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Abstract: In this paper we obtain some common fixed point results with Menger-Hausdorff metric for occasionally
weakly compatible mappings in PM space (Menger Space).
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1. Introduction

K. Menger [7] introduced the notion of probabilistic metric space, which is a generalization of the
metric space. The study of this probabilistic metric space was done mainly with the pioneering
works of Schweizer and Sklar [11, 12]. Generalization of such metric space appears to be well
adapted for the investigation of physical quantities and many more. It has importance in
probabilistic functional analysis and nonlinear analysis (see [3], [8], [9]). In 1972, Sehgal and
Bharucha-Reid [13] initiated the study of contraction maps and obtained a generalization of
Banach Contraction Principle on a complete Menger space or probabilistic metric space (shortly,

PM-space) which is an important step in the development of fixed point theory and fixed point
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theorems in this space.

Fixed point theorems, involving four self-maps, began with the assumption that all of the maps are
commuted. Sessa [14] weakened the condition of commutativity to that of pairwise weakly
commuting. Jungck generalized the notion of weak commutativity to that of pairwise compatible
[4] and then pairwise weakly compatible maps [5]. Jungck and Rhoades [6] introduced the concept
of occasionally weakly compatible maps.

Abbas and Rhoades [1] generalized the concept of weak compatibility in the setting of single and
multi-valued maps by introducing the notion of occasionally weakly compatible (owc).Also Abbas
and Rhoades [2] extended the idea of owc maps to hybrid pairs of single-valued and multi-valued
maps using a symmetric d derived from an ordinary symmetric d.

The aim of this paper is to obtain some common fixed point results for owc maps with Menger-

Hausdorff metric in PM space (Menger space).

2. Preliminaries

Definition 2.1[12]A binary operation *: [0,1]x[0,1] —[0,1] is a continuous t — norm if *
is satisfying conditions:

Q) * is commutative and associative;

(i) * is continuous;

(iii) a*x1=aforallae [0,1];
(iv) ax*b<c=*dwhenever a<cand b<danda,b,c,de[0,1].

Definition 2.2 [12] A mapping F: R - R™ is called a distribution function if it is non decreasing and left
continuous with inf{F(t):t € R} =0 and sup{F(t):teR}=1.
We shall denote by 3 the set of all distribution functions defined on [—oo, o] while H(t) will always

denote the specific distribution function defined by

_ (0, ift<0;
H(t)_{l, if t >1.

If X is a non-empty set, F: X x X — 3 is called a probabilistic distance on X and the value of F at

(x,y) € X X X isrepresented by F,, .
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Definition 2.3[12] A PM-space is an ordered pair (X,F), where X is a nonempty set of elements and F
is a probabilistic distance satisfying the following conditions for all x,y,z € X andt,s > 0,

Q) Fyy () = H(t) forall t > 0 ifand only if x =y,

(2)  Fey(D) = Fyx(b),

3 if Fxy(t) = 1&Fy,(t) = 1, then F, ,(t+5s) = 1.
The ordered triple (X, F,*) is called a Menger space if (X,F) isaPM-space * is a t-norm and the
following inequality holds:

Fyy(t+5) = (Fx (1), F,y (D)
forall x,y,z€ X and t,s > 0.
Let (X,d) be a metric space, CB(X) be the family of all nonempty bounded closed subsets of X and &
be the Hausdorff metric induced by d, that is,
6(A,B) = max {supxeAd(x, B), supyepd(y, A)},

forany A, B € CB(X), where d(x,A) = inf,c,d(x,y).
Let (X,F,*) be aMenger space and Q be the family of all nonempty probabilistically bounded -
closed subsets of X. For any A, B € Q, define the distribution functions as follows:
F(A,B)E) = Fpp(t) = supsc, * (infreasuPyesFey(s), infyesSupreaFry(s)),  stER,
P A)(E) = Foa(t) = supsesupyeaFey(s),  s,tER,
where F is called the Menger-Hausdorff metric induced by F.
Lemma 2.4[10] If a Menger space (X, F,*) satisfies the condition Fy ,(t) = C forall t > 0 with fixed
x,y € X.Thenwehave C =1 andx = y.
Lemma 2.5[16] Let (X, F,*) be a Menger space. Then forany A,B € Q andany x € A, F,p(t) =
Fup(t) forall t = 0.
Definition 2.6[1] Maps f: X — X and T: X — CB(X) are said to be weakly compatible if they commute
at their coincidence points, that is fx € Tx forsome x € X then fTx = Tfx.
Definition 2.7[1] Maps f: X — X and T:X — CB(X) are said to be occasionally weakly compatible

(owc) if and only if there exist some point x in X suchthat fx € Tx and fTx € Tfx.
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Example 2.8 Let (X, F,*) be a Menger space, where X = [0, 00) and

t
—, ift>0;
Fx,y(t) = {t + |X - Y|
0, ift=0.
Let A:X - X &B:X - CB(X) be single valued and set-valued maps defined by

_ (0, if x=0; _ ({03, if x=0;
AL = {xz, if x € (0, 0). B&X) = {{Sx}, if x € (0, 0).

Here, 0 and 3 are two coincidence points of A and B. That is A0 = {0} € B(0), A(3) = {9} € B(3),

but AB(0) = {0} = BA(0), AB(3) # BA(3). Thus A and B are owc but not weakly compatible.

3. Main Results

Theorem 3.1 Let (X, F,*) be a menger space. Let A,B: X = X and S,T: X — Q such that the pairs
{A,S} & {B,T} are owc. If
Fsyry = min{Fyypy . Faxsxr Faxpy - Fyrys Faxsx - Feyry: Faxry Frysx} (3.1)
forall x,y € X &t > 0.Then A4,B,S &T have a unique common fixed point.
Proof. Since the pairs {4,S} & {B,T} are owc, therefore, there exist two elements u, v € X such that
Au € Su,ASu € SAu and Bv € Tv,BTv € TBv. As Au € Su so AAu c ASu c SAu,Bv €
Tvso BBv c BTv c TBv
First we prove that Au = Bv.
We have Fuzy g2, = Fsauray -
Suppose that Fgsy 75, < 1. Then by (3.1)
Put x = Au,y = Bv
Fsaurey 2 min{F 2y p2, - Faausaw — Faausso - Fepvrewr  Famusau- Feaorew  Famursw  Fesvsaul
2 min{FSAu,TBv' FSAu,TBv: 1, ﬁSAu,TBv: FSAu,TBv}
= Fsaurpy » acontradiction.
Hence Au = Bv.
Also, Fpzuau = Fazupo = Fsauro
Now we claim that A%u = Au. If not, then Fs,y, 1, < 1.

Considering (3.1) for Au = x,y =v
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FSAu,Tv 2 min{F 2y, gy, - Fagu,sau Fpnupv - Fporv, Fpausau - Fporos Fasurv) Fpy,sau}
= min{FSAu,Tv' F'SAu,Tv; 1, FSAu,Tv; FSAu,Tv}
= Fsqury , Which is again a contradiction and hence A%u = Au.
Similarly, we can get B2v = Bv. If Au=Bv=zthen Az=2z=Bz, z€5z & z€ Tz
Therefore z is the common fixed point of A,B,S & T . Now suppose that 4, B,S & T have another
common fixed point z' # z. Then F, ;s = F,, g, = Fg, 1,1
Assume that Fg,;,» < 1. Thenby 3.1)for x =z & y =z,
Fspry 2 min{Fy, 5, - Fazszr Fazps - Foo'va's Fazsz- Fpo'ra's Fazre's Feaol sz}
2 min{Fp, 5,1, Fazps's 1 Fazpz's Fazpz'}
= F,,," »acontradiction.
Hence z = z'. Thus, A,B,S & T have a unique common fixed point.
Example 3.1.1 Let X = [0,4] with the metric d defined by d(x,y) = |x — y| and for each t € [0,1],

define

t
—, ift>0;
M@%0=*+k—w ‘
0, ift=20
forall x,y € X. Let (X,F,*) be a menger space. Let 4,B: X — X and S,T: X — Q such that the pairs

{A,S} & {B,T} are owc defined by

({2}, if0 <x<2; _{x, if0<x<2;
S(X)_{{o}, if2 < x <4 AK) =13 if2<x<4
: 2 if0 < x<2;

0O = {23, ifo<x<2; B(X) = "y NV=x=4
(43, if2 <x<4. T if2 <x<4.

Clearly all the conditions of the above theorem are satisfied. That is,

A(2) = {2} € S(2) and SA(2) = {2} = AS(2),

B(2) ={2} € T(2) and TB(2) = {2} = BT(2),
So, Aand S as well as B and T are owc maps. Also 2 is the uniqgue common fixed point of A, B, Sand T.
On the other hand, it is clear to see that the maps are discontinuous at 2.

Further, we have

S(X) ={0,2} is not a subset of B(X) = G 1] U {2}



468
PRIYANKA NIGAM, S. S. PAGEY

and
T(X) = {2,4} is not a subset of A(X) = [0,2] U {3},
which generalizes our result.
Theorem 3.2 Let (X, F,*) be a menger space. Let A,B: X = X and S,T: X — Q such that the pairs
{A,S} & {B,T} are owc. If
FSx,Ty = min{Fuypy , Faxsx, Feyry Faxry Fpysx} (3.2)
forall x,y € X &t > 0.Then A,B,S &T have a unique common fixed point.
Proof. Since the pairs {4,S} & {B,T} are owc, therefore, there exist two elements u, v € X such that
Au € Su,ASu € SAu and Bv € Tv,BTv € TBv. As Au € Su so AAu c ASu c SAu,Bv €
Tvso BBv ¢ BTv c TBv
First we prove that Au = Bv.
We have Fzy,p2y 2 Fsaurey -
Suppose that Fggy 75, < 1. Then by (3.2)
Put x = Au,y = Bv
Fsawrpy = min{F 42, g2, , Fapusau FpyTBY Fppu,Bvs Fgpv,sau}

> min{Fsaurpr L 1 Fsauree Fsaursv}

= Fspursy , @ contradiction.
Hence Au = Bv.
Also, Fpzuau = Fazupo = Fsauro
Now we claim that A%u = Au. If not, then F,y, 7, < 1.
Considering (3.2) for Au = x,y =v

Fspyro = min{F 2, p,, , Faausauw,  Feorv Fraurv Fgy sau}

> min{Fsaury, 1, 1 Fsauror Fsauro}
= Fspurv , Which is again a contradiction and hence A%u = Au.

Similarly, we can get B2v = Bv. If Au=Bv=zthen Az=2z=Bz, z€5z & z€ Tz
Therefore z is the common fixed point of A,B,S & T . Now suppose that 4, B,S & T have another

common fixed point z' # z. Then F,,» = F,, g, = Fg, 1,1
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Assume that Fg,;,» < 1. Thenby (3.2)for x =z & y =z’
FSZ,Ty 2 min{F, p,' s Fazsz» Fo'r2's Fazra's Fpa' sz}
2min{Fp, 5,7, 1, 1, Fazps's Faz '}
= F,, . » acontradiction.
Hence z = z'. Thus, A,B,S & T have a unique common fixed point.
Theorem 3.3 Let (X, F,*) be a menger space. Let A4,B : X = X and S,T: X — Q such that the pairs
{A,S} & {B,T} are owc. If

= . Fax, Tyt FBy,sx
FSx,Ty = mln{FAx,By ’ FAx,Sx' FBy,Ty' 2 } (3-3)

forall x,y e X&t > 0.Then A,B,S & T have a unique common fixed point.

Proof. Since the pairs {4,S} & {B,T} are owc, therefore, there exist two elements u, v € X such that
Au € Su,ASu € SAu and Bv € Tv,BTv € TBv. As Au € Su s0 AAu € ASu c SAu,Bv €

Tvso BBv c BTv c TBv

First we prove that Au = Bv.

We have F 2y g2, 2 Fsauray -

Suppose that Fgs, 75, < 1. Then by (3.3)

Put x = Au,y = Bv

P > minfF F F Faaurey + Fepo,sau
SAuTBy = Min{ A2y,B2p AAu,SAu » BBv,TBv» ) }

> min{Fsayrpe 1 1, Fsauree)
= Fsau 1y , @ contradiction.
Hence Au = Bv.
Also, Fpzuau = Fazupo 2 Fsauro
Now we claim that A%u = Au. If not, then F,y, 7, < 1.
Considering (3.3) for Au = x,y =v

Fa4 + F
=~ . u,Tv Bv,SAu
Fspyry = min{F 2, p,, Faausau » Fgy,1v) > }

= min{Fspy 1, 1, 1, Fsaurv}

= Fsauy , Which is again a contradiction and hence A%u = Au.
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Similarly, we can get B2v = Bv. If Au=Bv=zthen Az=z=Bz, z€5z & z€ Tz
Therefore z is the common fixed point of A,B,S & T . Now suppose that A4, B,S & T have another
common fixed point z’ # z. Then F,,» = Fy, g, = Fg, 1.

Assume that Fg,;,» < 1. Thenby 3.3)for x =z & y = 2.

FAz,Tz’ + FBZ’,SZ}

Fopry 2 min{Fa, 5,1, Fazsz) Fps' s, 2
2 min{FAz,Bz'l 1, 1 FAZ,BZ'}
= F4, . » @ contradiction.

Hence z = z'. Thus, A,B,S & T have a unique common fixed point.

Theorem 3.4 Let (X, F,*) be a menger space. Let A,B: X = X and S,T: X — Q such that the pairs

{A,S} & {B,T} are owc. If

Fax,sxt FByTy FaxTyt FBy,Sx} (3 4)
2 ’ 2 '

Fsxry = min{Fy, g, ,
forall x,y e X&t > 0.Then A,B,S & T have a unique common fixed point.

Proof. Clearly the result immediately follows.

Theorem 3.5 Let (X, F,*) be a menger space. Let A,B: X = X and S,T: X — Q such that the pairs

{A,S} & {B,T} are owc. If

™~ . 1+FAxSx 1+FByTy
F = min{F, F, —===|F : 3.5
Sx, Ty = { Ax,Byr “By,Sx |1+ FpyTy P PAXTY |14 Fax.sx } ( )

forall x,y e X&t > 0.Then A,B,S & T have a unique common fixed point.

Proof. Since the pairs {4,S} & {B,T} are owc, therefore, there exist two elements u, v € X such that
Au € Su,ASu € SAu and Bv € Tv,BTv € TBv. As Au € Su so AAu c ASu c SAu,Bv €

Tv so BBv c BTv c TBv

First we prove that Au = Bv.

We have Fz,, p2,, = Fsaursy -

Suppose that Fgsy 78, < 1. Then by (3.5)

Put x = Au,y = Bv

1 + FAAu,SAu] [1 + FBBv,TBv]
T, - |"TAAuTBY |7 |,

FSAu,TBv = mln{FAAu,BBv: FBBv,SAu [1 F,
+ Fppv,rBY

1+ Fpausau

= min{Fsay 18y, Fsaurpy: Fsaursv}
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= Fspurpy , @ contradiction.
Hence Au = Bv.
Also, FAZu,Au = FAZu,Bv 2 FSAu,Tv
Now we claim that A>u = Au. If not, then Fg4, 7 < 1.

Considering (3.5) for Au = x,y =v

1+ FAAu,SAu] [ 1+ Fpyro ]
—— | Faaurv |7

Fspy,mv = min{Fy 4y, py, FBU,SAu[ 11 F
+ Bv,Tv

1+ Faausau

= min{Fsau v, Fsaurvs Fsawrv}

= Fsgurv , Which is again a contradiction and hence A%u = Au.
Similarly, we can get B2v = Bv. If Au=Bv=zthen Az=2z=Bz, z€5z & z€ Tz
Therefore z is the common fixed point of A,B,S & T . Now suppose that 4, B,S & T have another
common fixed point z' # z. Then F, ,» = Fy, gt = Fg, 1,1

Assume that Fg,;,» < 1. Thenby (35)for x =z & y =z’

1+ FAZ,SZ 1+ FBZ’,Tz'
— =2 | P P
1+ FBZ’,TZ’ AxTz 1+ FAz,Sz

F sz72" = Min{Fy, g1, Fps' sz [
2 Min{Fa,p,', Fazpz's Fazpz'}
= F4,p," » acontradiction.

Hence z = z'. Thus, A,B,S & T have a unique common fixed point.

Theorem 3.6 Let (X, F,*) be a menger space. Let A,B: X = X and S,T: X — Q such that the pairs

{A,S} & {B,T} are owc. If

{FAx,By"' FAx,By -FAx,Sx+ FBy,Ty -FBy,Sx} (3 6)
3 .

Foxry =
forall x,y e X&t > 0.Then A,B,S & T have a unique common fixed point.

Proof. Clearly the result immediately follows.

Theorem 3.7 Let (X, F,*) be a menger space. Let A,B : X - X and S, T: X — Q such that the pairs

{A,S} & {B,T} are owc. If

) [ FAx,Sx- FBy,Sx+FAx,Ty- FBy,Ty] (37)

FSx,Ty =a FAx,By + (1 -—a 2

forall x,y e X,a >0&t > 0.Then A4,B,S &T have a unique common fixed point.



472
PRIYANKA NIGAM, S. S. PAGEY

Proof. Since the pairs {4,S} & {B,T} are owc, therefore, there exist two elements u, v € X such that
Au € Su,ASu € SAu and Bv € Tv,BTv € TBv. As Au € Su so AAu c ASu c SAu,Bv €

Tvso BBv ¢ BTv c TBv

First we prove that Au = Bv.

We have F 2y g2, = Fsauray -

Suppose that Fgsy 75, < 1. Then by (3.7)

Put x = Au,y = Bv

) [ Faausau - Fevsau + Faaursy - FeoTv]

Fspurpy = @ Fppyppy + (1 — >

> aFsuyrpe + (1 — O Fsaurpy
= Fsurpy , acontradiction.
Hence Au = Bv.
Also, Fpzyau = Fazupo 2 Fsauro
Now we claim that A>u = Au. If not, then Fg4y 7 < 1.

Considering (3.7) for Au = x,y = v

) [ Faausau - Fvsau + Faaurv - Fporvl
2

= Fspury , Which is again a contradiction and hence A%u = Au.

Fspuro = a@ Fapypy + (1 —a

Similarly, we can get B2v = Bv. If Au=Bv=zthen Az=z=Bz, z€5z & z€ Tz
Therefore z is the common fixed point of A,B,S & T . Now suppose that A4, B,S & T have another
common fixed point z' # z. Then F, ;s = F,, g, = Fg, 1,1

Assume that Fg,;,» < 1. Thenby 3.7)for x =z & y =z’

) [ Fazsz- FBz’,Sz+FAz,Tz’ : FBz’,Tz’]

Foprpr Z2aFypy+(1—a >

= F4, . » @ contradiction.

Hence z = z'. Thus, A,B,S & T have a unique common fixed point.

4. Conclusion:

In this paper, we define various results in Menger space for occasionally weakly compatible
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mappings. Our theorems extend and unify the existing results in the recent literature. Example is
constructed to support our result.
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