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Abstract. Let C be a nonempty closed convex subset of a uniformly convex Banach space endowed with a tran-
sitive directed graph G = (V(G),E(G)), such that V(G) = C and E(G) is convex. We introduce the definition of
G-asymptotically nonexpansive self-mapping on C. It is shown that such mappings are G-demiclosed. Finally, we
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common fixed points set. Our results improve and generalize several recent results in the literature.
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Let C be a nonempty subset of a real normed linear space X. A self-mapping 7 : C — C is
called asymptotically nonexpansive (Goebel and Kirk [10]) if there exists a sequence {u,} C

[0,00), u, — 0 as n — oo such that Vx,y € C, the following inequality holds:

1T =T"y[| < (1+up)|[x=yl[, ¥n > 1.

T is called nonexpansive (Browder [5], Gohde [11], Kirk[16]) if

1Tx=Tyll < |lx=yll, v > 1.

Recall that a Banach space X is said to satisfy Opial’s condition (see [20]) if for each sequence
{x,} weakly convergent to x and for y # x we have

limsup ||x, —x|| < limsup ||x, — y||-
n—oo n—oo

A point x € X is called a fixed point of a self-mapping 7 on X if x = T'(x). The fixed point
set of a mapping 7 will be denoted by F(T').
In 1972, Goebel and Kirk [10], proved the following fundamental theorem for existence of

fixed point of asymptotically nonexpansive mappings:

Theorem 1.1. If C is a nonempty bounded closed convex subset of a real uniformly convex
Banach space X and if T is an asymptotically nonexpansive self-mapping on C, then T has at

least one fixed point.

In 1978, Bose [4] initiated the study of approximation of fixed points of asymptotically non-
expansive mapping and proved that, if C is a nonempty bounded closed convex subset of a uni-
formly convex Banach space X satisfying Opial’s condition and 7 : C — C is an asymptotically
nonexpansive mapping, then the sequence {7"x} converges weakly to a fixed point of T provid-
ed T is asymptotically regular at x € C, i.e., lim, o ||T"x — T 1x|| = 0. In 1982, Passty [22]
proved that the requirement that X satisfies the Opial’s condition can be replaced by the Frechet
differentiable norm. In 1992, Tan and Xu [34] proved that the asymptotic regularity of 7" at x

can be replaced by weak asymptotic regularity of T at x, i.e., ® —lim,_,o(7T"x — T""1x) = 0.
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In 1991, Schu [27] introduced the modified Mann iteration (see [17]) process:
Xpr1= (L—ap)xy+0,T"xy, n=1,2,3,-- (1.1)

where {0, } is a sequence in (0,1) which is bounded away from 0 and 1, i.e., a < oy, < b for
all n for some 0 < a < b < 1 to approximate fixed points of aymptotically nonexpansive self-
mappings defined on nonempty bounded closed convex subsets of a Hilbert space. In parallel
publication in 1991, Schu[28] also proved the same result in the setting of a uniformly convex
Banach space which satisfies Opial’s condition.

In 1993, Bruck et al.[6] constructed the following iterative scheme
Xit1 = (1 — OC,'))C,‘ + o T x;,

where {@;} is a sequence in (0, 1) bounded away from 0 and 1 and {»;} a sequence of nonneg-
ative integers and studied some convergence theorems for asymptotically nonexpansive map-
pings in the setting of Banach spaces with uniform 7—Opail’s property. In 1994, Tan and Xu
[35] studied the modified Ishikawa iteration process and used the method to approximate fixed

points for asymptotically nonexpansive mappings:
Xnr1 = (L—ap)x,+ 0, T"((1 = Bp)xn+ BuT"xy)), n=1,2,3,---

where {a,} and {B,} are two sequences in (0,1) such that @, is bounded away from O and
1 and fB, is bounded away from 1. Osilike and Aniagbosor [21] proved that the theorem of
Schu remains true without the boundedness assumption on C provided that the fixed point set
is nonempty. Furthermore, Chang et al.[7] proved convergence theorems for asymptotically
nonexpansive mappings and nonexpansive mappings in Banach spaces without assuming any
of the conditions (a) X satisfies Opial’s condition; (b) T is weak-asymptotically regular; (c) C is
bounded. Khan and Takahashi [15] have approximated common fixed points of two asymptoti-

cally nonexpansive self mappings by using the modified Ishikawa iteration (see [12]) process:
Xpr1 = (I—=0p)xn+06,T"((1 = B)xn+ BuS"x4)), n=1,2,3,---

where {a, } and {f3,} are two sequences in (0, 1) such that @, is bounded away from 0 and 1 and

By is bounded away from 1. Approximating fixed points of nonexpansive and asymptotically
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nonexpansive mappings has been extensively studied by several authors(see, e.g., [19, 21, 25,
30, 32]).

Fixed point theorems for monotone single valued mappings in a metric space endowed with
partial orderings are first considered by Ran and Reurings [24] in 2004 and have been widely
investigated (see, e.g., [2, 9, 18]). The theorem in [24] is a hybrid of the two independent
fundamental theorems: Banach contraction principle [3] and Tarski’s fixed point result [33].
Recently, Reich and Zaslavski in [23] obtained some fixed point results for different classes of
contractive self-mappings in a partially ordered metric spaces.

On the other hand, Jachymski [13], investigated a new approach in metric fixed point theory
by replacing an order structure with a graph structure on metric spaces. In this way, the results
proved in ordered metric spaces are generalized (see for detail [13] and the reference therein).

Recall that a directed graph usually written as digraph is a pair G = (V(G),E(G)) where
V(G) is a nonempty set called vertices of the graph G and E(G) = {(u,v) : u,v € V(G)} is set
of ordered pairs called edges of the graph G. Let C be a nonempty subset of a real Banach space
X and A be the diagonal of C x C. Let G be a digraph such that the set V(G) of its vertices
coincide with C and A C E(G), i.e., E(G) contains all loops. Assume that G has no parallel
Edges. If x and y are vertices of G, then a path in G from x to y of length k € N is a finite
sequence {x,-}f.‘zo of vertices such that xo = x, x; =y and (x;_1,x;) € E(G), fori =1,2,3,....k.
A directed graph G is said to be transitive if, for any x,y,z € V(G) such that (x,y) and (y,z) are
in E(G), we have (x,z) € E(G). For more detail of graph theory refer Diestel [8].

Definition 1.1. [13] A self map 7 : C — C is called G-contraction if there is a A € [0, 1) such

that

(i) T preserves edges of G, i.e., (x,y) € E(G) = (Tx,Ty) € E(G), and
(i) [|Tx—Ty|| < Al|x—y|| for each (x,y) € E(G).

Definition 1.2. [1] A self map 7 : C — C is called G-nonexpansive if it satisfies the conditions

(1) T preserves edges of G, and
(ii) ||Tx—Tyl|| < ||x—y]|| for each (x,y) € E(G).
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Definition 1.3. [1] Let C be a nonempty subset of a normed space X and let G = (V(G),E(G))
be a digraph such that V(G) = C. Then, C is said to have Property P, if for each sequence {x, }
in C converging weakly to x € C and (x,,x,+1) € E(G), there is a subsequence {x,, } of {x,}

such that (x,,,x) € E(G) for all k € N.

Remark 1.1. If G is transitive, then Property P is equivalent to the property: if {x,} is a
sequence in C with (x,,X,+1) € E(G) such that for any subsequence {x,, } of the sequence {x,}

converging weakly to x in X, then (x,,x) € E(G) for all n € N.

Definition 1.4. Let C be a nonempty subset of a Banach space X endowed with a digraph
G = (V(G),E(G)) such that V(G) = C and let T : C — X be a mapping. Then T is said to be
G-demiclosed at y € X, if for any sequence {x,} in C with (x,,,x,+1) and (x,,Tx,) are in E(G)

such that {x,} converges weakly to x € C and {T'x, } converges strongly to y imply Tx = y.

The concept of Monotone G-nonexpansive self-mappings in a Banach space with topology
T, which is weaker than the norm topology, is first introduced by Alfraidan [1] in 2015. In [1],
the author studied the 7-convergence of Krasnoselskii sequence to fixed points of such class
of mappings. Tiammee et al.[36] proved Browders theorem and the convergence of Halpern
iteration for a G-nonexpansive mapping in a Hilbert space with a directed graph. In 2016,
Tripak [37] proved weak and strong convergence of the Ishikawa iteration scheme to common
fixed points of a couple of G-nonexpansive mappings in a Banach space with a directed graph.

In [31], the author defined the concept of dominance in the following way.

Definition 1.5. [31] Let x; € V(G) and A a subset of V(G). We say that

(i) A is dominated by x; if (x1,x) € E(G) for all x € A.

(ii) A dominates x; if for each x € A, (x,x1) € E(G).

Using the concept of dominance assumptions, the author [37] proved the following convergence

theorems.

Theorem 1.2. [37] Let C be a nonempty closed convex subset of a uniformly convex Ba-
nach space endowed with a transitive directed graph G = (V(G),E(G)), such that V(G) =C

and E(G) is convex. Let Ti(i = 1,2) be G-nonexpansive mappings from C to C with F =
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F(T\)NF(T) nonempty. Let {a}, {Ba} C [8,1— 8] for some & € (0,%). Let {x,} be a se-

quence generated from arbitrary xo € C given by

Xn+1 = (1 - an)xn + 04, T1yn (12)
Yn= (1 - Bn)xn + ﬁnT2xn

forn=0,1,2,.... Suppose that T;(i = 1,2) satisfy the following conditions:

(1) There exists a nondecreasing function f : [0,00) — [0,00) with f(0) =0 and f(r) > 0 for

all r > 0 such that, for all x € C,
max{|lx —Tix|, ||x — Tox|[} = f(d(x, F));

(2) F dominates x;
(3) F is dominated by xy, and
(4) For each z € F and arbitrary xy € C

(x0,2), (0,2), (z,%0), (z,y0) € E(G).

Then {x,} converges strongly to a common fixed point of T;.

Definition 1.6. [29] Let C be a subset of a metric space (X,d). A mapping T : C — C is semi-
compact if for a sequence {x,} in C with lim d(x,, Tx,) = 0, there exists a subsequence {x;, }
n—soo

of {x,} such thatx,; — p € C as j — co.

Theorem 1.3. [37] Let C be a nonempty closed convex subset of a uniformly convex Ba-
nach space endowed with a transitive directed graph G = (V(G),E(G)), such that V(G) = C
and E(G) is convex. Let T;j(i = 1,2) be G-nonexpansive mappings from C to C with F =
F(T1)NF(T») nonempty. Let {an}, {Bs} C [8,1— 8] for some & € (0,3). Suppose that F
dominates xo, F is dominated by xo and (xo,z), (¥0,2), (z,%0), (z,y0) € E(G) for each z € F and
arbitrary xy € C. Suppose that one of Ti(i = 1,2) is semi-compact. Then the sequence {x,}

defined in (1.2) converges strongly to a common fixed point of T;.

Theorem 1.4. [37] Let C be a nonempty closed convex subset of a uniformly convex Banach
space X endowed with a transitive directed graph G = (V(G),E(G)), such that V(G) = C and

E(G) is convex. Suppose X satisfies the Opial’s property. Let T;(i = 1,2) be G-nonexpansive
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mappings from C to C with F = F(T\)(\F (T») nonempty. If I — T; is G-demiclosed at zero for
each i, F dominates xo, F is dominated by xy and (xo,z0), (y0,20), (20,%0), (z0,y0) € E(G) for
20 € F and arbitrary xo € C, then the sequence {x,} defined in (1.2) converges weakly to a
common foxed point of T;.

In 2002, Xu and Noor [39] used a modified three step iterative method:

(

in = (1 - 'Yn)xn + 'YnTnxna

Yn = (1 _ﬁn)xn +ﬁnTnZn7

kxi’l+1 - (1 _an)xn+anTnyn7 n= 1727377"'

where {0, },{B.}, {1} are sequences of real numbers in [0, 1] to approximate fixed points of
asymptotically nonexpansive mappings in Banach spaces. In 2008, Khan et al.[14] extended the
work of Xu and Noor [39], from one mapping to a finite family of mappings using the modified

Noor iterative method:

)
Xpg1 = (1 = Q) Xn + O n T YVi—1 5

Ve—tn = (1 = 0—1,0)%n + Ok—1 u T} | Yi—2.»
Vi—2. = (1 = 0—2.)Xn 4 Ok —2 T 5Vk—3

(1.3)

Yon= (1 - 052,n)xn + 052,nT2ny1,na

\yl,n = (1 - al.,n)xn + al,nTlnxm

where yg , = x,, for each n € N and arbitrary x; € C.

The purpose of this article is three fold:

(1) To introduce G-asymptotically nonexpansive self-mappings of a closed convex subset
of a Banach space with digraph;

(2) To show that G-asymptotically nonexpansive self-mapping has G-demiclosedness prop-
erty on a closed convex subset of a Banach space with digraph;

(3) To investigate approximations of fixed points of G-asymptotically nonexpansive self-

mappings of a closed convex subset of a Banach space with digraph; in particular to
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study some weak and strong convergence theorems for the sequence generated by the
modified Noor iteration methods to common fixed points of a finite family of such map-

pings in real uniformly convex Banach spaces with digraph.

2. Preliminaries

The following technical Lemmas are crucial in proving our main results of the article.

Lemma 2.1. [7] Let {a,} and {b,} be two sequences of nonnegative real numbers with
Y1 bn < oo If one of the following conditions is satisfied:

(i) ap1 < ap+by, n>1,

(ii) apy1 < (14+bp)ay, n> 1,

then lim,, .. a, exists.

Lemma 2.2. [40] Let X be a Banach space, and R > 1 be a fixed number. Then X is uni-
formly convex if and only if there exists a continuous, strictly increasing, and convex function

g:]0,00) — [0,00) with g(0) = 0 such that
Ax+ (1=l < AP+ (1= A) I = A1 =2)g(|[x—y])
forall x,y € BR(0) ={x € X : ||x|| <R} and A € [0,1].

Lemma 2.3. [27] Let X be a uniformly convex Banach space and { &, } a sequence in [6,1 — 6|

for some & € (0,1). Suppose that sequences {x,} and {y,} in X are such that limsup||x,|| <

n—oo
¢, limsup||y,|| < ¢ and lim ||ax, + (1 — 0,)yn|| = ¢ for some ¢ > 0 then lim ||x, — y,|| = 0.
n—oo n—o0 n—oo

Lemma 2.4. [7] Let X be a uniformly convex Banach space, C be a nonempty bounded convex
subset of X . Then there exists a strictly increasing continuous convex function y: [0,00) — [0, o)
with y(0) = 0 such that, for any Lipschitzian mapping T : C — X with the Lipschitz constant

L > 1, any finite many elements {x;}_, in C and any finite many nonnegative numbers {t;}"_,
n
with ) t; =1, the following inequality holds:

=1

n

n
IT(Y tixi) = Y 6Txi|| < Ly (max (|xi —xj] — L7Y|Txi — Txj).
i=1 i=1 shisn
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Lemma 2.5. [26] Let {x,} be a bounded sequence in a reflexive Banach space X. If for any
weakly convergent subsequence {xy;} of {xn}, both {x,;} and {xy; 11} converge weakly to the

same point in X , then the sequence {x,} is weakly convergent.
3. Main results

Throughout this section C denotes a nonempty closed convex subset of a real uniformly
convex Banach space X endowed with a directed graph G = (V(G),E(G)) such that V(G) =C

and E(G) is convex. We also suppose that the graph G is transitive.

Definition 3.1. A self map 7 : C — C is said to be G-asymptotically nonexpansive if it satisfies

the conditions:

(i) T preserves edges of G, and
(ii) there exists a sequence {k, } C [1,00) with )~ [k, — 1] < co and for each (x,y) € E(G)

andn e N

[|T"x —T"y|| < knllx —y]].

Proposition 3.1. Let {Ti}f:l be a family of G-asymptotically nonexpansive mappings on C
such that F = (*_, F(T;) nonempty. Let z € F be such that (xy,z) and (z,x1) are in E(G) for
arbitrary x| € C. Then, for a sequence {x,} generated by x| with iterative scheme defined by
(1.3), we have (xn,2),(2,%n), (Xn,Yin), VinsXn), (2,Yin)s Vin,2) and (xn,Xn+1) are in E(G) for
eachi=1,2,3,---  kandn=1,2,3,---.

Proof. We proceed by induction. First we let (x1,z) € E(G). Since Tj is edge-preserving, we

have (Tix1,z) € E(G). By the convexity of E(G), we have

(1—ap1)(x1,2) + a1 (Tix,z) = (1= )x +aTix;,z) = (11,2),

so that (y1.1,z) € E(G). Since T5 is edge-preserving, (T2yi 1,z) € E(G) and again by the con-
vexity of E(G) we have

(1—o0p1)(x1,2) + 2 1(Tay11,2) = (I—op)x1+a1hyi1,2) = (V2.1,2),
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so that (y21,z) € E(G). Assume that (y; 1,z) € E(G), for some [ € {1,2,3,--- ,k—2}. As Tj4
is edge-preserving, (7;4+1y1,1,2) € E(G) and by using the convexity of E(G), we get

(1= ag1,1)(x1,2) F 011 (Ty,2) = (L= 0ggr,0)%1 + Q11 T41y0,1,2) = (Vi41,152),

so that (y/4+1.1,2) € E(G). Thus (y;1,z) € E(G) foreachi=1,2,3,--- ,k— 1.
In particular, fori =k —1

(Vk-1,1,2) € E(G).

Since T} is edge-preserving, we have
(Tiyk-1,1,2) € E(G).
Using the convexity of E(G), we have

(1—=o0g1)(x1,2) + 0 1 (Teye—1,1,2) = (1=, 1)x1 + 1 Tye—1,1,2) = (%2,2),

so that (x2,z) € E(G). Thus, we obtain (y; 1,z) € E(G) fori=1,2,3,--- ,k—1and (x2,z) is also
in E(G).

Since {T;}_, are edge preserving, {T?}X_, are also edge preserving. Thus, repeating the
previous process for (x»,z) in place of (x;,z) and using the operators T in place of T}, we
obtain (y;2,z) € E(G) fori=1,2,3,--- ,k— 1 so that (x3,z) is also in E(G).

Assume that (x,,,z) € E(G) for some m € N. Since 7T; is edge-preserving, we have 7" are
also edge preserving and hence, we have (7]"x,,,z) € E(G) and by using the convexity of E(G),

we get
(1 - al,m)(xmvz) + aLm(T]mxmaZ) = ((1 - al.,m)xm + al,mT]mxmaZ) = (yLmaZ):

so that (y1m,2) € E(G). As T," is edge-preserving, (T3"y1 m,z) € E(G), as E(G) is convex, we

have

(1= 0m)(Xm,2) + 0 u(T3"y1m,2) = (1= m)Xm+ 0 mDy Vim2) = (Y2 2),

so that (y2 m,2) € E(G). By repeating the process, we conclude that (y; n,z) and (x,41,2) are in

E(G)foralli=1,2,3,-- k—1.
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Continuing the process once again for (x1,z), we have (yim+1,z2) € E(G) for all i =
1,2,3,--- ,k— 1. Therefore, by induction, we conclude that (x,,z), (yin,z) € E(G) for all i =
1,23, k—landn=1,2,3,---.
Using a similar argument, we can show that (z,x,),(z,yin) € E(G) foralli=1,2,3,--- ,k—
1 and n = 1,2,3,---, under the assumption that (z,x;) € E(G). The transitivity property of
G implies that (x,,Xn+1), (Xn,Yin)s Vin,Xn) are in E(G) for all i = 1,2,3,--- ,k—1 and n =
1,2,3,--- . This completes the proof.

Lemma 3.2. Let {Ti}f:l be a finite family of G-asymptotically nonexpansive mappings on C

such that F = (\*_, F(T;) nonempty. Suppose that for all (x,y) € E(G),
T x = Y]] < (1 + uin)||x = ]|

where {u;,} C [0,00) with }.;"_ujn, < oo for each i € {1,2,3,--- k}. Suppose that (x1,z) and
(z,x1) are in E(G) for arbitrary x| € C and z € F. If {x,} is the sequence generated by (1.3)
with {@;,} C (8,1 — 8] for some & in (0,1), then
(i) limy_se0 ||, — z|| exists;
(ii) imy—seo ||Xy — T"yi—14|| =0, for eachi=2,3,4,--- |k;
(iii) limy—ye0 ||Xy — T"x4|| = O, for eachi=1,2,3,--- |k;

(iv) lim,_seo || — Tixn|| = 0, for each i = 1,2,3,--- k.

Proof. First we prove (i). Let x; € C and z € F be as in the hypothesis and let {x, } be a sequence

generated by (1.3). By Proposition 3.1., (x4,2), (2,%1), (Xn,Yin), (Vin,%n) and (x,,x,41) are in

E(G). Setv, = lmaxku,-,n7 for all n. Since Z Ui n < oo, for each i, we must have
<i<

n=1
Y v <o (3.1)
n=1
Now by the G-asymptotically nonexpansiveness of 71 and (1.3), we have
ia—all < (1= )l —2l|+ ol T 2|
< (1= o) o —2l| + (1) 2]
= (1+ O‘Ln”l,n)Hxn =l

< (T4va)be —2l.
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yin =2l < (T4l — 2] (3:2)

Assume that, for some m € {1,2,3,--- | k—2},

[1Ymn = 2| < (14 va)™[ oo — 2. (3-3)

By G-asymptotically nonexpansiveness of 7,1 and using (1.3) and (3.3), we have

||ym+17n _ZH

where

IA

IN

IN

(L= Qg 1,0) | [0 = 2l + Qg 1,0l | T 1 Ymn — 2|

(1- am+1,n)||xn —z||+ am+1,n(1 + ”m+1,n)||)’m7n —z]|
(1= Qm1.0) 160 — 2|

01 (14 ttm1,0) (14 V)™ — 2]

(1 - O‘m+17n)||xn _ZH + O‘m+17n(1 +Vm,n)m+l||xn _ZH

m+1
m-+1 .
[1—am+1,n+am+1,n<1+2( J. )vmrxn—zu
=1

m+1
m+1 .
<1+am+1,n2( J. )vmxn—zu

j=1
m+1
m-+1 .
1+y ( J. ) Yk —z]
=1

(1 +Vn)m+1||xn_z||»

Thus, foreachi=1,2,3,--- ,k— 1, we have

[1yin =2l < (14 vn) | =2 (3.4)
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In particular for i = k— 1, we have

xns1 =zl = [I(1 = 0n) (n —2) + O (T V1,0 — 2]
< (T=og)lfxn —zl| + (14 g o) | [Yi—1.0 — 2|
< (1= o) [ = 2l 4 G (14 i) (14 v2) oy — 2|
< (1= ) [ — 2| [+ G (14 va) [ — 2|

k
K\
_ [1—ak,n+ak,n<1+z(j)vz>1|rxn—z||

=1
k k )

< (1+Y (.)vmxn—zu.
=1\

Therefore, for eachn =1,2,3,--- , we have
k k )
[ EED W ( PR ] (5)
j=1

If we set b, = Z’;zl (];) ﬁ, we have

b= [ )<Y [ )ve=ma(2=1). (3.6)
=1\ =1\
Using (3.1) and (3.6), we obtain that
Y < (2—1) Y vy <. (3.7)
n=1 n=1

Using (3.5), (3.7) to apply (ii) of Lemma 2.1 with a,, = ||x, — z||, we conclude that nlgg l1xn — 2|
exists.

Next, we prove (ii). From (i), we have r}gl}o ||x, — z|| exists and hence {x,} is a bounded
sequence. Let

lim ||x, —z|| = ¢ for some ¢ > 0. (3.8)
n—soo
From (3.4), foreach m € {1,2,3,--- ,k— 1}, we have
[yma =2l < (T+va)"|lxn — 2]
and using (3.8), we get

limsup ||ym,—z|| < c. (3.9)

n—oo
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On the other hand, from (1.3) we have

P =zl < (1= 0gen)|loen =2l | + Gen (1) [[yi—1.0 = 2)|

< (1= ) [lon — 2| + 0 (1 +vin) [(1 = G—1,0) [ — 2
0121+ vi)|[yk—2.0 — 2]
= [1 =0+ (1 +va) (1 = 01,0} [xn — 2]
0 O 1, (1 4 V)| [Yk—2,0 — 2]
= (I = O nOh—10+ OtV — Gy O—1 Vi) || Xn — 2| +
+ 0 1.0 (14 v0) | Vh—2.0 — 2|
< (T4 v)[(1 = 0y O — 1.0 — 2|
F 04 n O —1,0) (1) (1 = @2, |xn — 2|
2. (1+ ) [[Yr—3,0 — 2]
< (1= Oy @1 Ok—2.) (14 ) [0 — 2|

+ O Ok 1w O —2,0 (1 + V)| |Yi—3.0 — 2|
Continuing the process, we obtain

a1 =2l < (1= 010 1) (L) 7 | — 2|
+ 0y Ok — 1 aj+1,n(1 +Vn)k7j\ \yj,n il
foreach j=1,2,3,--- k—1.
By rearranging, we get

[ Peny1 — 2]

(14 v, )k—i-1 < (L= 0enQ—1n - Q1) |Ixn — 2| | +

O nOk—1,n""" aj+1,n(1 +Vn)||yj7n _ZH-

Which was simplified to

s =2l 1
e — | —z +{Jxn =2l £ (X +va)|lyjn —2zll-
(e = gl < (vl =2l
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Since a; , € [, 1 — 8], the above inequality was further simplified to

||Xn+1 — 2] 1
———— — =2 ——— + ||xn—Z
(1 e = b =2l gy + b2l o
< (1 vi)llyju 21
Taking limit inferior of (3.10) and using (3.8), we get
< limi in—2|l. .
¢ <liminf|ly;, —z]] (3.11)
Thus, from (3.9) and (3.11), we conclude that for each j =1,2,3,--- k—1
tim [lyj—2l| = e (312
Thus, for j =2,3,4,--- Jk— 1, we have
,}1_2}0”(1 — 0jn) (X —2) + n(T]yj—1n—3)|| = ¢ (3.13)
For j =2,3,4,--- Jk— 1, we have
NT7'yj-tn =2l < (Tfujn)llyj-10 =2l
and hence
limsup||7]'y;—1,— 2| < c. (3.14)
n—oo
Using (3.8), (3.13), (3.14) and apply Lemma 2.3, we have
r}i_r}rgo\|xn—7}"yj_l7n|| = 0 for j=2,3,4,--- k—1. (3.15)

For the case j = k, using (3.4) and G-asymptotically nonexpansiveness of 7;, we have
T Yi—tn =2l < (L) [yi—1n =2l < (L4 vi)* | — 2] - (3.16)
Taking limit superior of (3.16) and using (3.8), we obtain

limsup||T'yk-1,— 2| < ¢
n—sco

Since
Tim [0 =2 = Tim [[(1— 04) (00— 2) — @n (10— 2) | = €.

Applying Lemma 2.3 once again, we get

Jim |5, il = 0. (.17)
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Therefore, from (3.15) and (3.17), for each j =2,3,4,--- , k, we obtain that

tim [, ~ 773j-1,0] = 0.
Next, we show (iii). Since for eachi=1,2,--- jk—1,
lim [l — 2l = Tim [lyin —2l| = e,

we have {x,} and {y;, —z} are bounded sequences and hence {T"y;, —z} is also bounded.

Therefore, there is R > 0 such that

k—1

U {xn} U{)’i,n}U{Tinyi.,n} C B(Z7R)'

i=1
By Lemma 2.2, there is continuous and strictly increasing convex function g : [0,c0) — [0, 00)

such that

1'%, — 2]

=2 < (1=0un)lbn =2+,

— 0t (1 — 0t 0)g(||Xn — T{"xn]|)

< (1= 0) [ — 2l P+ (1 4 u1,0)? | — 22
~8%g (Il — Txal)
< (Lturn)? [ —2l* = 88 (| — Ti'xl )
On rearranging, we obtain
828 (|l — T{xal[) < (1 urn)?[ w2l = [y10 — 2. (3.18)

Taking the superior limit of (3.18) and using (3.8) and (3.12) to get
83 limsupg(||x, — T{'x,) < O.
n—oo
Which gives that
’111_{208(“)‘" —T{'x|[) = 0.

Since g is continuous and monotonically increasing we conclude that

lim [}, — T/ = 0. (3.19)
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Again,
bon =Tl < b = Tyial |+ [TV 10 = T3
< b = Byiall + (T u2n)l[y1n —2l|
= Hxn - TanI,nH + 0627,1(1 + u2,n)Hxn - T1nan-
Which implies that

||xn—T2"xn|| < ||xn _Tzn)’l,nH +O‘27n(1 +”2,11)“)%_Tlnan-

Applying (ii) of Lemma 3.2, and applying (3.19) and the fact that the sequence {@ ,(1+u2 )}

1s bounded, we have

lim ||x, — T)'x,|| = 0. (3.20)
n—yoo
Repeatedly we apply Lemma 2.2, for i = 3,4,5,--- ,k— 1 and get
i —2ll> < (1= i)l P — 2l + il | Ty 1 — 2

—0in(1 = 0,0) (| = T"yi-1.n]])

< (=)0 — 2l + il | T yie10 — 2| *
~8%g(|1xn — Tyi-1.a]))
. 2 . 2 2
< (L=atin)|lxn —2l|* + (1 +uin)*|[yic10 — 2]

~8%g(|bn = T"Yi-1.n

On rearranging, we obtain

828(|1xn — T/"yic1

)

< (1= 0tin)|xn =2l [P = [[yiz 10— 2l* = @i (1 uin)? [ [yie1,0 — 2]
(3.21)
Vin = 2l1?) 4 0 (14 tin)*|[yi-1,0 = 2l [* = [0 — 2

= (Il =2l ~|
< 2R(||n = 2| = [[yin = 21 = 0t (1 + )]

Taking limit superior of (3.21) and using (3.8) and (3.12), we get

82 limsup g(|Jx, — T"yi—1.4||) <O.

n—soo
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Using property of g, we conclude that for each i = 3,4,5,--- Jk—1,
fim [, — T7'yic 14l = 0.
n—o0

On the other hand, for i = 3,4,5,--- ,k, we have

|20 — Tznan < o — Tin)’ifl,nH + ||Tin)’i71,n - Tznan

< Hxn - Tinyifl,nH + (1 +ui7n)Hyi71,n _an

= b =T yirall + (14 i) i1

This implies that for each i = 3,4,5,--- )k

[1xXn = T"al| < [vn = T"yie 1.
Taking limit superior of (3.23) and using (3.22), we get that
limsup ||x, — T;"x,|| <O.
n—soo

Which implies that, for each i = 3,4,5,---  k, we have

lim ||x, — T"x,|| = O.
n—soo

Thus, from (3.19), (3.20) and (3.25), we conclude that foreachi=1,2,3,--- ,k,

lim ||x, — T"x,|| = 0.
n—o0

|Tiri1yi—2,n_xn|‘-

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

Finally, we prove (iv). Fix m € {1,2,3,--- /k} but arbitrary. By the G-asymptotically nonex-

pansiveness of 7;,, we have that

||xn_menH < ||xn_xn+1||+||xn+1_Tn’:+1xn+1||

+| |an1l+]xn+1 - Tr:lean + ||anzl+lxn — T

IN

|20 = Xnp1 ||+ a1 — T;;11+1xn+l‘|
k11120 — X1 ||+ K |[xn — Tyl
= (T 4k )| xn — X1 |+ k1[0 — Tl

%11 _an11+1xn+1||~
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where k, = max (1 +u;,). This implies that
1<i<k

[[xn = Tnxnl] < (14 kng1) [0 = Xnr ||+ ka [ |xn — Tl | 4 01 — Tnﬁ’+1xn+1l|- (3.27)

From (1.3), we have that
||xn+1 _an = ak,n| ’xn - Tknyk—l,n“' (328)
Since oy, € [8,1 — 6], using (iii) and (3.28), we obtain
r}gl}onn —Xn11|]= 0. (3.29)
Taking the superior limit of (3.27) and using (3.26) and (3.29), we conclude that
r}l_t}t;H% —Twxal| = 0. (3.30)

Since m was arbitrary, we obtain the required result. This completes the proof.

In the next theorem, we proved the G-Demiclosedness principle without assuming the Opial’s

property of the Banach space X .

Theorem 3.3. Suppose that C has Property P : x, — x and (xn,x,+1) € E(G), there exists a
subsequence {x } such that for each k, (x,,,x) € E(G). Let T be a G-asymptotically nonex-

pansive mapping on C with asymptotic coefficient {k,} such that

[ee]

Y (kn—1) < oo,

n=1
Then I —T is G-demiclosed at 0.
Proof. Let {x,} be a sequence in C with (x,,x,1) and (x,,Tx,) are in E(G) such that x, —
q € Casn— o0 and lim, e ||x, — T'xp|| = 0. By Property P, there exists a subsequence {x, } of

{xn} such that (x,;,q) € E(G) for all j € N. By Remark 1.1, (x,,q) € E(G) foralln € N.

We claim that, as n — o

T"q — q.



332 M. G. SANGAGO, T. W. HUNDE, H. ZEGEYE

Note that, for each n € N, we have

n—1
b= T"x|] < (1 ) ko) — T
r=1

n—1
= (1+ Z(l +up)) |k — Txy |

r=1

n—1

= (n+ Z up)||xe — Txe||
r=1

< (n+ Y )|l — T
r=1

< (et M)[bo— To|

(o)

where, M = Zurz Z(kr—l) < oo,
r=1 r=1
Thus, we have
e = T"xe|| < (n4+M)||xp — Txel|. (3.31)

Since limy o ||xx — Txx|| = 0, we have that, for fixed n € N, there is a positive integer N = N (n),

such that
1
k>N =||xk —Txp|| < ———+. .
> N = — Txi| CESTE (3.32)
Hence, from (3.31) and (3.32), we obtain
k>N = |l — T < ——
- n+M’
Therefore,
— 1
li —T'xyl| < ——. 3.33
im [l — Tl < 7 (3.33)
This implies that
E@ka—T"ka =0. (3.34)
n
Therefore, for an arbitrary € > 0, we can choose ng such that
limsup||x — T"xk|| < €, Vn > ny. (3.35)

k—oo
Since x, — ¢, by Mazur’s theorem ( Cf. [38]), for each positive integer k, there exists a convex

combination y; = ¥ (k) t(k)xi+k with ¢ > 0and Zip:(]i) tl-(k) = 1 such that

i=1"i [

1
e —ql| < T (3.36)
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Since {x,} weakly converges in a uniformly convex Banach space X, it is bounded and hence

there exists > 0 such that {x,} C D =: CNB(q,r). Then D is nonempty closed convex subset
of C. Thus, T : D — C is G-asymptotically nonexpansive mapping. Therefore, 7" : D — C is a
Lipschitzian mapping with Lipschitz constant k;,, > 1.

Again, we have

p(k) w p(k) ® p(k) ®
Tk =yl = [T = Y 67 T i+ Y 6 T Xk — Y 17 Xic|
=1 i=1 i=1
k k k
- _p() - p(k) 0 pn, _p() w0 (3.37)
<"y = Y 6T x|+ Y 67 T i = Y 6 x| :
=1 i=1 =
p(k) © p(k) ®
<|T"k— Y 6 T il |+ ) 7 11T ik — i)
=1 i=1

From (3.35), we get

—~

p(k)

T — x| < &, V> . (3.38)

1

~.
—_

Using Lemma 2.4, we obtain

p(k)
k _ _
17"y = Y e 4] < ey fmax |k — i pl | — o || T ik — T 1)}
i=1

< k™ {max(2€ + (1 — k'Yl [xiek — i) }-
Since {x;} C D, we must have
ik = xigpl] < 2n,

so that
p(k) ®
17"k — Y 69T x| < kv (2 +2r(ky — 1)). (3.39)
i=1
Substituting (3.38) and (3.39) in (3.37), for each k € N and n > ny we obtain

T vk =yl < kn¥ ' (28 +2r(kn— 1)) + € (3.40)
Thus we have

limsup || 7"y — yi|| < kn’y_l(28+2r(kn —1))+e. (3.41)

k—yoo

On the other hand, for each n € N, we have

g —=T"qll < lg—=yill+ vk = T"yel [+ [IT"ye — T"q]. (3.42)
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Since yx — q as k — oo, which gives y; — ¢ and thus, by Property P and Remark 1.1, we have

(yk,q) € E(G), for all k € N. This in turn gives (T"y;,T"q) € E(G), So that
T"yk=T"q|| < knllyk —ql|- (3.43)
Substituting (3.43) in (3.42), we obtain

llg—=T"q|| < (1 4kn)|lyk — ql| + [|yk — T"yxl|- (3.44)

From (3.36) and (3.44), we get

g —T"q|| < + |y — T"yil|- (3.45)

Taking limit superior of (3.44) as k — oo, we have
IT"q —q|| < limsup |[yx — T"yk||. (3.46)
k—oo
Combining (3.41) and (3.46), we infer that for all n > ng
IT"g—q|| < kay ' (2 +2r(ky— 1)) +&. (3.47)
Taking limit superior of (3.47) as n — oo and using the arbitrariness of €, we get

limsup ||T"g—q|| <y~'(0) = o.

N—yoo
Therefore,
lim [lg—7"q]| = 0. (3.48)
But,
lg—Tall < llg—T""ql|+[|T""'q—Tq]|. (3.49)
Since T"q — g as n — oo and the fact that strong convergence implies weak convergence, we can

obtain that (T"q,q) € E(G), Vn € N. As T is edge preserving, we have ("¢, Tq) € E(G),

so that
T g —Tq|| < ki||T"q — 4] (3.50)

From (3.49) and (3.50), we get that

lg—Tqll <|lg—T" gl +ki|lg—T"q]|. (3.51)
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Taking limit superior of (3.51) and using (3.48), we obtain that
lg—Tq| < (1+ki)limsup|g—T"q| =0.
n—yoo

This shows that

This completes the proof.

Theorem 3.4. Let C be a nonempty closed convex subset of a uniformly convex Banach space X
and suppose that C has Property P. Let {Ti}{-‘:1 be a finite family of G-asymptotically nonexpan-
sive mappings on C with the nonempty common fixed points set F = ﬂle F(T;). Let x; € C be

fixed so that (x1,z) and (z,x1) are in E(G) for some z € F. If {x,} is a sequence generated by x,

1

with iterative scheme (1.3) such that {0, } C [8,1 — 0] for some 6 € (0,5) and Y7 ujn < >

for each i =1,2,3,--- k, then {x,} converges weakly to a common fixed point of the family
{T¥er
Proof. Let z € F such that (x,z) and (z,x;) are in E(G). By Lemma 3.2, we have

L. nh_r>r01°||xn — 7] exists.

2. lim ||x, — T/"x,|| =0, fori=1,2,3,--- k.
" (3.52)
3. lim ||xn—Tl~nyl~717n|| :0’ fori:2,374’... 7k'
n—oo

4. lim ||x, — Tixy|| =0, fori=1,2,3,--- k.
n—soo
From (3.52(1)), we see that {x,} is a bounded sequence in C. Since C is nonempty closed
convex subset of a uniformly convex Banach space X, by the weak compactness of bounded

sets there exists a subsequence {x,, } of the sequence {x, } such that {x,, } converges weakly to

some point p € C. It follows from (3.52(2)) that for eachi =1,2,3,--- |k,
f}glgo|‘7;nhx”h — Xyl = 0.

By Proposition 3.1, we have (x,,x,+1) and (x,,7;x,) are in E(G) for all n € N and hence
(Xn,>Xn,+1) and (xp,, Tix,, ) are also in E(G) for each i = 1,2,3,--- k. Thus, by Theorem 3.3

we conclude that p € F.
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To complete the proof it suffices to show that {x,} converges weakly to p. To this end we need
to show that {x, } satisfies the hypothesis of Lemma 2.5.

Let {x,;} be a subsequence of {x,} which converges weakly to some point g € C. By similar
arguments as above ¢ is in F.

Now for each j > 1, we have
xnj+1 = xnj + ak,nj(Tknjykfl,nj _xnj)- (353)
It follows from (3.52(3)) that
lim |7 iy = [l = 0.
Since 04 ,,; € [6,1— 8] for each j € Nand 6 € (0, %), we have
lim 0 || T Vet 0, = Xujl | = 0. (3.54)
Jreo
Thus, from (3.53) and (3.54), we conclude that
weak — limx,, 41 = gq.
Jee

Therefore, the sequence {x,} satisfies the hypothesis of Lemma 2.5 which in turn implies that

{x,} weakly converges to ¢ so that p = g. This completes the proof.

Theorem 3.5. Let C be a nonempty closed convex subset of a uniformly convex Banach space
X and suppose that C has Property P. Let {Ti}f.;l be a family of G-asymptotically nonexpansive
mappings on C with the nonempty common fixed points set F = ﬂ;‘:] F(T;) and Y5 ujp < oo
foreachi=1,2,3,--- k. Let x| € C be fixed so that (x1,p) and (p,x;) are in E(G) for some
p € F.If for some | € {1,2,3,--- k}, T/" is semi-compact for some positive integer m, then the
iteration {x, } generated by x| with iterative scheme (1.3) such that {0; ,} C [6,1— 8] for some

0 € (0, %) converges strongly to a common fixed point of the family {Ti}f:l.

Proof. Fix m € {1,2,3,--- /k} and assume that 7,; is semi-compact for some s € N. Let p € F
such that (x1,p),(p,x;) are in E(G). It follows from (3.52(2)) and (3.52(3)) that {x,} is a

bounded sequence in C and

lim ||x, — Tpxn|| = O. (3.55)

n—yoo
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As {x,} is bounded, by the definition of semi-compactness, there exists a subsequence {x,; } of

{x,} such that for some z € C,

tim [lx,, ]| = 0. (3.56)

Since strong convergence implies weak convergence and using Remark 1.1, we have (x;, j,z) €
E(G). Now it is obvious that 7 is a fixed point of 7,,. By the G-asymptotically nonexpansiveness
of T; foreach i € {1,2,3,--- ,k}, and using (3.53) and (3.56), we have
[|Tiz — 2| < [|Tiz = T, || =+ [ Tiotn; — x| + [ — 2]
(3.57)
< (V4K ||z — x| + 1| Tixn; —Xn,]| — 0 as j — oo.
Thus, z is a common fixed point of the family {7;}%_; so that lim,_,« ||x, — z|| exists. Hence it

must be the case that
lim ||x,—z||] = O.
n—yoo

This completes the proof.

Our results generalize the results in the corresponding literature in two ways: first, Banach
spaces satisfying Opial’s property are very limited so that relaxing this property substantial-
ly generalizes the related results on the space with this condition. secondly, the class of G-
asymptotically nonexpansive mappings are more general than G-nonexpansive mappings as

well as asymptotically nonexpansive mappings.
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