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Abstract. In this paper, we introduce generalized (1, ¢)-weakly contractive condition for four selfmaps
in which 1 is continuous and nondecreasing and ¢ is nondecreasing but not necessarily either continuous
or lower semicontinuous, and we prove a common fixed point result for four selfmaps in a complete metric
space. An example is given in support of the main result of the paper.
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1. Introduction

Alber and Guerre-Delabriere [1] introduced weakly contractive maps in Hilbert spaces
as a generalization of contraction maps, and established a fixed point theorem in Hilbert
space setting. Rhoades [11] extended this idea to Banach spaces and proved the existence

of fixed points of weakly contractive selfmaps in Banach space setting. Different types of
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weakly contractive maps have been considered in several works by different researchers in
[1], 2], [3], [4], [5], [6], [11] and [13] in order to establish the existence of fixed points.
Rhoades [10] can be taken as a good reference for a comprehensive work in different types
of contractive maps.
Definition 1.1. ( Rhoades [11]) Let (X, d) be a metric space. A mapping T : X — X is
said to be weakly contractive if d(Tx, Ty) < d(x,y) — ¢(d(x,y)) for all z,y € X,
where ¢ : [0,00) = [0,00) satisfying ¢ is nondecreasing, continuous and ¢(t) =0
if and only if t = 0.
Theorem 1.2. ( Dutta and Choudhury [6]) Let (X, d) be a complete metric space and
T:X — X be a selfmap satisfying the inequality
W(d(Tzx, Ty)) < Y(d(z, y))—¢(d(x, y)), where), ¢ :[0,00) — [0,00) are both continuous
and monotone nondecreasing functions with
W(t) =0=¢(t) if and only if t =0. Then T has a unique fixed point.
Theorem 1.3. ( Doric [5]) Let (X,d) be a complete metric space and
T, S: X — X be two selfmaps such that for all x,y € X
P(d(Tz, Sy)) <v(M(z, y)) —o(M(z, y)),
where
(a) ¥ :]0,00) = [0,00) is a continuous, monotone nondecreasing function with 1(t) = 0
if and only if t =0,
(b) ¢ :]0,00) = [0,00) is a lower semicontinuous function with ¢(t) =0
if and only if t =0,
(&) M(z,y) = max{d(z, y),d(Tz, 2),d(Sy, v), Hd(y, T2)+d(z, Sy)]}.
Then there exists a unique u € X such that u =Tu = Su.
Definition 1.4. ( Choudhury et al.[4] ) . Let (X,d) be a metric space and T be a
selfmap of X. T s said to be a generalized weakly contractive map if there exist maps

¥ 1 ]0,00) = [0,00) satisfying ¢ is nondecreasing, continuous and p(t) =0

if and only if t =0 and
¢ :[0,00) = [0,00) satisfying ¢ is continuous and ¢(t) = 0 if and only if t = 0 such that
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d(Tz, Ty) < Y(M(z,y)) — ¢(max{d(z,y), d(y,Ty)}) for all x,y € X, where
M(z,y) = mar{d(z,y), d(z,Tx), d(y,Ty), 3ld(z,Ty) +d(y, Tx)]}.
Note: A mapping ¥ mentioned in Theorems 1.2, 1.3 and 1.4 is called an altering
distance function. For more information on altering distance functions, we refer [9, 12].
Definition 1.5. (Jungck [7]) Let f and g be selfmaps of a metric space (X,d). A point
x € X 1s said be a coincidence point of f and g if fx = gz.
Definition 1.6. (Jungck and Rhoades [8]) Let f and g be selfmaps of a metric space
(X,d). The pair (f,g) is said to be weakly compatible if they commute at their coincidence
point, i.e., fgr = gfx whenever gx = fx, x € X.
Theorem 1.7. (Choudhury et al. [4]) Let (X,d) be a complete metric space and T a
generalized weakly contractive mapping of X. Then T has a unique fixed point.
Theorem 1.8. ( Choudhury et al. [4]) Let (X,d) be a complete metric space. Let f and
g be selfmaps of X. Suppose that there exist maps

¥ :[0,00) = [0,00) satisfying ¥ is nondecreasing continuous and )(t) = 0
if and only if t =0 and ¢ : [0,00) — [0, 00) satisfying ¢ is
continuous and ¢(t) = 0 if and only if t = 0 such that

d(fz,gy) < Y (M(z,y)) — o(m(x,y)}), for all z,y € X, where
M(z,y) = maz{d(z,y), d(z, fr), dy,gy), 3[d(x,gy) +d(y, fr)]} and
m(z,y) = maz{d(z,y), d(z, fz), d(y,gy)}, then f and g have a unique
common fized point. Moreover any fixed point of f is a fixed point of g and conversely.
Definition 1.9. ( Babu, Nageswara Rao and Alemayehu [2] ) Let f,g,S and T be selfmaps
of a metric space (X,d). We say that the pair (f,qg) is (S,T) generalized weakly
contractive if there exists a function
¢ :[0,00) = [0,00) satisfying ¢ is lower semicontinuous and ¢(t) = 0 if and only if t =0,
such that
d(fz,gy) < M(x,y) — ¢(M(x,y)) for all z,y in X,
where
M(x,y) = maz{d(Sx,Ty), d(fr,Sz), d(gy,Ty), 5ld(Sz,gy) + (fz,Ty)]}.
Theorem 1.10. ( Babu, Nageswara Rao and Alemayehu [2] ) Let f, g, S and T be selfmaps
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of a complete metric space (X,d) such that fX CTX and gX C SX and (f,g) is (S,T)
generalized weakly contractive pair. If one of the ranges fX,gX,SX and TX 1is closed,
then f,g,S and T have a unique common fixed point in X.

In all the above mentioned results, the authors used either continuity or lower semicon-
tinuity of ¢ in proving the fixed point results. Now the following question arises: “ Can
we replace the continuity or lower semicontinuity of ¢ by nondecreasing nature of ¢ 7 ”
In this paper we answer this question affirmatively.

Throughout this paper we denote by
U = {9 :]0,00) — [0,00) such that 1 is continuous and nondecreasing}

® = {¢:]0,00) = [0,00) such that ¢ is nondecreasing and ¢(t) =0

if and only if ¢ = 0}.
In this paper we introduce the following definition.
Definition 1.11 Let f,g,5 and T be four selfmaps of a metric space (X, d). If there
exist 1 € ¥ and ¢ € ¢ such that
B(d(fr. gy) < V(M (x,y)) = d(m(z,y)) for all 2,y in X, where
M(z,y) = max{d(Sz, Ty), d(fz,Sz), d(gy,Ty), 5d(Sz,gy) +d(fz, Ty)]},
and
m(z,y) = max{d(Sz, Ty), d(fz,Sx), d(gy,Ty)}.
Then the maps f, g, S and T are said to satisfy generalized (v, ¢)- weakly
contractive condition.
In section 2 we prove a common fixed point result for four selfmaps satisfying generalized
(¢, ¢) - weakly contractive condition in which ¢ need not be either continuous or lower
semicontinuous in a complete metric space.

An example is given in support of the main result of the paper.

2. A common fixed point of two pairs of weakly contractive maps
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Let f, g, S and T be selfmaps of a metric space (X, d) satisfying
fX CTX and gX C SX. (A)
Let g € X. By using (A) we can choose z; € X such that
Yo = fro =Tz
Corresponding to 1 € X we can choose x5 € X such that
Y1 = gr; = Sy, and so on.
In general, we can define sequences {z,} and {y,} in X such that
Yon = fx9, = T, and
Yonil = §Tons1 = STopio,n =0,1,2,--- . (B)
Suppose there exist ¢ € ¢ and 1 € ¥ such that
b(d(fz,gy)) < P(M(z,y)) — d(m(z,y)) for all z,y in X, (A
where
M(z,y) = max{d(Sz,Ty), d(fz,Sz), d(gy,Ty), 5ld(Sz,gy) +d(fz,Ty)]},
and
m(z,y) = max{d(Sz,Ty), d(fz,Sz), d(gy,Ty)}.
We denote: F(f,S)={z € X : f(z) = S(x) =} and

F(g9,T)={zr € X : g(x) =T(x) = x}.

Proposition 2.1. Let f, g, S and T be selfmaps of a metric space (X, d) such that
fXCTX, gX CSX;and f,g,S and T are (1, ¢) generalized weakly contractive maps.
Assume that (f,S) and (g,T') are weakly compatible.

Then F(f,S) # 0 if and only if F(g,T) # 0.

In this case, f, g, S and T have a unique common fixed point.

proof. First we assume that F(f,S) # 0. Let z € F(f,S), then

z=fz= 95z (2.1.1)
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Now, we show that z € F(g,T).
Since fX CTX there exists w € X such that

fz="Tuw. (2.1.2)
Then from (2.1.1) and (2.1.2) we get
fr=Tw=S8z=z (2.1.3)
Next we show that gw = 2.
Now by using (A') we have
U(d(z, gw)) = ¥(d(fz, gw)) < (M (z,w)) — ¢(m(z,w)), (2.1.4)

where

M(z,w) = maz{d(Sz,Tw), d(fz,Sz), d(gw,Tw), %[d(Sz,gw) +d(fz,Tw)]}

1
= maz{0, 0, dgw, 2), gd(z,gw)} = d(z, gw),

hence
M(z,w) = d(z, gw). (2.1.5)
and
m(z,w) = max{d(Sz,Tw), d(fz,Sz), dlgw,Tw)}
= max{0, 0, d(gw, z)} = d(z, gw),
so that

m(z,w) = d(z, gw). (2.1.6)

Using (2.1.5) and (2.1.6) in (2.1.4), we have

1/J<d(z7gw)) < ¢(d(279w)) - ¢(d(279w))7

which implies that

Hence

z = gw. (2.1.7)
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From (2.1.3) and (2.1.7) it follows that
gw =Tw = z. (2.1.8)

Since g and T" are weakly compatible, by (2.1.8) we have
gz = gTw =Tgw = Tz. Hence

gz =Tz (2.1.9)
Now, we show that
gi = -
From (A") we have
V(d(2,92)) = V(d(F2,92)) S V(M (2. 2) = dlm(z. ). (21.10)
where
M(z,2) = max{d(Sz,T?), d(fz, Sz), d(gz,T=), %[d(Sz, 92) +d(fzT2)]}
= maz{d(z,g2), 0, 0, S[d(z.2) + d(z,g2)])
~ d(z9).
so that
M(z,z) = d(z, g2). (2.1.11)
Also, it is easy to see that
m(z,z) = d(z,gz2). (2.1.12)

Therefore using (2.1.11) and (2.1.12) in (2.1.10), we have

P(d(z,92)) < ¢(d(z,92)) — o(d(z, 92)),
which implies that
¢(d(z,92)) =0

ie.,

z=gz. (2.1.13)
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Hence from (2.1.9) and (2.1.13) we have
z=gz="T=xz.

Therefore

F(g,T)#0 .

Hence, from (2.1.1) and (2.1.14),we have

F(f,5) € F(g,T).

Conversely assume that

Let z € F(g,T), then

On using similar steps as above we can show that

z € F(f,9).

Thus from (2.1.16) and (2.1.17) we get

F(g.T) € F(f.5)

(2.1.14)

(2.1.15)

(2.1.16)

(2.1.17)

(2.1.18)

Therefore from (2.1.15) and (2.1.18) we have F(f,S) = F(g,T), and f, ¢, S and T have

a unique common fixed point.

Proposition 2.2. Let f, g, S and T be selfmaps of a metric space (X,d) such that

fXCTX, gX CSX;and f,g,5 and T are (¢, ¢) generalized weakly contractive maps.

Then for each xy € X the sequence { y,} defined by (B) is Cauchy in X.

proof. Let o € X and {y,} be a sequence defined by (B). First we suppose that

Yn = Yns1 fOr some n .
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Let n = 2m, then Yo, = Yomr1-

Now, we have

M($2m+2,$2m+1) = max{d<sx2m+27Tx2m+l>7 d(f$2m+2755€2m+2)7 d(g$2m+17Tl’2m+1)7

1

§[d(SI2m+27 9Tam+1) + d(froms2, TTomy1)]}

= max{d(y2m+la me)» d<y2m+2> y2m+1)a d(y2m+17 y2m)7

1

§[d(y2m+17 Yom+1) + (A(Yom+2, Yom )|}

1
= max{0, d(Yom+2,Y2m+1), 0 75[0 + (d(Yom+2, Yom)] }
1
= maz{d(Yom+2; Yom+1), §d(y2m+2, Yom) }
1
<maz{d(Yam+2, Yom+1), §[d(3/2m+27 Yom+1) + A(Y2m+1, Yom)]}

1
= max{d(Yam+2, Yom+1) §d(y2m+27 Yom+1) }

= d(y2m+2 y Yom+1 ) .

Since

d(Yom+2, Yams1) < M (Tomi2, Tomy1)
we have

M(Tomi2, Tom+1) = d(Yom+2s Yom+1)- (2.2.1)
Also

m(x2m+2>372m+1) = maﬂf{d(5$2m+2,T$2m+1), d(fib“2m+2> S$2m+2)7 d(9$2m+1, T$2m+1)}
= max{d(Yom+1,Yom), AYo2m+2, Yom+1), A(Y2m+1, Yom)}
- max{(), d(y2m+2uy2m+1)7 O)}

= d(y2m+27 92m+1),

so that

M(Tam+2y Tomt1) = A(Y2m+2, Y2m+1)- (2.2.2)
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Now, from (A") we have

¢(d(y2m+2,yzm+1) = ¢(d(f$2m+2,g$2m+1))

(2.2.3)
<YM (T2my2; Tamr1)) — G(M(T2mi2-Tomi1))
Using (2.2.1) and (2.2.2) in (2.2.3) we get
V(d(Yomr2; Yom+1)) < V(A(Yamr2, Yoms1)) — O(d(Yamr2, Yome1)),
which implies that
o(d(yam+2, Yam+1)) < 0.
Hence
d(Yom+2, Yoms1) = 0,0.€., Yomi2 = Yom1- (2.2.4)
In a similar way it is easy to show that
Y2m+3 = Y2m+2- (2.2.5)
Hence from (2.2.4) and (2.2.5) we have y,+1 = Yn12.
Now by applying induction it is easy to show that vy, = y,.s for all K =0,1,2,....
Therefore, {y,,} is a constant sequence for m > n and hence
it is a Cauchy sequence in X.
Now we suppose that
Yo 7 Y. (2.2.6)

for all n.

Then from (A') we have

¢(d(y2n+2, y2n+1)) < ¢(M($2n+2, $2n+1)) - ¢(m($2n+2, 9C2n+1))a (2-2-7)
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where

M(I2n+2,1’2n+1) = max{d(sx2n+27 T$2n+1), d(f$2n+275$2n+2), d(9$2n+17T$2n+1)

1

§[d(5$2n+2, 9Tan+1) + d(front2, TToni1)]}

= max{d(y%ﬁ-la y2n)7 d(y2n+2a y2n+1)a d(y2n+17y2n)

1
5 [d(Y2n+1, Yont1) + d(Yont2; Yon)] }
1

= mazx{d(Yan+1, Y2n), A(Y2n+2, Y2n+1), éd(y2n+2; Yon) }

IN

maﬂf{d(?hnﬂ, y2n)> d(y2n+2, y2n+1),

1
a [d(y2n+27 y2n+1> + d<y2n+17 y2n)]}

2
< max{d(y2n+1, Yon), d(y2n+2, Yon+1), maw{d(y2n+z, Yon+1)s
d(92n+1, an)}}

= max{d<y2n+la y2n)> d<y2n+2> y2n+l)}-

(2.2.8)
Also we have
m<x2n+27 y2n+1) = max{d<y2n+17 an)v d(y2n+27 y2n+1)}' (229)
Hence from (2.2.8) and (2.2.9) we get
M(zan19, Tant1) = M(Tant2, Tont1).
If
max{d(y2n+1> y2n)7 d(y2n+27 y2n+1)} = d(y2n+2, y2n+1), (2-2-1())

then using (2.2.10) in (2.2.7) we get

¢(d(y2n+2a y2n+1)) < ¢(d(y2n+2, y2n+1)) - ¢(d(y2n+2, y2n+1)),

which implies that

A(d(Y2n+2, Yont1)) < 0.
It follows that

Yon+2 = Y2n+1,
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which is a contradiction with (2.2.6) Therefore,
mail?{d(yan, Yon), d(y2n+2a y2n+1)} = d(Yan+1, an)

and

Y(d(Yant2s Yant1)) < U(d(Yant1,Y2n)) — O(d(Yans1,Y2n)) < Y(d(Yant1, Y2n))-

Since v is nondecreasing we have

d(y2n+2ay2n+l) < d(y2n+17y2n)' (2211)

Similarly we can show that

d(Yon+3, Yont2) < d(Yon+2, Yont1)- (2.2.12)

Therefore, from (2.2.11) and (2.2.12) we have

d(?/n-i—?v yn-i-l) < d(yn+17 yn)

forn=20,1,2,3,....

Hence the sequence d{(yn+1,¥yn)} is a nonincreasing sequence of nonnegative real numbers

and hence it converges to some real number § (say), 6 > 0.

Now, we show that 6 = 0. Suppose
§ > 0. (2.2.13)

Since
M($2n+27$2n+1) = m($2n+2,$2n+1) = d(y2n+17y2n)

from (2.2.7) we have

U(d(Yant2, Yont1)) < V(A(Yans1, Y2n)) — O(d(Y2nt1, Y2n)), (2.2.14)

which implies that

A(d(Yan+1,Y2n)) < V(d(Y2nt1, Y2n)) — V(d(Yont2, Yoni1))- (2.2.15)

Since the sequence {d(Yn+1,¥n)} is nonincreasing it follows that

5 S d(y2n+1a y2n)>
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for all n. Since ¢ is nondecreasing, ¢(0) < ¢(d(yan+t1,y2n)) for all n. Therefore we have

0 S ¢(5) S ¢(d(y2n+17 an)) S ¢(d(y2n+17 y2n)) - ¢(d(y2n+2,ygn+1)). (2216)
On taking limits as n — oo in (2.2.16)and using the continuity of ¢ we get
0<¢(d) < Jim P(d(Y2n+1, Y20)) < 0. (2.2.17)

Thus we have

¢(9) = 0 which implies that § = 0, a contradiction with (2.2.13). Therefore
5 =0. (2.2.18)

Next, we show that the sequence {y,} is a Cauchy sequence in X. It suffices to show that
{yan} is a Cauchy sequence in X. Suppose that {ys,} is not a Cauchy sequence. Then
there exist € > 0, and sequences of even positive integers {2my}, {2ns} with 2my > 2n; >

k for each positive integer k such that
A(Yamy > Yan,) = €. (2.2.19)

Let 2my, be the least positive integer exceeding 2n;, and satisfying (2.2.19). Then we have

d(y2mk7 yan) Z 67

and
d(Y2my—2, Yan, ) < €. (2.2.20)

Now, we prove that

<Z> kh—>Holo d(Qka, y2nk) =6 (ZZ) kh—>r£10 d(?/Qm;ﬁ-b y2nk) =6
(i) klglc}o d(Y2mys Yany—1) = €, and (iv) ;}LIEO A(Y2my+15 Yon,—1) = €.

Since the proof in each case is similar, we prove (i). By (2.2.19), we have

€ < d(Yamy., Yan,)
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for all k, we have
€ < lim d(yam,,, Yan, )- (2.2.21)
k—o00

For each positive integer k, by the triangle inequality and (2.2.18) we get

A(Yomy s Yony,) < A(Y2mys Yomy—1) + AY2my—1, Yome—2) + A(Y2my,—25 Yon,,)
< d(Yomy s Yomp—1) + A(Yomp—1, Yom,—2) + €.

On taking limits as £ — oo we have

lim d(Yam,, Yon,) < €. (2.2.22)
k—ro00

Therefore, from (2.2.21) and (2.2.22) klim d(Yom, , Y2n, ) = €. Now we have
— 00

M(x2nk7 Izmk+1) = maI{d(sznk,szmkH), d(f$2nk, sznk)7 d(9$2mk+17 Tl‘2mk+1),

1

5[d(S@an,, 9T2my+1) + d(f2ns, TO2m1)]}

= max{d(ankfla y2mk)> d(yana y2nk,1)7 d(y2mk+1 ) y?mk)a

1

§[d(y2nk71, Yomp+1) + A(Y2ny s Yo, )]

= maI{d(y%k—hmek), d(ank,y2nk—1), d(mek+1,y2mk)7

1
§[d(y2nk—1, Yomt+1) + d(Yany s Yom,, )] -
On taking limits as k — oo we get
klim M (x9p,,, Tom,+1) = maz{e, 0,0, e} = €. (2.2.23)
—00
Similarly we can show that
lim m(xaop, , Tom,+1) = €. (2.2.24)

k—o0

Now putting & = x9,, and y = Zay,, 11 in (A") we obtain
¢(d(y2nka y2mk+1)) = ¢(d(fx2nkvgx2mk+1)> < ¢(M($2nk7$2mk+1)) - ¢(m($2nk,$2mk+1))'
This implies that

o(m(zany,, Tamy+1)) < P(M (T, Tamy11)) — V(A (Yany,, Y2my+1))-
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Since lim M(xop, , Tom,+1) = €, Um d(Yam,+1, Yon, ) = €,
k—oo k—oco

and klim m(Tan, , Tom,+1) = €, we have %e < m(xap, , Tam, +1) for sufficiently large k.
—00
Since ¢ is nondecreasing we have 0 < ¢(1e) < ¢(m(wap,, Tam,+1)) for sufficiently large k.

Hence we have

0< ¢(é€) < d(m(@an, ), Tomp11)) < WM (T2n,, Tam41)) — V(A(Yony, Yomp+1))

for sufficiently large k.
On taking limits as k — oo and using (2.2.23), (2.2.24) and the continuity of ¢ in the last

inequality we get

ogwgwum¢mummMM»

T k—oo

< lim (1/J(M(3C2nk, flfzmkﬂ)) - w(d(?hnk, y2mk+1))

T k—oo
— (€) - (e) = 0.
Hence we have

(=€) =0.

1
2
Hence by the properity of ¢, we have ¢ = 0, a contradiction with € > 0.

Therefore {ys,} is a Cauchy sequence so that {y,} is a Cauchy sequence.

Theorem 2.3. Let f, g, S and T be selfmaps of a complete metric space (X,d) such
that fX CTX, gX C SX. Assume that f, g, S and T are generalized (¢, ¢) - weakly
contractive maps. If the pairs (f,S) and (g,T) are weakly compatible and one of the
ranges fX,9X,SX and TX is closed, then for each xg € X the sequence {y,} defined by
(B) is Cauchy in X and nlljglo Yn = 2 (say) and z is a unique common fized point of f, g,

S andT.

Proof. Let 2y € X. By proposition 2.2, the sequence {y,} befined by (B) is Cauchy in
X. Since X is complete, there exists z € X such that lim y, = z.
n—oo

Thus clearly

lim yo, = lim fzo, = lim T29,11 = 2,
n—oo n—oo n—oo
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and

Jim onss = Jim g = im Sz ==
Case (7): Suppose that SX is closed.

In this case, z is in SX and hence there exists

u € X such that

Su = z.

Now, we show that fu = z. Suppose fu # z.

Now

M(U7$2n+1) = max{d(SU,sznH), d(fua SU); d(9$2n+1,T952n+1)7

1

2
and on taking limits as n — oo we have

lim M (u, x9,11) = d(fu, 2)

n—oo

Similarly it is easy to see that

lim m(u, xon11) = d(fu, 2).
n— oo

Using (A"), we have

w(d(fu7 gx2n+1)) < w(M(ua x2n+1)) - (b(m(uv x2n+1))7

which implies that

p(m(u, Ton11)) < Y(M(u, Tant1)) — P(d(fu, gTani1))-

Since

lim m(u, xon11) = d(fu, 2),
n—oo

we have

1
§d(fu7 Z) é m(u> x2n+1)

for sufficiently large n. Since ¢ is nondecreasing we get

0 < 6(5d(fu,2)) < B(mlu 720 11))

—[d(SU, gx?n-&-l) + d(fuv TI?TH-l)]}

(2.3.1)

(2.3.2)

(2.3.3)

(2.3.4)

(2.3.5)
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for sufficiently large n and hence we have

0= 6(3d(fu,2)) < Bt 22041)) < UM, 22011) = (At g11))

for sufficiently large n. On taking limits as n — oo using (2.3.3), (2.3.4) and the continuity

of Y we get,

0< ¢(ld(fua z)) < lim ¢(m(u, vang1)) < lim (P(M (u, 12011)) — P(d(fu, gr2011))) = 0.

2 n—oo n—oo
Hence we have
1
0 < é(5d(fu.2)) < 0.

It follows that ¢(d(fu,z)) = 0 so that d(fu,z)) =0, and hence fu = z , a contradiction
with the assumption fu # z.
Therefore fu = z. Since f and S are weakly compatible we have
fz= fSu= Sfu=Sz. Therefore,
fz= 8z (2.3.6)

Now, we show that fz = z. Suppose that fz # z.
We have

M (z,2941) = max{d(Sz,Tron11),d(fz,5%2), (9T2m+1, TTon+1),

1

§[d(SZ, gw2n+1) + d(fZ, Tl'2n+1>]}

and on taking limits as n — co we have

ILm M(z,x9,41) = d(fz,2). (2.3.7)
Also we have
ILm m(z, Tont1) = d(fz,2). (2.3.8)
Now, from (A") we have
w(d(fZ, g$2n+1)) S ¢(M(Za x2n+1)) - ¢(m(ua x2n+1)) (239)

which implies that

(m(z, Tant1)) < P(M (2, 22041)) — ¢(d(f2, gT2041))-
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Since

lim m(u, xon11) = d(fu, 2),
n—oo

it follows that

1
§d(f2, z) < m(z, Tont1)

for sufficiently large n. Since ¢ is nondecreasing we have

0< 6(3d(f22)) < D(m(z,220.)

for sufficiently large n. So we have

0= 0(3(f22)) < Dz, 2011) < G (2, 2010)) = DA, g2011)

for sufficiently large n. On taking limits as n — oo using (2.3.7), (2.3.8) and the

continuity of ¢ we get

n—0o0 n—oo

0< czﬁ(%d(fz, 2)) < lim @(m(z, xan41)) < lm (P(M (2, 2an11)) = P(d(f2, gT2n11))) = 0.

Hence we have
1
(b(éd(fza Z)) = 07

which implies that
d(fz,z) =0, that is fz = z, a contradiction with fz # z.

Hence

fz=z (2.3.10)

Therefore from (2.3.6) and (2.3.10) we have z = fz = Sz.

By proposition 2.1. F(g,T) # 0 and z € F(g,T).

Hence z = fz =92 =Sz ="T=z.

Case (ii): Suppose that gX is closed.

In this case z € g X C SX, which implies that z € SX and hence the proof follows as in
case (i).

For the cases T'X is closed and fX is closed we follow the arguments similar to the cases

of SX is closed and ¢gX is closed respectively.
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This completes the proof of the theorem.

Corollary 2.4. Let f, g, S and T be selfmaps of a complete metric space (X, d) satisfying
fX CTX and gX C SX. Assume that the maps f, g, S and T satisfy the following
condition there exists ¢ € ® such that

d(fx,gy) < M(x,y) — ¢p(m(x,y)) for all z,y in X, where

M(z,y) = maz{d(Sz, Ty), d(fz,Sx), dlgy,Ty), 5ld(Sz,gy) +d(fz,Ty)]},

and

m(x,y) = maz{d(Sz, Ty), d(fz,Sx), d(gy,Ty)}.

If the pairs (f,S) and (g,T) are weakly compatible and one of the ranges fX,gX,SX and
TX is closed, then f,g,S and T have a unique common fixed point.

Proof. Follows by choosing 1) as the identity mapping on [0, co) in Theorem 2.3.

Corollary 2.5. Let f and g be selfmaps of a complete metric space (X,d). Suppose that
there exist v € ¥ and ¢ € ® such that

P(d(fr, 9y)) < (M(z,y)) — ¢(m(z,y)) for all z,y in X, where

M(z,y) = maz{d(z,y), d(z, fr), d(y,gy), 3ld(z,gy) +d(y, fo)]},

and

m(z,y) = maz{d(z,y), d(z, fr), d(y,gy)}.

Then f and g have a unique common fixed point.

Proof. Follows by choosing T'= S = Iy (Ix, the identity map on X) in Theorem 2.3.

Now we give an example in support of Theorem 2.3.

Example 2.6. Let X = [0, 1] with the usual metric and let f, g, S and T be selfmaps on
X defined as follows
if0<z<1

1 1
) f— —2 fl': 27
1 1, if x =1,
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0, if0§x<%and%§:c§1 1, if0§x<%
—J 1 1 D B T 1
Se=q 1 ife=1 and Tx =9 5. if =3
1, if j<xz<?3 5, if 3 <a <l

We define ¥, ¢ :[0,00) — [0,00) by
P(t) =13 t>0 and

Loafo<t<l1
ot) =49 5, ift=1
%, if t>1.

Then ¢ € ¥ and ¢ € ® and the maps f, g, S and T are (Y, ) generalized weakly
contractive so that f, g, S and T satisfy all the hypotheses of Theorem 2.3. and f,
g, S and T have a unique common fixed point % Here we note that ¢ is not a lower

semicontinuous function.
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