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1. Introduction

Fixed point theory is one of the most dynamic research subjects in nonlinear analysis and can be
used to many discipline branches such as; control theory, convex optimization, differential
equation, integral equation, economics etc. In this area, the first important and remarkable result
was presented by Banach in 1922 for a contraction mapping in a complete metric space. Dass and

Gupta [17] generalized the Banach contraction principle in a metric space for some rational type
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contractive conditions. Hitzler and Seda [19] investigated the useful applications of dislocated
topology in the context of logic programming semantics. Dislocated metric space has a key role in
logic programming and electronics engineering. Furthermore, Zeyada et al. [3] generalized the
results of Hitzler and Seda [19] and introduced the concept of complete dislocated quasi metric
space. Aage and Salunke [18] derived some fixed point theorems in dislocated quasi metric spaces.
In this paper, we prove fixed point result in the setting of dislocated quasi-metric spaces for a pair
of self-mappings which generalize the result of Rahman and Sarwar [16].

2. Preliminaries
Definition 2.1[3]. Let X be a non- empty setand d : XxX —[0,0) be a function satisfying the
following conditions:

d)) d(x,y)=d(y,x)=0, implies x=y ;
d,)d(x,y) < d(x,z)+d(z,y), forallx,y,z e X.

Then d is called a dislocated quasi-metric (dg-metric) on X A pair (X, d) is called dg-metric
space (dg-metric space).
Definition 2.2 [3]. A sequence {xn} in a dg-metric space(X ,d) is called Cauchy sequence if

forall £>0, there exists n, e N such that d(x,,x,)<eord(x,,X,)<e& forallm,n=n,.

Definition 2.3 [3]. A sequence {xn} in a dg-metric space (X , d) is said to be dislocated quasi-

convergent (dg-convergent) to x if limd(x,,x)=limd(x,x,)=0.In this case, xis called a dg-

n—oo n—o

limit of sequence {x,}and we write x, — X as n—>oo.

Dentition 1.4 [3]. A dg-metric space ( X, d)is called complete if every Cauchy sequence in it is

dg-convergent.
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Definition 2.5[3]. Let( X, d ) be a dg-metric space. A self-map T : X — X said to be a contraction
map if there exists a constant k €[0,1) such that

d(Tx,Ty)<kd(x,y) forall x,yin (X,d).

Lemma 2.6[3]. Limit of a convergent sequence in a dg-metric space is unique.

In the following theorem, Zeyada et al. [3] generalized the Banach contraction principle in
dislocated quasi metric space.

Theorem 2.7[3]. Let (X , d) be a complete dg-metric space, T : X — X be a contraction, then T
has a unique fixed point in X.

Dentition 2.8[7]. A map¢:[0,20)— [0,)is called comparison function if it satisfies:

i) ¢ is monotonically increasing;
i) The sequence {(p” (t)::o} converges to zero for all t €[0,).
If ¢ satisfies
iif) i{pk (t) Converges for all t € [0,0), then ¢ is called () comparison function.
k=0
Every comparison function is (c) comparison.
Prototype example for comparison function is ¢(t)=at,t €[0,c0)and « €[0,1).
Lemmal.9[7]. For every comparison function ¢:[0,00) —[0,0)
p(t)<tforall t>0,and ¢(t)=0 ifand only if t=0.
Theorem 1.10[8]. Let (X,d) be a complete dislocated quasi b-metric space. Let T, : X — X
and T, : X — X are continuous functions on X, for k >1 satisfying

d(Tx,T,y)<ed(x,y) forall x,ye X.
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Where ¢ is a comparison function, thenT, andT, have a unique common fixed point in X.

Theorem 2.11[16]. Let (X , d) be a complete dislocated quasi metric space. And T : X — X be

self-mapping satisfying

d (Tx,Ty) <ap(d (x,y))+be(max{d (x,Tx),d (x, y)})+

o d(x, y)[1+\/d (x,y)d (x,Tx)}2 _
(1+d(x, y))2 ’

for all x,ye X and a,b,c >0 witha+b+c <1, and ¢ is a comparison function. Then T has a

unique fixed point.

We denote C(T, f)={xe X :Tx=fx}and F(T, f)={xe X :Tx= fx=x}.
WhereC(T, f)is the set of coincidence point and F(T, f)is the set of common fixed point of T

and f.

In the sequel we need the following dentitions.

Definition 2.12 [4]. Two self-maps T and f on a nonempty set X are said to be commuting if
Tfx = fTxforall xe X,

Definition 2.13[5]. Two self-mappingsT and f of a metric space (X,d) are called compatible if
limd ( fTx,, Tfx,) =0whenever{x }~ is a sequence in X such that lim fx =limTx =t for some

n—co n—oo nN—coo

te X.

Definition 2.14[6]. Two self- maps T and f of a metric space (X,d) are called weakly compatible

if they commute at their coincidence points. That is, fu=Tu foru € X, then Tfu = fTu, foru € X.

3. Main results
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Theorem 3.1. Let (X ,d ) be a complete dislocated quasi metric spacesand T, f : X — X be self-

maps satisfying the following conditions

i) TX c X;

ii) T and f are weakly compatible and fX is closed subset of X ;

i) d (Tx,Ty) < ap(d (fx, fy))+be(maxd (fx, fy),d (& Tx)})+

d(fx, fy)[1+\/d (1, fy)d(fx,Tx)T |
(L+d(fx fy))’ ’

Co

forall x,y e X anda,b,c>0witha+b+c<1,and ¢ isacomparison function. ThenT and f have

a unique common fixed point if T and f commute at their coincidence points.

Proof

Let x, € X, so that y, =Tx, = fx,and using condition (i) Tx, € fX, then there exist x, € X such
that y, =Tx, = fX,. Continuing this process we construct a sequence {x.}and {y.} such that

Y,=Tx, = fx,,, for ne{0,1,2,..}.

n+1

Now we consider two cases.

Case (i):
Suppose y, =y,,,forsome ne{0,1,2,..},theny, =Tx, =Tx , =V,., = X .

So that x_,, is coincidence point of Tand f. Let Tx, =Tx ., = fX ., =u, for some ue fX.

Then by the weakly compatibility of T and f we obtain

(3.1) Tu=Tfx,,, = fTx,,, = fu.
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Therefore, Tfu = fTu foru e X.which shows that T and f commute at their coincidence point u.
Now we claim that d (Tu,Tu)=0.
By using condition (iii) of Theorem 3.1

d(Tu,Tu) < ap(d ( fu, fu))+be(max{d ( fu, fu),d(fu,Tu)})+

(1+\/d (fu, fu)d( fu,Tu))2
(1+( fu, fu))2

=ap(d (Tu,Tu))+be(max{d (Tu,Tu),d(Tu, Tu)})+

co| d( fu, fu)

ool d (TU,TU)(1+\/d (Tu,Tu)d (Tu,Tu))

(1+(Tu,Tu))’

Sinceg(t)<tforall t>0, then we obtain
d(Tu,Tu) < ad(Tu,Tu)+bd (Tu,Tu)+cd (Tu,Tu)
< (a+b+c)d(Tu,Tu).

Since 0<a+b+c <1, so the above inequality is possible if

(3.2) d(Tu,Tu) =0.

We claim that Tu =u.
d(Tu,u)—d(Tu TX,.1)
ag(d(fu, fx,,,))+be(max{d ( fu,Tu),d(fu, fx,,)})+

)(1+\/d(fu x,.,)d ( fu, Tu))2
(1+( fu, fxm))

=ap(d(Tu,u))+be(max{d (Tu,Tu),d(Tu,u)})+

co| d( fu, fx

n+1

1+\/d Tu,u) d(Tu,Tu))2

CgodTuu

1+(Tu,u))2
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Since d(Tu,Tu) =0, then max{d(Tu,Tu),d(Tu,u)}isd(Tu,u) and

(1+\/d (Tu,u)d(Tu,Tu))2

(1+(Tu,u))2

d(Tu,u)

<d(Tu,u).

Thus,

d (Tu,u)<ag(d(Tu,u))+be(d(Tu,u))+ce(d(Tu,u)).
Sinceg(t)<tforall t>0, then we obtain
d(Tu,u)< ad(Tu,u)+bd (Tu,u)+cd (Tu,u)
<(a+b+c)d(Tu,u).
Since 0<a+b-+c <1, sothe above inequality is possible if
(3.3) d(Tu,u) =0.

Similarly,
d(u,Tu)=d(Tx,,,Tu)
<ap(d (X, fu))+b(p(max{d (1X,,0, fu),d( an+l,TXn+1)})+

fu)d ( fx Txm))z

n+1?

1+ Jdfx,.,,
(1+d (., fu))

co| d( fx fu)(

n+l?

=ap(d (u,Tu)) +be(max{d (u,Tu)d (u,u)}+

(1+\/d (u,Tu)d(u,u))2

(1+(u,Tu))2

co| d(u,Tu)

Since d(u,u)=0, then max{d (u,Tu),d(u,u)} is d(u,Tu)and

(1+\/d(u,Tu)d(u,u))2

(1+(u,Tu))2

d(u,Tu) <d(u,Tu).

Thus,
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d(u,Tu)<agp(d (u,Tu))+be(d (u,Tu))+ce(d (u,Tu)).
Since(t) <t for all t>0, then we obtain
d(u,Tu)< ad(u,Tu)+bd (u,Tu)+cd (u,Tu)

<(a+b+c)d(u,Tu).
Since 0<a+b+c <1, sothe above inequality is possible if
(3.4) d(u,Tu)=0.
From (3.3) and (3.4), we obtain Tu=u.
By (3.1) Tu= fu=u.
Therefore, u isa common fixed pointof T and f.
Now we prove the uniqueness of the common fixed point.
Suppose uand v are two distinct fixed points of T and f.

That means Tu= fu=uand Tv= fv=v.

By using condition (iii) of Theorem 3.1
d(u,v)=d(Tu,Tv)
<ap(d(fu, fv))+bep(max{d ( fu, fv),d(fu, Tu)})+
(1+ yfa (fu, fv) fu,Tu))2
(1+( fu, fv))’

co| d( fu, fv)

=ap(d(u,v))+be(max{d (u,v),d(u,u)})+

(1+4/d(u,v)d(u,u))2 .

(1+d (u,v))2

co|d(u,v)
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Since d(u,u)=0, thenmax{d(u,v),d (u,u)}=d(u,v) and

(1+\/d(u,v)d(u,u))2

(1+d(u,v))2

d(u,v)

<d(u,v).

Thus,
d(u,v)<ap(d(u,v))+be(d(u,v))+ce(d (u,v)).

Sinceg(t)<tforall t>0, then we obtain

d(u,v)< ad(u,v)+bd(u,v)+cd(u,v)

<(a+b+c)d(u,v).

Since 0<a+b-+c <1, sothe above inequality is possible if

(3.5) d(u,v)=0.
Similarly,
d(v,u)=d(Tv,Tu)
<ap(d ( fv, fu)) +bp(max {d (fv, fu),d (fv,Tv)})+
(1 (fv, fu)d ( W,Tv))z}

(1+d(fv, fu))

C(p[d (fv, fu)

<agp(d (v,u))+bp(max {d(v,u),d(v,v)})+

(1+4/d(v,u)d(v,v))2}

(1+d (v,u))2

qu[d (v,u)

Sinced (v,v) =0,thenmax{d (v,u),d (v,v)}=d(v,u) and

Jd(v,u)d (v,v))2

] ( )(1+
’ (1+d (v,u))2

<d(v,u).
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Thus,
d(v,u)<ap(d(v,u))+be(d(v,u))+ce(d(v,u)).
Sinceg(t)<tforall t>0, then we obtain

d(v,u)< ad(v,u)+bd(v,u)+cd(v,u)
<(a+b+c)d(v,u).

Since 0<a+b-+c <1, sothe above inequality is possible if
(3.6) d(v,u)=0.

From (3.5) and (3.6), we get u=v.

Hence, u is a unique common fixed point of T and f.
Case (ii): Suppose y, =#V,,, foreach ne{0,1,2,...}.
d(yn’ yn+1) = d (Txn’TXm—l)
<ap(d(fx,, fx,,))+ b(p(max{d (1%, X0 ),d (X, TX, )})+

(1+\/d (0 0 )d ( fX”’TX”))2
(1+d () Bos))

col d(fx,, fX,,)

= a(”(d (yn—l’ yn )) + bgo(maX{d (yn—l’ yn )’ d (yn—1’ yn )}) +

] |

(1+d (Y, yn))2 ’

co| d(Yos Ya)

Sinceg(t) <t for all t>0, then we obtain

d (Y Vo) S@d (Voo Yo ) +bd (Yo vo ) +cd (Yo ¥a)
<(a+b+c)d (Y, Yy);

Let h=a+b+c.

(3.7) d (Y Vo) Shd (Yoar ¥y )-
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Since, 0 <h <1.we obtain
d (yn—l’ yn) < hd (yn—2’ yn—l)'

Similarly,

d(Yy, Vo) <A (Y, 50 Yoo)-

Now, continuing this process we get

d(Yy: Vo) <" (Y, ¥:)-

Since, 0<h <1 we have
limh"d (Yo¥:)=0.
Thus,
(3.8) limd (Y, Y1) =0.
Similarly, we can show
(3.9) limd (Ypas Yo ) =0.
Now we can show {y.} isa Cauchy sequence in X.

Let m,neN with m>n.
Applying triangular inequality

d(yn’ ym) < d(yn! yn+1)+d (yn+l’ ym)

< d(yn' yn+1)+d(yn+1’ yn+2)+"'+d (ym—l’ ym)
<h"d (Y, y;) +h™d (Yo, ¥, ) +..+h"d (Yo, V)

<h"(1+h+..+h"")d (yp.¥,)
< h"(gh‘jd(yo,yl)

n

h
=1_hd(YO’y1);

351
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Thus,

n

h
d(Y,, Ym) <——d (Yo, %1).

1-h
Since 0<h <1, then IhiLIgl_h d(Y, y,)=0.
This implies,
(3.10) lim d(y,,y,)=0.

Let m,neN with n>m.

By similar line of proof we obtain.
(3.11) lim d(y,.y,)=0.
Hence from (3.10) and (3.11) we have

lim d(y,,Y,)=lim d(y,.y,)=0.

m,n—o0

Thus, the sequence {y,} is a Cauchy sequence in X for ne{0,1,2,...}.

Since, X is complete there exists z € X, such that limy, =z.
n—o0o

Thus, limTx, =lim fx ,, = z.

n—o n—o

Since fX isaclosed subset of X, there exist ue fX suchthat z= fu

Now we show that Tu = z.

d(Tu,z)=d(Tu,Tx,)
<agp(d( fu, fx,)) +be(maxd ( fu, fx,),( fu,Tu)})

(1+yd(fu fxn)ol(fu,Tu))2

(1+d(fu, fx,))

+co| d( fu, fx,)

Since Tu = fu, then
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d(Tu,2) < ap(d (Tu, fx,)) +bep(max{d (Tu, fx,),d (Tu,Tu)}) +

(1+\/d (Tu, fx,)d (Tu,Tu))2
(1+d(Tu, fxn))2

co| d(Tu, fx,)

Letting n — oo, then lim fx, = z.

N—o0

d(Tu,z) <agp(d (Tu,z)) +be(max{d (Tu,z),d (Tu,Tu)}) +

(1+\/d (Tu,z)d(Tu,Tu))2

(1+d(Tu, z))2

co| d(Tu,z)

Since by (3.2) d(Tu,Tu)=0, then max{d (Tu,z),d (Tu,Tu)}=d(Tu,z)and

(1+\/d (Tu,z)d(Tu,Tu))2

4(Tu.2) (1+d(Tu,z))2

<d(Tu,z).

Thus,

d(Tu,z)<ap(d(Tu,z))+be(d (Tu,z)) +ce(d (Tu,z)).

Sinceg(t)<tforall t>0, then we obtain

d(Tu,z)<ad(Tu,z)+bd (Tu,z)+cd (Tu,z)
<(a+b+c)d(Tu,z).
Since 0<a+b+c <1, sothe above inequality is possible if
(3.12) d(Tu,z)=0.

Similarly,
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d(z,Tu)=d(Tx,,Tu)
<ag(d ( fx, fu))+bp(max {d (fx, fu).d( fx,Tx, )}) +

(1+ Ja(tx, fuyd( fxn'Txn)))z
(1+d(fx,, fu))’

+cop| d( fx,, fu)

Since Tu = fu, then
d(z,Tu)<ap(d( fx,, Tu))+bp(max {d ( fx,, Tu),d (fx, Tx,)})+

(1+\/d (., Tu)d( fxn,Txn))z}_

(1+d ( fxn,Tu))2

+C¢[d(fxn,Tu)

Letting n — oo, then limTx, =lim fx, = z.

n—oo n—oo

d(z,Tu) < ap(d (z,Tu))+b(ﬂ(maX{d (z,Tu),d(z, Z)})+

(1+\/d (z,Tu)d(z, z))2 J

(1+d(z,Tu))2

+Cgo[d(z,Tu)

Sinced(z,2) =0, then max{d(z,Tu),d(z,z)}isd(z,Tu) and

[d (Z,TU)(1+\/d (z,Tu)d (z,z))

(1+d(z,Tu))2

}sd(z,Tu).

d(z,Tu)<agp(d(z,Tu))+be(d(z,Tu))+ce(d (z,Tu)).

Since¢(t)<t forall t>0, then we obtain

d(z,Tu)<ad(z,Tu)+bd(z,Tu)+cd(z,Tu)
<(a+b+c)d(z,Tu).
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Since 0<a+b+c <1, sothe above inequality is possible if

(3.13) d(z,Tu)=0.
Using (3.12) and (3.13) we have z =Tu.

Then, z=Tu = fu.
By the weakly compatibility of T and f, we have Tfu= fTu.

Then Tz=Tfu= fTu= fz.

Which implies that z is a coincidence point of T and f.

Consider

d(Tz,z)=d(Tz,Tu)
<ap(d( fz, fu)) +bep(max{d( fz, fu),d ( fz,Tz)}) +

(1+\/d (1z, fu)ol(fz,Tz)))2

o a(fn ) (1+d(fz, fu))

=ap(d(Tz,2)) +bp(max{d (Tz,z),d (T2, Tz)}) +

(1+\/d (Tz,z)d(rz,Tz)))2
(1+d (Tz,z))2

cp| d(Tz,z)

Since ¢(t)<t, max{d(Tz,z),d (Tz,Tz)}is d(Tz,z)and

(1+\/d (Tz,z)d(Tz,Tz)
(1+d (Tz,z))2

)) <d(Tz,z).

d(Tz,2)

We get

d(Tz,z)<(a+b+c)d(Tz,z).

355



356
YESHIMABET JIRA, KIDANE KOYAS, AYNALEM GIRMA

Since 0<a+b+c <1, sothe above inequality is possible if
(3.14) d(Tz,z)=0.

Similarly,

d(z,Tz)=d(Tu,Tz)
<ap(d( fu, fz)) + bep(max{d ( fu, fz),d (fu,Tu)})+

(1+fa (fu, fz)d(fu,TU)))z
(1+d(fu, f2))’

co| d(fu, fz)

=ap(d(z,Tz)) +bgo(max{d (z,Tz),d(z, Z)}) +

(1+\/d (z,Tz)ol(z,z)))2
(1+d (z,Tz))2

co| d(z,Tz)

since, max {d(z,7z)d(z,z)} is d(z,7z) and e(t)<t.

Then we have

d(z,Tz)<ad(z,Tz)+bd(z,Tz)+cd(z,Tz)
<(a+b+c)d(z,Tz).

Since 0<a+b+c <1, sothe above inequality is possible if

(3.15) d(z,7z)=0.
So, from (3.14) and (3.15) we have Tz =z.

Thus, Tz= fz=z.

Therefore, z is a common fixed point of T and f.

Now we show the uniqueness of common fixed point of T and f in X.
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Let w be another common fixed point of T and fin X.Thatis Tw= fw=w.
Consider

d(z,w)=d(Tz,Tw)
< ap(d ( fz, tw)) +bp(max{d ( fz, fw),d (fz,Tz)})+

(1+\/d (fz, fw)d(fz,Tz)))z ﬂ

(L+d(fz, fw))

Cg{d(fz, fw){d(fz, fw)

= ap(d (z,w)) +bp(max{d (z,w),d (z,2)}) +

C(p[d(z,w)[d(z,W)(lJr\/d(Z’W)d(Z’Z))) U

(1+d (z,w))2

since max{d(z,w),d(z,z)} is d(z,w) and g(t) <t, then the above inequality becomes

d(z,w)<(a+b+c)d(z,w).

Since 0<a+b+c <1, sothe above inequality is possible if

(3.16) d(z,w)=0.

Using similar line of proof
d(w,z)=d(Tw,Tz)
<agp(d ( fw, fz)) +bp(max {d ( fw, fz),d ( fw,Tw)} +

C(ﬂ(d (fw, fz)[(“\/OI (Fw, fz)d(fW’TW))) ﬂ

(1+d(fw, fz))’

= ap(d (W, 2)) + bep(max {d (w,z),d(w, W)}) +

C(p{d(w,z){(lJr\/d (w Z)d(W’W))) H

(1+d (W,z))2

Since ¢(t) <tandmax{d(w,z),d(w,w)} is d(w,z),then the above inequality becomes

357
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d(w,z)<ad(w,z)+bd(w,z)+cd(w,z)

<(a+b+c)d(w,z).

Since 0<a-+b+c <1, sothe above inequality is possible if

(3.17) d(w,z)=0.
From (3.16) and (3.17), we conclude that w=z.

So, z is a unique common fixed pointof T and f inX.

The following is an example in support of Theorem 3.1.

Example 4.2: Let X =[0,4], defined : X x X —[0,%0) by
d(x,y)=x*+y and T,f:X — X by

0,if0<x<3 5if0<x<3
T(x)= . § and f (x)=< 3’ -
 1f3<x<4 4 if 3<x<4

N

Ifazl,bzl,c:l and ¢(t):§t,forallt20.
2 5 5 4

In fact both properties of Definition 2.2 holds true.

d(x,y)=x"+y=y*+x=d(y,x)=0impliesx=y =0.
ii)d(x,y)=x*+y<x’+z+2%+y=d(x,z)+d(z,y).

We observe that (X,d) is a dg-metric space and also TO= f0=0.

This implies 0 is a coincidence point of T and f.Moreover fX ={4}U[0,1]andTX = {0%}

Hence,TX c fX and alsoTO=Tf0= fTO=f0=0,then f and T are weakly compatible.



CONTRACTIVE CONDITION OF RATIONAL TYPE

To see contractive condition (iii) of Theorem 3.1 we consider the following cases.

Case(i): Suppose x,ye[0,3]. Then,

d(Tx,Ty)=d(0,0)=0.

Then by contractive condition (iii) of Theorem 3.1 we have
d(Tx, Ty) <agp(d ( fx, fy))+bep(max {d ( fx, fy),d (fx,Tx)})

(1 (B, fy)d( fx,Tx))2
(1+d(fx fy)) '

+co| d(fx, fy)

2 2 2 2
This implies 0 < 3[ X 3Y |, 3 [ nax) X 13y X7 ], 3 (¥ +3y)
sl 9 ) 20 s 9 (IT20l 9

Always true for all x,y €[0,3).

Case (ii): Suppose X,y e(3,4].In this case,
11) (1Y 1 5
d(Tx,Ty)=d| =, = |=| 2| +2=2
(TxTy) (4 4) (4} +4 16

d(fx, fy)=d(4,4)=(4)" +4=20

359
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d (Tx, Ty) < ap(d ( fx, fy))+be(max{d ( fx, fy),d ( fx,Tx)})+

(1 (B, fy)d( fx,Tx))zJ

cgo[d (fx, fy) rd (k)

. True forall x,ye(3,4].

o fom(o] 2 )

—<=(20)+— +— .
16 8 20 4 200\ 4 [ 65)
1+I

Case (jii):_ If x<[0,3] and y e (3,4], then

1) 1

d(Tx,Ty)=d (OZ] ==,

4

d(Tx, Ty) <ap(d ( fx, fy))+be(max {d ( fx, fy),d (fx,Tx)})+

(1+\/d (fx, fy)d 1=x,Tx))2
(1+d(fx fy)) '

co| d(fx, fy)

20

2
x? ) x* +36
2 2 2 1+ E 9
<§(x +36)+i X°+36 3 X“+36 : .
8 20

1
4 9 9 20 9 x* +36
1+ 9
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True for all x[0,3] andy (3,4].

Case (iv): Suppose x €(3,4] andy [0,3], then we have

d(Tx,Ty)=d (EO) L

4°) 16
y y
d( fx, =d|4,= |=16+=.
( X fy) ( 3j Jr3
d(fx,Tx)=d(4,lJ=42+£=§.
4 4 4

d (Tx,Ty) <a(ed ( fx, fy))+bep(max{d ( fx, fy),d (f,Tx)})+
(1 fa (B, fy)d( fx,Tx))2
(1+d(fx, fy))’ |

co| d( fx, fy)

2
{1+ (16+1 ijSJ
1 3 3 4

1 3 1 3 1

S <Z(16+=y)+—|16+Zy |+—||16+=
16 8( 3y) 20( 3y] 20( 3yj 1 Y
1+16+>y

True forall xe(3,4] andy<[0,3].

From cases (i)—(iv) all the conditions of Theorem 3.1 are satisfied and O is the unique common
fixed pointof f and T.

Theorem 3.2. Let(X,d) be a complete dg-metric space. T, f:X — X be continuous self-

mappings satisfying the contractive condition of Theorem 3.1. Then f and T have a unique

common fixed point.

Proof
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Following as in the proof of Theorem 3.1 we construct a sequence{y,}. Let {X,,} and {x,,..}

be subsequences of the sequence {y,}. As in the Theorem 3.1we define x,,,, =Tx,, and

Xon = X5, 4

Similarly, as shown in the proof of Theorem 3.1we can show that the sequence {y.} is a Cauchy

sequence.

By the completeness of X one can show that limy, =u for some u e X.
n—oo
Since {X,,} and {x,,.,} are subsequences of {y,}, then limx,, =limx,,, =u.
nN—o0 n—oo

Next since, f and T are continuous we arrive at

Tu=Tlimx,, = ALT;TXZ” = !m Xonq = U.

n—o

Then
(3.18) Tu

I
c

Similarly,

fu=flimx, ,=limfx, , =limx, =u.
N—o0 n—o0

N—o0

Then

(3.19) fu=u.
So, from (3.18) and (3.19) we get Tu=u = fu.

Therefore u is common fixed point of f and T.

Now we want to show uniqueness of the common fixed point.

Let g be another common fixed point of f and T.Thatis fq=Tqg=q.

Then by the contractive condition (iii) of Theorem 3.1 we have
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d(u,q)=d(Tu,Tq)
<ap(d( fu, fq)) +be(max{d (fu, fq),d (fu,Tu)f)+

(1+Ja(fu, fa)d (fuTu))
(1+d(fu, fq))

<ag(d (u,q)) +be(max {d (u,q),d (u,u)})+

(1+\/d(u,q)d(u,u))2].

Cgo{d (fu, fq)

(1+d(u,q))

cw{d(u,q)
Since, max{d (u,q),d (u,u)} is d(u,q) and e(t)<tforall t>0.
Then the above inequality becomes

d(u,q)<ad(u,q)+bd(u,q)+cd(u,q)

(a+b+c)d(u,q).

A IA

Since 0<a+b-+c <1, sothe above inequality is possible if
(3.20) d(u,q)=0.

Similarly,
d(q,u)=d(Tq,Tu)
<agp(d(fq, fu))+bep(max{d ( fq, fu),d (fg,Tq)} +

(1+\/d (fq, fu)d ( fq,Tq))ZJ

(1+d(fq, fu))
<ag(d (q,u)) +bp(max {d (q,u).d (q.q)})+

(1+\/d (q.u)d (qﬂ))z}

(1+d(q,u))2

C(p{d(fq, fu)

Cgo{d(q,u)

Since, max{d(q,u),d(q,q)} is d(q,u)and ¢(t)<tforall t>0.

Then the above inequality becomes
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(g,u)<ad(q,u)+bd(q,u)+cd(q,u)
<(a+b+c)d(q,u).

Since 0<a+b-+c <1, sothe above inequality is possible if
(3.21) (q,u)=0.
So, from (3.20) and (3.21) we obtain u =q.

Thus u is a uniqgue common fixed point of f and T.

The following is an example in support of Theorem 3.2.

Example 2.2: Let X =[0,1] define d: X x X —[0,x) by
d(x,y)=x forall x,yeX.

And also define f,T:X — X by

Tx=g, fx:8—X, and o(t)=—t
Let a=%,b=—and C=—
d(Tx,Ty)=d(g%):g.

d(ty) = 8-
d(fx,Tx):d(%X,%x):%X.

From the contractive condition (iii) of the Theorem 3.1 we have
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d (Tx,Ty) <ag(d ( fx, fy)) +be(max {d ( fx, fy),d ( fx,Tx)})+

(1+ () d (7))
(1+d(fx, fy))’

co| d(fx, fy)

3 ot 5

5<12
9 20\ 9 30 9 (1 BXJ
9
24x 16x 2X
+

9 45 135 45
Which, is true for all X € [0,1].

f and T satisfies all the conditions of the Theorem 3.2 and f and T have a unique fixed point.
TO=f0=0.

Therefore 0 is the unique common fixed point of f and T.

Remark 1: For f =1 (I identity map on X ) from contractive condition of Theorem 3.1 we get

d(Tx,Ty) <ap(d(x, y))+be(max{d (x,y),d (x,Tx)})+

(1+\/d (x,y)d (x,Tx))2

(1+d(x, y))2

cpld(X,y)

Whenever, f =1 contractive condition of Theorem 3.1 is simplified to Theorem 2.11.

Hence, Theorem 2.11 follows as a corollary to Theorem 3.1.
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