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Abstract. In this paper, by using a resolvent operator technique of maximal monotone mappings and the property
of a fixed-point set of multi-valued contractive mapping, we study the behavior and sensitivity analysis of a solution
set for a parametric generalized mixed multi-valued implicit quasi-variational inclusion problem in Hilbert space.
Further, under some suitable conditions, we discuss the Lipschitz continuity (or continuity) of the solution set with

respect to the parameter. By exploiting the technique of this paper, one can generalize and improve many known

results in the literature.
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1. Introduction
Variational inequality theory has become very effective and powerful tool for studying a wide
range of problems arising in mechanics, optimization, operation research, equilibrium problems
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and boundary value problems, etc. Variational inequalities have been generalized and extended
in different directions using novel and innovative techniques. A useful and important general-
ization of variational inequality is called the variational inclusion. Hassouni and Moudafi [9],
Agarwal et al. [2], Ding [5,6], Ding and Luo [7], Fang and Huang [8], Huang [10] and Noor
[17,18] have used the resolvent operator technique to obtain some important extensions and

generalizations in existence results for some classes of variational inequalities (inclusions).

In recent years, much attention has been given to develop general techniques for the sensitiv-
ity analysis of solution set of various classes of variational inequalities (inclusions). From the
mathematical and engineering point of view, sensitivity properties of various classes of varia-
tional inequalities can provide new insight concerning the problem being studied and stimulate
ideas for solving problems. The sensitivity analysis of solution set for variational inequalities
have been studied extensively by many authors using quite different techniques. By using the
projection technique, Dafermos [4], Mukherjee and Verma [15], Ding and Luo [7] and Yen
[23] studied the sensitivity analysis of solution for some classes of variational inequalities with
single-valued mappings. By using the implicit function approach that makes use of so-called
normal mappings, Robinson [22] studied the sensitivity analysis of solutions for variational
inequalities in finite-dimensional spaces. By using resolvent operator technique, Adly [1], A-
garwal et al. [2], Lim [13], Liu et al. [14] and Noor [17] studied the sensitivity analysis of

solution for some classes of quasi-variational inclusions involving single-valued mappings.

Recently, by using projection and resolvent techniques, Agarwal et al. [3], Ding [5,6], Kazmi
and Alvi [11], Kazmi and Khan [12], Noor [18], Peng and Long [20] and Ram [21] studied the
behavior and sensitivity analysis of solution set for some classes of parametric generalized

variational inclusions involving multi-valued mappings.

Inspired and motivated by recent research work going in this direction, in this paper, we
introduce the notion of resolvent operator of a maximal monotone mapping and discuss some of
its properties. Further, we consider a parametric generalized mixed multi-valued implicit quasi-

variational inclusion problem (PGMMIQVIP, for short) involving maximal monotone mapping
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in Hilbert space. Further, by using a resolvent operator technique and the property of a fixed-
point set of multi-valued contractive mapping, we study the behavior and sensitivity analysis
of a solution set for the PGMMIQVIP. Furthermore, we discuss the Lipschitz continuity (or
continuity) of the solution set with respect to the parameter. The results presented in this paper

generalize and improve the results given in [3,6,11-13,18,20,21].

2. Preliminaries

We assume that H is a real Hilbert space equipped with inner product (-, -) and norm || - ||; 27
is the power set of H; C(H) is the family of all nonempty compact subsets of H; J7(-,-) is the
Hausdorff metric on C(H) defined by

J(A,B) = max{supinfd(x,y), supinfa’(x,y)}7 A,BeC(H).
xcA YEB yeB XEA

First, we review the following concepts and known results.
Definition 2.1[19]. Let W : H — 2/’ be a maximal monotone mapping. For any fixed p > 0,
the mapping JE/ : H — H, defined by
I (x) = (I+pW)'(x), VxeH,

P

is said to be the resolvent operator of W where [ is the identity mapping on H.

Lemma 2.1[19]. Let W : H — 29 be a maximal monotone mapping. Then the resolvent operator

JXV :H — H of W is nonexpansive, i.e.,

Iy () =IOl < llx—yll, Vx,y € H.

Lemma 2.2[16]. Let (X,d) be a complete metric space. Suppose that T : X — C(X) satisfies
HA(T(x),T(y)) < vd(x,y), Vx,y€X,

where v € (0,1) is a constant. Then the mapping 7 has fixed point in X.
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Lemma 2.3[13]. Let (X,d) be a complete metric space and let 77,75 : X — C(X) be 6-5¢-

contraction mappings, then

H(F(T1),F(T2)) < (1-6)"'sup(Ti(x), T>(x)),

xeX

where F(T}) and F(T) are the sets of fixed points of T} and 75, respectively.

Definition 2.2[5,11,12]. A multi-valued mapping R : H x Q — C(H) is said to be:

(i) O-strongly monotone if there exists a constant 6 > 0 such that
<S1 — 52, x_y> > 6||x_y||27 V(x,y,)t) €HxXH X Q? s1 € R(x,l), 52 € R(y,?L),
(i) Lg-Lipschitz continuous if there exists a constant Lg > 0 such that

JC(R(x,A),R(y,A)) < Lg |[x—y|, V(x,y,A) € Hx H x Q.

Definition 2.3[11,12]. A multi-valued mapping A : H x Q — C(H) is said to be (L4, l4)-7¢-

mixed Lipschitz continuous if there exist constants La,l4 > 0 such that
%(A(xla)tl)aA(XQAA’Z)) < LA”.X] _-XZH +lA||A’] - Af2||7 v(-xlazfl)a (x27a'2) € HxQ.

Definition 2.4[11,12,20]. Let A,B,C : H x Q — C(H) be multi-valued mappings. A single-
valued mapping N : H x H x H x Q — H 1is said to be:

(1) a-strongly mixed monotone with respect to A, B and C if there exists a constant & > 0

such that
<N(I/£1,V1,W1,)v)—N(MQ,VQ,WZ,A«),X—)O > (XHX—yHZ, V(X,y,l) €HxHXQ,

uy € A(x,A), up € A(y,A), vi € B(x,4), v» € B(y,A), w1 € C(x,A), wa € C(y,A);

(1) (Ly,1),Lv2)sL(n3),Inv)-mixed Lipschitz continuous if there exist constants Ly 1), L 2)» Ly 3)»

Iy > 0 such that
NG, y1,z1,A4) = N(x2,y2,22, ) || < Lo, llxr —x2 | + Ly o) [y = y2|

+Ln3)llzr — 22l + vl A = A2l

Y (x1,y1,21,M), (X2,¥2,22,A2) € H X H X H X Q.
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3. Formulation of problem

Let Q be a nonempty open subset of H in which the parameter A takes values. Let N : H X
HxHxQ — Handm,f:HxSQ — H be single-valued mappings, and let A,B,C,G,P,Q,R :
H x Q — C(H) be multi-valued mappings. Suppose that W : H x H x Q — 2/ is a multi-valued
mapping such that for each given (z,A) € H x Q, W(-,z,A) : H — 2" is a maximal monotone
mapping with (R(H,A) —m(H,A))NdomW (-,z, A) # 0. In this paper, we will consider the fol-
lowing parametric generalized mixed multi-valued implicit quasi-variational inclusion problem

(PGMMIQVIP):

For each fixed A € Q, find x(A) € H, u(A) € A(x(A),A), v(A) € B(x(A),A), w(A) € C(x(A), 1),
2(A) € G(x(A), 1), n(A) € P(x(A),A), (1) € O(x(1),A) and (1) € R(x(A),A) such that

0€ W(s(A) = m(n(A),A),z(A),A) — N(u(A),v(A),w(A),A) + f(t(A),A). (3.1)

Some special cases:

() If N(u(A),v(A),w(A),A) =N(u(A),v(1),4), then the PGMMIQVIP (3.1) reduces to
the following parametric generalized quasi-variational inclusion problem: for each fixed
AeQ, findx(A) e H,u(A) € A(x(A),A),v(A) € B(x(A),A),z(A) € G(x(A),A),n(A) €
P(x(A),A),t(A) € O(x(A),4), s(A) € R(x(A),A) such that

0eW(s(A)—m(n(A),A),z(A),A) —=Nu(A),v(A),A)+ f(t(A),A), (3.2)

which has been considered and studied by Ram [21].

(2) If f(z(A),A) =0, then the PGQVIP (3.2) reduces to the following parametric gen-
eralized quasi-variational inclusion problem: for each fixed A € Q, find x(A) € H,
u(A) € A(x(A),4), v(A) € B(x(1),A), z(A) € G(x(A),A4), n(A) € P(x(A),4), s(A) €
R(x(A),4) such that

0€ W(s(A) —m(n(L),A),z(A),A) — N(u(L),v(A),A), (3.3)

which has been introduced and studied by Ding [5].
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B)IfR=g:HXxQ — H is a single-valued mapping and P(x,A) = x, for all (x,A) €
H x Q, then the PGQVIP (3.3) reduces to the following parametric generalized quasi-
variational inclusion problem: for each fixed A € Q, find x(1) € H, u(A) € A(x(1),A4),
v(A) € B(x(A),4), z(A) € G(x(4),A) such that

0eW(g(x(A),A)—m(x(A),A),z(A),A) —=N(u(A),v(1),1). (3.4)

Similar type problems have been studied by many authors given in [5,11,12,18,20,21].
4) If m(x(A),A) =0, for all (x,A) € H x Q, then the PGQVIP (3.4) reduces to the follow-
ing parametric generalized quasi-variational inclusion problem: for each fixed A € Q,

find x(A) € H,u(A) € A(x(A),4),v(A) € B(x(A),4), z(A) € G(x(A),A) such that
0eW(g(x(A),4),z2(A),A) —N(u(A),v(1),4), (3.5)

which has been introduced and studied by Noor [17,18].

In brief, for appropriate and suitable choices of the mappings A,B,C,G,P,Q,R,N,W.,m, f, and
the space H, it is easy to see that the PGMMIQVIP (3.1) includes a number of known classes

of parametric variational inclusions studied by many authors given in [3,5,6,11-13,18,20,21].

Now, for each fixed A € Q, the solution set S(A) of the PGMMIQVIP (3.1) is denoted as

S(A) = {x(x) € H:Ju(d) €A(x(L),A), v(h) € B(x(A),4), w(d) € C(x(A), 1),
2(A) € G(x(A), 1), n(A) € P(x(A),4), t(A) € O(x(A), 1), s(1) € R(x(A),A) such that
0€ W(s(A) —m(n(A),A),z(A),A) — N(u(A),v(1),w(A), 1) +f(t(7L),7L)}. (3.6)

The main aim of this paper is to study the behavior and sensitivity analysis of the solution set
S(1), and the conditions on these mappings A, B,C,G,P,Q,R,N,W,m, f under which the solu-
tion set S(1) of the PGMMIQVIP (3.1) is nonempty and Lipschitz continuous (or continuous)

with respect to the parameter A € Q.

4. Sensitivity analysis of solution set S(1)

First, we transfer the PGMMIQVIP (3.1) into a parametric fixed-point problem.
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Theorem 4.1. For each fixed A € Q, x(1) € S(A) is a solution of the PGMMIQVIP (3.1) if
and only if there exist u(A) € A(x(1),4), v(A) € B(x(A),4), w(A) € C(x(A),A), z(A) € G(x(A),1),
n(A) € P(x(A),A),t(A) € Q(x(A),4), s(A) € R(x(A),A) such that the following relation holds:

s(A) = m(n(A),A) +Jp I (s(L) = m(n(R),A) = pN(u(L),v(A),w(A),A) + f(2(R),A)), (4.1)
where p > 0 is a constant.

Proof. For each fixed A € Q, by the definition of the resolvent operator J,‘,V (2A)A) o W(-,z(4),4),
we have that there exist x(A) € H, u(1) € A(x(1),4), v(A) € B(x(1),4), w(A) € C(x(1),1),
Z(A) € G(x(A),A),n(A) € P(x(A),A),t(A) € Q(x(A),A) and s(A) € R(x(A),A) such that (4.1)
holds if and only if
s(A) =m(n(4),A) = pN(u(A),v(2),w(A),A) + f(t(A),A)

€s(A) —m(n(A),A) +pW(s(A) —m(n(A),A),2(4),4).  (4.2)

The above relation holds if and only if
0eW(s(A) —m(n(A),A),z(A),A) —=N(u(A),v(A),w(A),A)+ f(t(A),A).

By the definition of S(A), we obtain that x(A) € S(A) is a solution of the PGMMIQVIP (3.1)
if and only if there exist x(A) € H, u(A) € A(x(A),A), v(L) € B(x(4),A), w(A) € C(x(A),1),
zZ(A) € G(x(A),A),n(A) € P(x(A),A),1(A) € Q(x(A),A) and s(A) € R(x(A),A) such that (4.1)
holds.

Remark 4.1. Theorem 4.1 is a generalized variant of Lemma 3.1 of Adly [1], Lemma 2.1 of
Agarwal et al. [2], Theorem 3.1 of Ding [5], Lemma 3.1 of Ding ef al. [7], Lemma 4.1 of
Kazmi et al. [11], Lemma 2.1 of Peng et al. [20], and Theorem 3.1 of Ram [21].

Theorem 4.2. Let A,B,C,G,P,Q,R: H x Q — C(H) be multi-valued mappings such that
A,B,C,G,P, Q and R are 7 -Lipschitz continuous in the first arguments with constant

La,Lp,Lc,Lg,Lp,Lg and Lg, respectively, and let R : H x Q — C(H ) be §-strongly monotone.
Let m: H x Q — H be (L, 1,)-mixed Lipschitz continuous and f: H x Q — H be (Ly,ly)-
mixed Lipschitz continuous. Let N : H x H x H x Q — H be «-strongly mixed monotone
with respect to A, B and C and (L(NJ),L(N?z),L(N’g,),lN)—mixed Lipschitz continuous. Sup-

pose that the multi-valued mapping W : H x H x Q — 2/ is such that for each fixed (z,A) €
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HxQ, W(-,z,A): H— 2" is a maximal monotone mapping satisfying R(H,A) —m(H,A) N

dom W (-,z,A) # 0. Suppose that there exist constants ky,k; > 0 such that

1y M @) — gy R ) < ke — x|+ ke l|A = Ao, Vot € H; A €Q, (43)
and suppose for p > 0, the following condition holds:

0 = k+i(p) < 1, (4.4)

where k :=24/1—28 + A3 +2LyuLp+LfLo+kiLg ; t(p) := \/1 —2pa+p2L%;

Then, for each fixed A € Q, the solution set S(4) of the PGMMIQVIP (3.1) is nonempty and

closed set in H.

Proof. Define a multi-valued mapping F : H x Q — 2/ by

F(x,A) = U [x—s+m(n,7L)

UEA(x,1) vEB(x,A) wEC(x,1) 2€G(x,1) nEP(x, 1) 1€Q(x, 1) sER(x,1)

+IY ) (5 m(n, A) — PN (u, v, w,A) +f(t,/1))] V(x,A) € HxQ. (4.5)
For any (x,A) € H x Q, since A(x,A), B(x,A), C(x,A), G(x,A), P(x,A), Q(x,A), R(x,A) €
C(H), and m,f,J,ZV("Z’M are continuous, we have F(x,A) € C(H). Now for each fixed A € Q,
we prove that F(x, A1) is a multi-valued contractive mapping. For any (x,4),(y,A) € H x Q and
any a € F(x,A), there exist u; € A(x,A), v € B(x,A), w; € C(x,A),z1 € G(x,A),n; € P(x,A),
1 € Q(x,A) and 51 € R(x,A) such that

a = x—si+mn,A)+J) M (s —m(ny, A) = pN (g, v, wi, A) + (11, 4)). (4.6)

Since A(y,A), B(y,A), C(y,A), G(y,A), P(y,A), Q(»,A), R(y,A) € C(H), so there exist uy €
Ay,A),v2 € B(y,A),wr €C(y,A),220 € G(y,A), na € P(y,A), 1o € Q(y,A) and s € R(y,A) such
that

lur —ua|| < H(A(x,A),A(v,A4)) < Lallx—y;

[vi—wal < H(B(x,A), B(y,A)) < Lalx—yl,

||WI_W2|| < %(C(X,l),Cb/,A)) < LCHX_yH,
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lot — 2l < H#(G(x.A), G(r.A)) < Lellx—yl. (4.7)
Ini—mall < A (P(x,A), P(r.2)) < Lp|x—yl.
In—nll < #(QA),0(.4)) < Lolx—yl.
Isi =52l < A (R(,A),R(1A)) < Lellx—y].
Leth = y—sz-l—m(nz,?L)—I—JXV("ZZ”I)(Sz—m(nz,/l)—PN(Mz,Vz,Wz,/l)+f(t2,/1))a (4.8)
then we have b € F(y,A). It follows that
la=bll < lx—y— (s —s2)||+ |l m(n1, ) —m(na, )|
1 4 (1 = (1, ) = pN (i, w1, ) + £(11,1))
0y 2P (53— m(na, A) — PN (2, va w2, A) + f (12, 1)-

[l =y = (s1 = s2)[| + [lm(n1,4) = m(n2, A) |

IN

g (51 = m(m,2) = PN ey, wi A) + £ (11, )
0 R (53— m(ma, A) = PNz, v2, w2, 4) + £ (12,2)]
W (52 = mln2, ) = pN (2, v2, w2, 2) + f(12,1))
—Jy U= (53 = m(n2, ) = PN (w2, v2, w2, A) + f (12, 1))|
<l =y —=(s1 =s2)l| + lIm(n1, A) —m(nz, A)|]
+lls1 —=m(ni,A) = pN(ur,vi,wi, ) + f(t1,4)
—[s2 —m(n2,A) = pN(u2,v2, w2, A) + f (12, A)] || + ki ||21 — 22|
<2x—y—=(s1 = s2)[| +2[[m(n1,A) —m(n2, A) || + ki [|z1 — 22|
+f (0, A) = fe2, M)l + e =y = p (N (ur, vi,wi, A) = N(uz, v2, w2, 1)) |- (4.9)
Since N is a-strongly mixed monotone and (L(N,1)7 Lvoy: Ly 3 Iy)-mixed Lipschitz continu-
ous; A, B, C are .7-Lipschitz continuous, we have
lx—y—p(N(uy,vi,wi,A) = N(uz,v2,w2, 1)) |*
< [pe =yl =2p (N (ur,vi,w1,A) = N(uz,v2,w2,4),x —y)
+P% [N (1, vi, w1, A) = N(uz,va, wa, A)||?

<|lx—y[I*=2pallx—y|*+p*(LaLy,1)+LsLey 2y, LcLiy 3))* I —yII>
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< (1 —2pa+p*(LaLoy 1y +LsLiy 2 +LcL(N,3))2> lx—y|I>. (4.10)
Since R is 0-strongly monotone and Lg-Lipschitz continuous, we have
b=y —(s1=s2) > = le=yl> = 2(x = y,51 = s2) + |51 =52
< Jx—=yl? =28 x =y [ + [ (R(x, 1), R(y,1)))?
< Jlx=yII? =28 |lx = ylI* + L x — I,
and hence,
=y — (s —s)ll < /1 - 28+ L [lx— ). (4.11)
By the mixed Lipschitz continuity of m and the .7Z-Lipschitz continuity of P, we have
lm(ny, A) =m(ng, A)|| < Linllny —naf| < Lnd(P(x,4),P(y,1))
< LnLp|x—yll. (4.12)
By the .7-Lipschitz continuity of G, we have
lz1 = 22| < H(G(x,4),G(v,4)) < Lellx—yl|. (4.13)
By the mixed Lipschitz continuity of f and the .7#-Lipschitz continuity of Q, we have
1£(t1,A) = f(, M) < Lyl —naf| < Ly #(Q(x,1),0(y,4))
< LyLogllx—yl|. (4.14)
Combining (4.9)-(4.14), we obtain
la=b] < 8 x—yl, (4.15)

where 6 := k+t(p); k:= 24/1—28+L3+2L,Lp+LsLo+ki LG ;

l(p) = \/1 —-2pa +p2L12V ; Ly = (LAL(N,l) +LBL(N72) +LCL(N,3))'
It follows from condition (4.4) that 8 < 1. Hence, we have

Al F(y2) = inf fla=b] < 6]r—y]|
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Since a € F(x,A) is arbitrary, we obtain
sup d(a,F(y,4)) < 6llx—yl.
acF(x,)
By using same argument, we can prove
sup d(F(x7)')7b) S GHX_yH
beF (y,A)

By the definition of the Hausdorff metric .7 on C(H), and for all (x,y,A) € H x H X Q, we

obtain that

H(F(x,2),F(3,2)) < 6]l (4.16)

that is, F(x,A) is a uniform 6-.7-contraction mapping with respect to A € Q. Also, it follows
from condition (4.4) that 6 < 1 and hence F(x,A) is a multi-valued contraction mapping which
is uniform with respect to A € Q. By Lemma 2.2, for each A € Q, F(x,A) has a fixed point
x(A) € H, that is, x(A) € F(x(1),A) and hence Theorem 4.1 ensure that x(A) € S(A) is a
solution of the PGMMIQVIP (3.1) and so S(A) # 0. Further, for each A € Q, let {x,} C S(1)

with lgn Xn = Xo, we have x,, € F(x,,A) for all n > 1. By virtue of (4.16), we have

d(xo,F(x0,A)) < ||xo—xn||+ 7€ (F (xp, L), F(x0,A))

< (14 0)||x, —x0l| — 0, as n — oo,
that is, xg € F(xo,A ) and hence xo € S(A). Thus S(A) is closed set in H.

Now, we prove that the solution set S(1) of the PGMMIQVIP (3.1) is .7-Lipschitz continu-

ous (or continuous) for each A € Q.

Theorem 4.3. Let the multi-valued mappings A, B,C, G, P, Q and R be .7#-mixed Lipschitz con-
tinuous with pairs of constants (La, 14 ), (Lp,[B), (Lc,Ic), (Lg,lc), (Lp,lp), (Lg,lg) and (Lg,IR),
respectively. Let the mappings m, f be same as in Theorem 4.2. Let N be o-strongly mixed
monotone with respect to A, B and C and (L(N’l),L(NQ),L(NS),lN)—mixed Lipschitz continu-
ous. Suppose that the multi-valued mapping W is same as in Theorem 4.2 and condition (4.4)
holds, then for each A € Q, the solution set S(4) of the PGMMIQVIP (3.1) is a .77-Lipschitz

continuous (or continuous) mapping from € to H.
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Proof. For each 1, € Q, it follows from Theorem 4.2 that S(4) and S(A) are both nonempty
and closed subsets of H. It also follows from Theorem 4.2 that F(x,A) and F(x,A) are both
multi-valued 6-77’-contraction mappings with same contractive constant 6 € (0, 1). By Lemma

2.3, we obtain

H(S(A),SA)) < (1i6)§1€15 H(F(x,A),F(x,1)). (4.17)

Taking any a € F(x,A), there exist u(1) € A(x,4), v(A) € B(x,A), w(A) € C(x,A), z(A) €
G(x,1),n(A) € P(x,A),t(A) € O(x, 1), s(A) € R(x,A) such that

a = x—s(A)+m(n(A),A)+Jy FPIP (s(A) —m(n(2),2)

PN (u(2),v(A), w(R),A) + F(1(2),2)). (4.18)

It is easy to see that there exist u(1) € A(x,A), v(A) € B(x,1), w(1) € C(x,A), z(A) € G(x,A),
n(d) € P(x,A), (1) € O(x,) and s(1) € R(x,A) such that

0

lu(2) —u(A)|| < A (A(x,2),A(x,2)) < LalA 4],

Iv(A) =v(A)|| < H#(B(x, 1), B(x,A)) < Ig|A— 2]
Iw(2) =wA)l| < H#(C(x,4),C(x,A)) < Ic||A—All,

l2(2) —z(A)|| < H#(G(x,4),G(x,4)) < IGllA—A], (4.19)

ol

In(A) =n(A)|| < H#(P(x,2), P(x,1)) < Ipl|A = All,

le(A) = 1) < H#(Q(x,4), 0(x,4)) < Ig|lA —A],
Is(2) =s()|| < H#(R(x,4),R(x, 1)) < Ig|A—A4l.

Let
b = x—s(A) +mn(d),A) + 1Y RV (SR) = m(n(R), 1)

—pN(u(A),v(

i
=

=
Z
+

Py
=i
Z

(4.20)

then b € F(x, Z). In view of (4.3), (4.18)-(4.20) and with

t =s(A) —m(n(A),A) — pN(u(A),v(A2),w(d),A) + f(t(A),A), we have

la—5] < [Is(A) =)+ m(n(R),A) = m(n(2), )|
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Y B (5(2) = m(n(A),A) — pN(u(A), v(A),w(A), A) + F(t(A), A)) =y CZBA) )

z(A),A z(A),A z(A),A z(A),A
H{Y CEDA) () SRR gy g RA) gy DD )

<2|s(A) = s +2[lm(n(A),A) =m(n(A), )| + | f(t(2),A) = f(t(A),A)[| + ke[| A — A
+hillz(A) = 2(A)]| +pIN(u(A),v(A),w(A),A) = N(u(A),v(A),w(A), ). (4.21)
By the #-Lipschitz continuity of R in A € Q, we have

Is(2) = sl < H#(R(x,A),R(x,A)) < Igl|A—A]. (4.22)

By the mixed Lipschitz continuity of m and the .7Z-Lispchitz continuity of P, we have

Im(n(2),2) =m(n(2), )| < [Im(n(A),A) = m(n(2), 1)+ [|m(n(2), 2) = m(n(L),A)|
< Lylln(A) = n(A)|| + bl A = 2|
< Ly A (P(x, 1), P(x, 1)) + | A = 2|
< (Lip +1n) |2 = A]]. (4.23)

By the mixed Lipschitz continuity of f and the .7#-Lipschitz continuity of Q, we have

IF((A),A) = Fe), )] < If(#(A),A) = f(e(A), A) | + [ £(e(A),A) = f(2(A),A)]
< Lylle(A) = ()l + Ll|A = Al
< Ly A(Q(x,4),0(x, 1)) + | A = 4|
< (Lylg+1p) |A—=A]. (4.24)

By the mixed Lipschitz continuity of N, we have

IN(u(2),v(A),w(2),2) =N(u(A),v(2),w(A),A)]

< IN(u(A),v(A),w(A),A) = N(u(2),v(A),w(A), )|
+IN(u(A),v(A),w(A),A) = N(u(A),v(1),w(A),A)]|
+HIN(u(A),v(A),w(A),A) = N(u(A),v(1),w(A),A)]|
+IN(u(A),v(A),w(A),4) = N(u(A),v(1),w(A), )]
< Liw o lu(A) = ()1 +Liw ) [[v(A) = v(A) |+ Loy ) [[w(A) = w(A) ]| + Iy [| A — ]|

< (ZAL(NJ) —l-lBL(Ng) +ICL(N,3) +1Iy) [|A -2 |- (4.25)

pl
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By the .7-Lipschitz continuity of G, we have
l2(2) —z(A)|| < A#(G(x,1),G(x,A)) < g |A—A]. (4.26)

Combining (4.21)-(4.26), we obtain
la—b] < 61 A =2, (4.27)

where,
0, := 2<1R + Llp+ lm) +p(lAL(N71) + lBL(NQ) + ZCL(N,3) —i—lN) —i—Lle + lf +kilg+ky.

Hence, we obtain

sup  d(a,F(x,1)) < 61|A 1.
acF (x,A)

By using a similar argument as above, we can obtain
sup d(F(X,A),b) < 91”A _Z“
bEF (x,A)
Hence, it follows that

H(F(x,A),F(x,2)) < 1|4 —A].

By Lemma 2.3, we obtain
01
1-06

H($(2)SR) < (775 1A=l

This proves that S(A4) is .7#-Lipschitz continuous in A € Q. If, each mapping in this theorem is
assumed to be continuous in A € Q, then by similar argument as above, we can show that S(1)

is also continuous in A € Q. This completes the proof.

Remark 4.2. Since the PGMMIQVIP (3.1) includes many known classes of parametric gener-
alized variational inclusion problems as special cases, Theorems 4.1-4.3 improve and generalize

the known results given in [3,5,6,11-13,18,20,21].
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