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Abstract. In this paper, we first construct a new iteration method for approximating fixed points of a class of weak
contractions in a Banach space and then prove strong convergence theorem of the proposed method under some

control conditions. It is shown that our iteration method converges faster than Noor iteration. Moreover, we give

some numerical example for comparing the rate of convergence between the Noor iteration and our iteration.
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1. Introduction and preliminaries

Fixed point theory plays very important role in nonlinear analysis and applications. It can
be applied to study the existence of various equations. In 2003, Berinde [1] introduced a new
type of contraction, called weak contraction, and proved a fixed point theorem for this type of
mappings in a complete metric space by showing that the Picard sequences converge strongly
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to its fixed point. Recently, there are many iterative methods using to approximate fixed points
of nonlinear mappings, such as Mann iteration, Ishikawa iteration and Noor iteration.

Let C be a nonempty closed convex subset of a Banach space X and T : C — C be a mapping.
A point x € C is a fixed point of 7" if Tx = x.

The Mann iteration (see [2]) is defined by uy € C and
(D Upt+1 = (1 _an)un+anTun

for all n € NU{0}, where {,} is a sequence in [0, 1].
For o, = 1, the iteration (1) called the Picard iteration.
The Ishikawa iteration (see [4]) is defined by s¢ € C and
I = (1 - ﬁn)sn +ﬁnTsn
(2)

Sne1 = (I—ay)sp+ o, Tty

for all n € NU{0}, where {a,},{B,} are sequences in [0, 1]

The Noor iteration (see [5]) is defined by so € C and

4

rn = (I_Yn)wn‘i"}/nTWna

3) qn = (l_ﬁn>wn+BnTrn7

Wne1 = (1= ay)wn+ o, Tqy

3
for all n € NU{0}, where {a, },{B,} and {7, } are sequences in [0, 1].
It is easy to see that Mann iteration and Ishikawa iteration are special case of Noor iteration.
There are many papers have been concentrated on the iterative methods for approximating
of fixed points of nonlinear mappings, (see [2], [3], [4], [5]), but there are a few papers pay
attention on comparing the rate of convergence of those methods. In 2004, Berinde [6] provided

the following concept to compare the rate of convergence of the iterative methods.

Definition 1.1 [6] Let {a,} and {b, } be two sequences of real number that converge to a and b

respectively, and assume that there exists

. |an—ad
4 ¢ = lim 2=
) n5es |by — b|

(1) If £ =0, then it can be said that {a, } converge faster to a than {b,} to b.
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(2) If 0 < £ < oo, then it can be said that {a,} and {b,} have the same rate of convergence.

Suppose the two fixed point iterations {x,} and {y,} converge to the same fixed point z of
a mapping 7. By employing above concept of Berinde [6], we say that the sequence {x,}

converge faster than the sequence {y,} if

(5) T

n—e |y, —z|

0

Definition 1.2 Let C be a nonempty subset of a Banach space X. A mapping 7 is said to be

weak contraction if there exists L > 0 and 6 € (0, 1) such that

©) |Tx~1y| < 8x—yl|+Lly—Tx|, forallxyeC.

Definition 1.3 Condition (*) Let C be a nonempty subset of a Banach space X. A mapping

T : C — C is said to satisfy condition(*) if there exists L' > 0 and &’ € (0, 1) such that

(7) |Tx—Ty|| < &'||x—y||+L||x—Tx|, forallx,yeC.

Theorem 1.4 [7] Let C be a nonempty closed convex subset of a Banach space X, and T : C — C
be a weak contraction. Then F(T) # @. Moreover, the Picard iteration {x,} defined by x| =
Tx, for all n € NU{0} converges to a fixed point of T. Moreover, if T satisfies the condition

(*), then T has a unique fixed point.

Theorem 1.5 [8] Let C be a nonempty closed convex subset of a Banach space X, and T :C — C
be a weak contraction satisfying the condition (*) and let {o,},{B.} and {y,} are sequences
in [0,1] with Y770, = oo. Suppose {u,},{sn} and {wy} are sequences generated by Mann
iteration (1), Ishikawa iteration (2) and Noor iteration (3), respectively. Then {u,},{s,} and

{wy} converge strongly to a unique fixed point of T .

In this paper, we propose a new iteration method as the following :
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Let C be a nonempty convex subset of a Banach space X and T : C — C, be a mapping . The

iteration is defined by xo € C and
in = (l - ’}/n)xn + YT xy,

(8) Yn = (1 - Bn)Txn + BnTZm

\ Xn+1 = (1 - an)TZn + o, Ty,
for all n € NU {0}, where {a,},{B,} and {},} are sequences in [0,1]. Then we prove the

convergence theorem of the proposed method for fixed point of weak contraction in a Banach

space, and also compare the rate of convergence between Noor iterations and our iterations.
2. Main results

Firstly, we prove the following convergence theorem of our iteration method defined in (8)

Theorem 2.1 Let C be a nonempty closed convex subset of a Banach space X, and T : C — C
be a weak contraction satisfying the condition (*). Let {x,} be a sequence generated by (8).

Suppose that Y, o BnYn = oo. Then {x,} converges strongly to a unique fixed point of T .
Proof. By Theorem 1.4, T has a unique fixed point, say p. By condition (*), we have
1T = pll = | Tx0 = Tpl|
= [|Tp—Txl
< &llp—xll+Lp—Tp|
< &'llxa—pl.

Similarly, we also have || Ty, — p|| < &'||y, — p|| and || Tz, — p|| < 8'||z, — p|| for all n € NU{0}.

These imply
%1 =Pl = (1 = )Tz + 0w Tyn — pl|
= [|(1 = o) (Tzn — p) + 0 (Tyn — p)||
< (1= )Tz = pll + 06 Ty, — p|
9) < (1= 04,)8"[|zn — pll + 8’ [lyn — pl,
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120 =PIl = (1 = %)xn + YT %0 — pl|
= (1= %) (xn —p) +¥(Txa — p)|
< (=) =P+ 1l T — p
< (T=%)[| (= P) | + 16| Txa — pl|

(10) < (1_'}’n+'}’n5/)|lxn_p”

and

[yn =PIl = (1= Ba)Txn+ BaTzn— pl|
= (1= B)(Txu = p)+ Bu(Tza — p) |
< (1= Bu)ll(Txu = )|l + Ball Tza — |
< (1= Bu)8'[|(ea = )| + Bud'llz0 — p) |
< (1= Bu)d"[(xn = p) || + Bud’ (1 = %+ %8") |xn — Pl
= [(1=Bn)8"+ Bu8'(1 = Y + %8")][lxa — P

(11) = &8'(1=BuYu+ Bu¥u) [lxa — p|

By (9), (10) and (11) , we have

[Xnr1 =PIl < (1= 0)8||zn — Il + a8 llyn — pll
< (1= a)8 (1 =%+ %) e —pll
+ 028" (8'(1 = Bu¥n+ Buu6")) 1xa — p|
= [(1-00)8"(1 =%+ 1)
+0,8'6' (1= Bu¥n+ Butn6")]l|xa —
= [(1-0)(1=%(1-8"))¢

+ 088" (1= ¥ (1= 6")][|xn — pl|



308 SOMCHAI KOSOL
< [(T=ow)(1=Bum(1-8"))0’
+0,6'8' (1= By (1 - 8"))][la — pll
< [(1=0)(1=Buru(1-8"))
+ 0 (1= Bu¥u(1 = 8")]lxn — pl|
= [(1=Bum(1—8")(1 — ot + )]l xn — p|

(12) = (1= Bu¥u(1—8")llxa —pl-
Hence, we have

1 = pll < (1= Buta(1 = 8"))llxa — p

(13)
< T = Bew(1=8"))|Jx1 — pl|-
k=1

It implies that ||x,+; — p|| — 0. Hence, {x,} converge to p € F(T) as n — oo

Theorem 2.2 Assume X,C, T are as in Theorem 2.1. Let {w,} and {x, } be sequence generated
by Noor iteration (3) and the iteration (8), respectively, with wy = x;. Suppose that {c,},{Bn}

and {7y, } are sequences in |0, 1] satisfying the following conditions:

(C1) ¥=_ 0 = o0 and lim o, =0,

n—oo

(C2) Yo o BuYn = and nlgn Buvn =a < (0,1).

Then {x,} and {wy,} converge strongly to a unique fixed point of T and moreover {x, } converges

faster than Noor iteration (3).

Proof. By Theorem 1.5, and Theorem 2.1, we obtain that {w, } and {x, } converge strongly to a
unique fixed point of 7. By (13), we have

n

(14) %41 —pll < JTTA = Biyn(1—8")llx1 —pl|, foralln e NU{0}.
k=1

By the inequality (2.4) of [6], we also have

(15) [wasr = pll = TT(1—ox(1+8"))[wi —pll, foralln e NU{0}
k=1
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It follows by (14) and (15)

e =pll - TTizy (1= B (1 = 87))[lx1 = pl|
Warr =pll =TTz (1= 0a(148"))[lwi = pll

IN

ap

I (= Bin(1-8"))
where a,, = szl(l—ak(l‘Fa')) .

Note that
anr1 1= Bur1Y1(1-0")

an 1 — o1 (140"
By condition (C1) and (C2), we get

lim 2 = 1 —a(1-8) < 1.

n—eo
This implies by the ratio test that lim a, = 0.
n—soeo

> n—soo [Wnr1=pll
{wa}.

Theorem 2.3 Assume X,C,T are as in Theorem 2.1. Let {x,} and {w,} be sequences in The-

0, so we can conclude that the sequence {x,} converges faster than

orem 2.2. Suppose that {o,},{B,} and {y,} are sequences in (0,1] satisfying the following

conditions:

(C3) Yo g0 =oc0and Y By =

1—Buy(1 -9
_1_
(C4) an < 17, for alln € NU{0} andsgp( o (1575 <1

Then the sequence {x,} and {w,} converge strongly to a unique fixed point of T and moreover

{xn} converges faster than {w,}.

Proof. By Theorem 2.1 and Theorem 1.5, under the condition (C3), we know that {x,} and
{wy } converge strongly to a unique fixed point of 7.

Using the same proof as in Theorem 2.2 together with the condition (C3) and (C4), we have

| Xn+1 — P < [T (1= Bn(1—-95"))

waer=pl =TTz (1 - ou(1+87))
T (1—ﬁk}’k(1—5')>
=1 l—OCk(1+6/)

IN

[In =n"
k=1
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1_ﬁn7n(1 — 5/)
ErATE DN

This implies that lim M _

n—oo | Wpy1—P |

where sup (
n

0. Thus the sequence {x, } converges faster than {w,}.
The following example shows that our iteration converges faster than Noor iteration.

Example 2.4 Let 7 : [0,1] — [0, 1] be defined by

x2 . 2
=, ifxe |0,%5),
Ty = 43 X [ 5)
¥ itre (3],

It is easy to see that 7 is a weak contraction with § = %, L=3and T also satisfying the condition
(*). The following table shows numerical experiment of Noor iteration and our iteration (8)

when ¥, = %, Bn =0y = % and the initial point xy = 0.3.

TABLE 1. Numerical experiment of Noor iteration and our iteration when the

initial point wg = xo = 0.3.

Noor iteration Our iteration

n Wn |Wn+l - Wn| Xn ‘xn+1 - xn|

EEN S N \S)

1.5398030648E-01
1.1660716637E-01
9.7699426091E-02
8.5792254624E-02

1.4601969352E-01
3.7373140112E-02
1.8907740282E-02
1.1907171467E-02

4.6011189844E-03
1.3272079746E-06
1.2232517822E-13
1.0910848394E-27

2.9539888102E-01
4.5997917764E-03
1.3272078522E-06
1.2232517822E-13

TABLE 2. Comparing the rate of convergence using Berinde idea with the initial

point wg = xo = 0.3.

Noor iteration

Our iteration

Convergence Rate

Wy

Xn

[, —0|
[wn—0]

L= VS I\

1.5398030648E-01
1.1660716637E-01
9.7699426091E-02
8.5792254624E-02

4.6011189844E-03
1.3272079746E-06
1.2232517822E-13
1.0910848394E-27

2.9881217212E-02
1.1381873137E-05
1.2520562619E-12
1.2717754583E-26
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From Table 1 and Table 2, we can conclude the sequence {x,} generated by our iteration

converge to a fixed point of T faster than the sequence {w,} generated by Noor iteration.
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