u), F(w,u,v)) is compara-
ble to (F(z,y,2), F(y,z,x), F(z,z,y)) and (F(z*,y*, z*), F(y*, z*,2%), (z*,2*,y*)). Then F and g have
a unique triple common fixed point, that is, there exists a unique (u,v,w) € X x X x X such that
u=g(u) = F(u,v,w), g¢gv)=F(v,w,u) and g(w) = F(w,u,v), provided F and g are w - com-

patible.
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Proof.

From Theorem 3.1, the set of tripled coincidence points of F' and g is non - empty. Suppose (z,y, 2)
and (z*,y*, z*) are tripled coincidence points of F, that is gx = F(x,y,2),9(y) = F(y,2,2),9(z) =
F(z,z,y),9(z*) = F(z*,y*, 2%),g(y*) = F(y*,z*,2*) and g(z*) = F(z*,2*,y*). We will prove that

g(x) = g(z"),9(y) = g(y") and g(z) = g(z").

By assumption, there exists (u,v,w) € X x X x X such that (F(u,v,w), F(v,w,u), F(w,u,v)) is
comparable to (F(z,y,2), F(y,z ), F(z,2,y)) and (F(z*,y",2%), F(y*, 2", %), (z",2",y)). Put uo =
u,v9g = v,wg = w and choose uy,v1,w; € X so that gu; = F(ug, v, wo),gv1 = F(vg,wp,up) and

gwi = F(wo, ug,vo). Then, similarly as in the proof of Theorem 3.1, we can inductively define sequences

{gun}, {gvn} and {gw,} with

JUun+1 = F(Un, vn, Wn), gUnt1 = F(vp, 0, uy) and  gwpi1 = F(wy, Uy, vy) YV n.

Further, set z0 = z,90 = y,20 = 2,25 = 2",y5 = y* and 2§ = z* and in a similar way, define the

sequence {gzn}, {gyn}, {92} and {gz¥}, {y%}, {z:}. Then it is easy to show that

gz, = F(z,y,2),9yn = F(y,z,2) and gz, = F(z,z,y)

and

gry — F(x*,y*,2%), gy — F(y*,2",2%) and gz, — F(z*,2%,y")

as m — 0o. Since (gx,gy,gZ) = (F($7y72)7F(y7Z7x),F(z7x7y)) = (gxhgylagzl)
and(F(u,v,w), F(v,w,u), F(w,u,v)) = (gu1, gv1, gw; ) are comparable, then gx < gui, gy = gv; and gz =<

gwi. It is easy to show that, similarly, (g, gy,g92z) and (gun, gu,, gw,) are comparable for all n > 1,
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that is, gz < gu,, gy = gv, and gz =X gw,, or vice versa. Thus from (3.1), we have

d(gz, gunt1) = d(F(z,y, 2), F(un, Up, wy,))
<p ard(gz, gun) + azd(F(2,y, 2, gx)) + azd(gy, gon)
+ agd(F (U, Upy Wy, guy)) + asd(F(x,y, 2, guy,))
+ agd(F(tp, Vn, Wy, gz)) + a7d(gz, gwy,)
= ard(gz, gun) + azd(gz, gz) + asd(gy, gvn) + asd(guni1, gun)
+ asd(gx, gun) + asd(gun+1, gz) + ard(gz, gwn).
= a1d(gx1, gun) + azd(gy, gun) + as[d(guni1, g)
+ d(gz, gzn)] + asd(gun+t1, 9x) + azd(gz, gwy,).
= (a1 + a4 + as)d(gz, gun) + azd(gy, gun) + (a4 + ag)d(gun+1, 9)

+ arzd(gz, gwn).

which implies that

(1 —as — ag)d(gx, gunt1) <p (a1 + as + a5)d(gx, gun) + azd(gy, gvn) + a7d(gz, gwy). (3.14)
Similarly,

(1 — a4 — ae)d(gy, gvnt1) <p (a1 + a4 + as)d(gy, gvn) + azd(gz, gwn) + ard(gz, gu,). (3.15)

(1 — a4 — ag)d(gz, gwni1) <p (a1 + as + as)d(gz, gwy) + asd(gz, gu,) + azd(gy, gvy). (3.16)

Adding up (3.14),(3.15) and (3.16) we obtain that

(1 — a4 — ag)[d(gz, gunt1) + d(gy, gun+1) + d(g2, gwn1)]

<p (a1 + a4 + as)[d(gz, gus) + d(gy, gvn) + d(g2, gwn)]
+asld(gz, gun) + d(gy, gvn) + d(gz, gwn)| (3.17)

+az[d(gx, gun) + d(gy, gvn) + d(gz, gwn)]

= (a1 + a3 + a4 + as + a7)[d(gz, gun) + d(gy, gvn) + d(gz, gwy)]
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Now stating from d(gun+1,9x) = d(F (tn, vn, wy), F(z,y,2)) we get that

d(gunt1,9x) = d(F (tn, U, Wy, F (2,9, 2))
<p a1d(gun, 97) + azd(F (un, vn, wn, gun)) + asd(gvn, gy)
+ aqd(F(x,y, z,92)) + asd(F(upn, Un, Wy, gzT))
+ agd(F(z,y, 2, gun)) + ard(gu,, gz)
= ard(gun, gz) + azd(gun 1, gun) + asd(gon, gy) + asd(gz, gz)
+ asd(guni1, 92) + agd(gx, gun)) + azd(gvn, g2)
= a1d(gun, g) + az[d(gun1, 9) + d(gz, gun)] + azd(gvn, gy)

+ asd(g, gx) + asd(guny1, gv) + asd(9x, gun)) + ard(gun, gz)

(1 —az — a5)d(gun+1,9%) = (a1 + a2 + ag)d(9z, gu,) + azd(gvn, gy) + azd(guv,, gz) (3.18)
Similarly,

(1= a2 — as)d(gvn+1, 9y) = (a1 + a2 + ag)d(gy, gvn) + azd(gwn, g2) + azd(gun, gz) (3.19)

(1 —az — as)d(gwn11,92) = (a1 + az + ag)d(92, gw,) + azd(gun, gz) + azd(gwn, gy) (3.20)

Adding (3.18), (3.19) and (3.20) we obtain that

(1 —az — as)[d(g9, guni1) + d(gy, gvns1) + d(92, gwni1)]
<p (al +az + as)[d(ga:,gun) + d(gyy gvn) + d(gz7 gwn)] + 0,3[d(g.13, gun) + d(gya gvn) + d(gzagwn)]
+arld(gz, gun) + d(gy, gvn) + d(gz, gwn)]

= (al +az +as+ag + GJ)[CZ(Q.’L‘, gun) + d(gya gvn) + d(gz?gw'rL)]
(3.21)

Now adding (3.17)and(3.21) we get

2a1 4+ as + 2a3 + a4 + a5 + ag + 2a7 (3.22)

P —— (g2, gun) + d(gy, gvn) + d(gz, gw,)]

<p(

with 0 < XA < 1. Where \ = 2a1tast2aztastastactIar

2—(12—{14—(15—(16

Since Zzzl a; < 1. using relation (3.22) n - times, we obtain
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<p Md(gz, gun) + d(gy, gvn) + d(gz, gw,)]

<p N*[d(gz, gun—1) + d(gy, gvn—_1) + d(gz, gwn—_1)]

<p A"[d(gz, guo) + d(gy, gvo) + d(gz, gwo)].
Then [d(gz, gun+1) + d(gy, gun+1) + d(g2, gwny1)] = Op as n — oo.
Thus d(gx, gunt1) = d(gy, gunt1) = d(9z, gwnt+1) = Op as n — co. Since 0 < A < 1.
Hence [d(gz, gun+1) + d(gy, gvnt1) + d(gz, gwn11)] < ¢ for each ¢ € intP and large n. Since 0p <p
d(g, gun+1) <p [d(gz, gun+1) + d(gy, gvn+1) + d(gz, gwn11)], it follows by (Ps3) that d(gun+1,97) < c,
for n large enough and so {gu,} — gz when n — oco. Similarly, {gv,+1} = gy and {gw,i1} — gz. By
the same procedure one can show that {gu;,  ,} = g=*,{gv;, 1} = gy* and {gw; ,,} — gz*. By the
uniqueness of the limit, it follows that gz = ga*, gy = gy* and ¢z = gz*. as n — oo. Hence (gz, gy, g2)
is the unique tripled point of coincidence of F' and g.
Now we show that F and ¢ have a unique common tripled fixed point. For this, let gr = u. Then we

have u = gx = F(z,y, z). By w - compatibility of F' and g, we have

gu = g(gz) = g(F(z,y,2)) = F(gz, 9y, 92) = F(u,v,w),

gv = g(gy) = 9(F(y,2,2)) = F(gy, 9z, 9z) = F(v,w,u),

and

gw = g(gz) = g(F(2,2,y)) = F(92, 9y, gx) = F(w,u,v).

Hence the triple (u,v,w) is also triple coincidence point of F' and g. Thus we have

gu=gx,gv =gy and gw = gz.

Therefore

u=gu= F(u,v,w),v=gv=F(v,w,u) and w = F(w,u,v).

Thus (u, v, w) is common triple fixed point of F' and g.
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To prove the uniqueness, let (u*,v*,w*) be any common triple fixed point of F' and g.
Then u* = gu = F(u*,v*, w*),v* = gv* = F(v*,w*,u*) and w* = F(w*,u*, v*).
Since the (u*,v*, w*) is a triple coincidence point of F' and g.

We have

gu* = gxr,gv* =gy and gw* = gz.

Thus

w=gu'=gr=u,v" =gv*=gy=v and w*=gw' =gz=w.

Hence the common triple fixed point is unique.

This completes the proof.

Corollary 3.3. Let (X, d, <) be an ordered cone metric space over a solid cone P. Let F': X x X x X — X
and g : X — X be mappings such that F' has the mixed g - monotone property on X and there exists
three elements xg,yo,20 € X with gzg =< F(z0,%0,20),9% = F(yo,z20,90) and gzo = F(z0,y0,x0).

Suppose further that F', g satisfy that
d(F(z,y,2), F(u,v,w)) <p ad(gz, gu) + Bd(gy, gv) + vd(gz, gw) + 6d(F(z, y, 2), gu),

for all (z,y,2), (u,v,w) € X with (92 < gu, gy = gv and gz < gw), where «,3,v,6 > 0 and
a+ 84+ v+ 0 < 1. Further suppose

(1) F(X x X x X) C g(X);

(2) g(X) is a complete subspaces of X.

Also, suppose that X has the following properties:

(¢) if a non - decreasing sequence {z,} in X is such that x,, — x, then x,, <z for all n € N,
(#4) if a non - increasing sequence {y,} in X is such that y,, — y, then y,, = y for all n € N,

(#i7) if a non - decreasing sequence {z,} in X is such that z, — z, then z,, <z for all n € N,

Then there exists x,y,z € X such that g(z) = F(z,y,2), g(y) = F(y,z,z) and g¢g(z) = F(z,y,z),
that is, F' and g have tripled coincidence point in X. Similarly corollary can be stated as a consequence
of Previous theorem.

Putting g = ix (the identity map) in previous theorem we get the following corollary.
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Corollary 3.4. Let (X,d, <) be complete ordered cone metric space over a solid cone P. Let

F: X xX x X — X be a mappings having the mixed monotone property on X and there exists three

elements g, yo, 20 € X with xg < F(20, Y0, 20), Yo = F(yo, 20, Y0) and zo < F(z0, Yo, Zo). Suppose further

that F, g satisfy

d(F(CC, Y, Z)a F(U, v, w)) S;D ald('ra U) + QQd(F(l‘, Y, Z)v SC) + a3d(ya U)
+ aqd(F(u,v,w),u) + asd(F(z,y,2),u) + agd(F (u, v, w), x) + ard(z,w),

(3.23)

for all (z,y,2), (u,v,w) € X with (zx 2w, y>v and 2z =< w), where aq; > 0, for i = 1,2,...,7 and

23:1 a; < 1. Also suppose that X has the following properties:

() if a non - decreasing sequence {z,} in X is such that x,, — x, then x,, <z for all n € N,
(#4) if a non - increasing sequence {y,} in X is such that y,, — y, then y,, = y for all n € N,

(797) if a non - decreasing sequence {z,} in X is such that z, — z, then z, < z for all n € N,

Then there exists z,y,z € X such that v = F(z,y,2), y= F(y,z,z) and z= F(z,y,x), that is, F’
and ¢ have tripled coincidence point in X.
If we put as = ag = a5 = as =0 and a; = j,a3 =k and a7y =1 in contractive condition (3.1) then we

get the result of Rao and Kishor([2]).

Corollary 3.5. Let (X, <,d) be a partially ordered cone metric space and let T: X x X x X — X and

f: X — X be a mappings satisfying

() d(T(z,y,2), T(u,v,w)) < jd(z,u) + kd(y,v) + 1d(z,w), for all (z,y, 2), (u,v,w) € X with (fz =
fu, fy = fo, f2 = fw) and j,k,1 € 0,1) with j+k+1< 1,

(15) T(X x X x X) C f(X) and f(X) is complete subspaces of X,
(#i7) T has the mixed f - monotone property,
(a) if a non - decreasing sequence {x, } — x, then z,, < z for all n,
(b) if a non - increasing sequence {y,} — y, then y, <y for all n,
(¢)

¢) if a non - decreasing sequence {z,} — z, then z, < z for all n.

Then there exists xg, Yo, 20 € X such that fao = T(z0,¥0,20), fyo = T(yo,xo,20) and

fz0 =T(z0,Y0,%0), than T and f have tripled coincidence point in X.

Example 3.6. Let X = [0,1] be taken with the standard order and with the cone metric given by
diz,y) = (| z —y |,a | * —y |) for fixed a > 0.(Here E = R> and P = {(x,y) € E : x,y >

0} is a solid cone.) Consider the mappings F': X x X x X — X and g : X — X given by
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(@ —y? =22, ifx>y>z
F(z,y,2) =
0 if otherwise;
and the contractive condition taken with a1 = a3z = %, az =as = 3

check that this condition is satisfied for all z,y, z,u,v,w € X with (x < u,y = v and

other conditions of Theorems are obviously satisfied. Consider the following possibilities.

and gx = x°,
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and a5 = ag = a7 = 0. We will

Casel. © >y >z and u > v > w. (and hence u >« >y > v > w > z). Then

d(F(z,y,2), F(u,v,w)) = d((2? — y? — 2%), 3 (u* — v? —w?)) = (L,al)

where

1
L=§(u2—x2+v2—y2+z2—w2),

and
sd(gz, gu) + 7d(F(2,y, 2), g7) + gd(gy, gv) + 7d(F(u, v, w), gu) =
where D = £(u® — 2?) + 15(22% + y> + 2 ))—|— Liy? -

contraction condition (3.1) holds true.

(D,aD),

Case2. © >y >z and u > w > v (and hence u >z >y > w > v > z). Then

d(F(z,y,2), F(u,v,w)) = d((2? — y> — 2%),0) = (L,aL)

where

and

$d(gz, gu) + 1d(F(2,y, 2), gz) + §d(gy, gv) + 1d(0,gu) = (D, aD),

where

1 1 1 1
D= g(u2 -z + E(2952 +y?+22) + g(y2 —v?) + Zu2

clearly L < D, Hence contraction condition (3.1) holds true.

Case3. x > y > z and any other combination between u, v, w other than u > v > w. Then

d(F(z,y,2), F(u,v,w)) = d(3(z* — y*> — 2%),0) = (L, aL)

where

1
L= (-4 - ),

and

$d(gz, gu) + ;d(F(2,y, 2), gz) + §d(gy, gv) + 1d(0,gu) = (D, aD),

where

1
D="= 2 _ 2
AU R

2

1 1
2 9" +2) + 5 =) +

1

z < w). The

v?) + 15(2u® + v? + w?)) clearly L < D, Hence
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clearly L < D, Hence contraction condition (3.1) holds true.

Case4. u > v > w and any other combination between z,y, z other than x > y > z. This case is treated
analogously to the previous one.

Case5. Any other combination between z,y, z other than x > y > z and also in between u, v, w other
than u > v > w. Then

d(F(z,y, z), F(u,v,w)) = d(0,0) = 0 and the contractive condition is trivially satisfied.

Thus all the condition of Theorem 3.1 and 3.2 are satisfied. The mapping F' and g have a unique common

tripled fixed point (0, 0).
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