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1. Introduction

We all know, fixed point theory is one of the active research areas in mathematics. It focuses
on the study of fixed points of mappings satisfy certain contractions in abstract spaces. In 1922,
Banach proved the Banach theorem. The theorem is one of the main tools in fixed point theory,
also, it is a very effective tools in solving existence problems in many branches of mathematical
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analysis and engineering. So fixed point theory has many applications in various branches of
mathematics and branches of science.

The notion of b-metric space was introduced by Bakhtin in[1]. Since then, many actions
generalized the b-metric spaces(see [2], [3], [4]). Recently, Ma and Jiang[5] introduced the
concept of a C* algebras-valued b-metric spaces,and they obtained the basic fixed point theo-
rems for self-map with contractive condition in C* algebras-valued b-metric spaces. In 2016,
Kamranetal [6] also introduced the concept of this space, and generalized the Banach contrac-
tion principle on this space.

Gao and Lakshmikantham([7] introduced the concept of coupled fixed point. Since then,
many pursuers investigated coupled fixed point theorems in ordered metric spaces[8-11]. Re-
cently, NidhiMalhotra and BineluBansal[12] studied some coupled fixed point theorems for
generalized contraction in b-metric spaces.

In this paper,we will establish the existence of common coupled fixed point and prove com-
mon coupled fixed point theorem for generalized contractive mappings in C*-algebras-valued

b-metric spaces. Our results generalize some known results in b-metric spaces.

2. Preliminaries

In this section, we recall some basic definitions ,notations and results of C* algebras, which
will be used in the sequel. The details of C* algebras can be found in [3].

Let A be an algebra. An involution on A is a conjugate linear map a — a™ such that
(a*)* = a and (ab)* = a*b* for all a,b € A. The pair (A, =) is called a *-algebra. A =-algebra
A together with a complete substantiative norm such that ||a*|| = ||a]| is said to be a Banach
x-algebra. Furthermore, if we have ||a*a|| = llall? in Banach x-algebra for all a € A, then A is a
C*-algebra. An element a of a C*-algebra is positive if a = a* and o(a) C [0, + o), where o (a)
is the spectrum of a, and o(a) = {1 € R: Az —a is not invertible}, where I is identity element
of C*-algebra. Every positive element a of C*-algebra A has a unique positive square root, and

denote by A, be the set of positive elements, where 0.7 > a, 04 is the zero element in A.
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we define a natural partial ordering < with respect to A by x <y if and only if 07 > y — x.
Let A = {ae A:ab=>ba,¥b e A}and ﬂ; =A:N A Now we give some basic concepts and

results, which will be needed as follows.

Definition 2.1. (see[13]) Let A always be a C*-algebra. X be a nonempty set. Let b€ A be
such that ||b|| > 1. Suppose that the mapping dj : X X X — A is defined with the following
properties hold for all x,y,z € A is a real Banach space in which an operation of multiplication
is defined,subject to the following properties ,for all x,y,z € A,a € R:

1. dp(x,y) > 075

2. dp(x,y) =0ifand only if x =y;

3. dp(x,y) = dp(y, x);

4. dp(x,y) < bldp(x,2) +dp(z, x)].

then dj, is said to be a C*-algebras-valued b-metric mapping on X , and the triplet (X, A,dp)

is called a C*-algebras-valued b-metric space with coefficient b.

Remark 2.2. From/[3], we know that a C*-algebras-valued b-metric space are not C*-algebras-

valued metric spaces.

Definition 2.3. (see[3]) Suppose that (X, A,dp) be a C*-algebras-valued b-metric space, let
x € X and {x,} is a sequence in X.

1.{x,} converges to x whenever for every ¢ > 0 , there is a natural number N such that
lldp(xn, X)|| < ¢ for all n > N.we denote this by nll)rglo Xy = X or x, — x(n —x);

2.{xp} is a Cauchy sequence whenever for every ¢ > 0 , there is a natural number N such that

\ldp(xp, X)I| < ¢ for all n,m > N;

3. (X, A,dp) is a complete cone metric space if every Cauchy sequence is convergent.

Definition 2.4. (see[14]) An element (x,y) € X X X is called a coupled fixed point of mappings
F:XXX—->Xifx=F(x,y)andy = F(y,x)

Definition 2.5. (see[14]) An element (x,y) € X X X is called

(1)a coupled coincidence point of mappings S, F : XXX — X, if

S(x,y) = F(x,y),S(y,x) = F(y,x);
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(2)a common coupled fixed point of mappings S,F : XXX = X, if
x=8(x,y) =F(x,y),y=S@x) =F(,x.

Lemma 2.6. (see[1,3]) Suppose that A is a uncial C*-algebras with a unite 1.
(1) if a e Ay, with ||a|| < %, then Iz — a is invertible and |la(Il# —a)™ || < 1;
(2) suppose that a,b € A,with a,b > 6 andab = ba,then ab > 6;

(3)letac A, if b,ce Awithb>c>0g, and (Igq—a) € fﬂ; is an invertible operator , then
(I# —a)_lb > (4 —a)_lc.
Lemma 2.7. (see[1]) the sum of two positive elements in a C*-algebras is a positive element.

Remark 2.8. From Lemma 2.1, we know that a bldp(x,z) +dp(z,y)] is a positive element.

3. Main Results

Theorem 3.1. Let (X, A,dp) be a complete C*-algebras-valued b-metric space.Assume that the

mappings S,T : X — X satisfies the following contractive condition:

dp(x,u) +dp(y,v) N dp(x,S (x,y))dp(u, T (u,v)) N dp(u, S (x,y))dp(x, T (u,v))
2 T+dy)+dyy) 0 1+ dp(xu)+dp(rv)

dp(S (x,y), T(u,v)) <«

for all x,y,u,v € X and a.,B,y > 0, with |l < 1, 1bllllall + 1181l < LI +Iyll < 3, then S and T
have a unique common coupled fixed point in X.
Proof: Let xq,yo be any two arbitrary points in X, set xor+1 =S (xX2k, yor) and yor+1 =S (Vor, X2k),

X2k+2 = T (X2k+1,Y2k+1) and yor+2 = T(Yok+1, X2k+1), where k=0,1,2,---, then we have

dp(X2k+1, X2%+2) = dp(S (X2, Y26), T (X241, Y2k+1))

adb(xzk, X2k+1) + dp(Y2k> Y2k+1) N IBdb(XZk» S (21> Y2r))dp (X241, T (X2k+15 Y2k+1))
B 2 1+ dp(x2k, X214+ 1) + dp(Y2ks Y2r+1)
dp(x2k+1,S (X2k, Y2u))dp(X2ks T (X2k4 15 Y2k+1))
1+ dp(x26, X2k41) + dp(Var> Yor+1)
N dp(Xok> X2k+1) + dp(Y2k Y2k +1) dp (XK, X2k+1)dp(X0k+15 X2k+2)
2 1+ dp(x2, X2k+1) + dp(Y2k> Y2k+1)
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dp(X2k+1, X2%+1)dp(X2k 5 X2k+2)

(3.1)
1+ dp(x2%, X2%41) + dp(Y2k, Y2k+1)
_ dp(X21, X2k41) + dp(Y2r> Y2k+1) dp(X2k, X2%4+1)Ap(X2k 415 X2k+2)
2 1 +dp(x2k, X2641) + dp(Yoks Yok+1)

o (04
< Edb(XZk» Xok+1) + Edb()’Zk,kaH) + By (X24+1, X2k+2)-

From which it follows:

dp(Xok, Xok+1)  dp(Yok, Y2k+1)
a +a )

(3.2) (La = B)dp(X2k+1,X2k+2) < 3 5
Similarly

d d
(3.3) Ua—B)ds(Vaes1,yoess) < @ b(yzk,y2k+1)+a b(x2k,x2k+1)'

2 2

From (3.1) and (3.2), we get

(3.4) (Ua-Pldp(xok+1,X2k+2) +dp(Vor+1,Y2%+2)] < aldp(Xok, X2k+1) + dp(Yors Y2k+1)]-

Since B € ﬂ;, moreover from the condition ||B|| < % then by Lemma?2.1, it follows that 1 7 —f3
is invertible.

By multiplying in both side of (3.3) by (Ia—B)~", we arrive at

(3.5)  dp(xoks1, X2k42) + dpVors1,y2%42) < (T —PB) " aldp(xak, Xax+1) + dp(Var, yaks1)].

Furthermore we can obtain similarly:

dp(X2k+1,X2%42)  dAp(Y2k+1,Y2k42)
o 2 +a 2 .

(3.6) (Ua—PB)dp(x2p12,%2%43) <

and

dp(Vok+1,Y2%+2)  dAp(X2ks1, X2%42)
o 2 +a 2 .

3.7 (Ua=PB)dp(yok+2,y2%43) <

Adding (3.1) and (3.2), we get

(3.8) (Ia =P dp(x2k+2, X2k+3) + Ap(Y2k+2,Y2%+3)] < aldp(Xok+1, X2k+2) + dp(Vok+1,Y24+2)]-

By multiplying in both side of (3.7) by 14— B,we arrive at

(3.9)dp(x2k+2, Xok+3) + dp(Vors2,y2u43) < (La—B) " aldp(xors1, X2k+2) + dp(Vars 1, V2ks2)]-
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from (3.4) and (3.5), we have

(04

(3.10) dp(Xn, Xp1) +dp(Yn, Ynar1) <
Ia-p

[dp(xXn-1,%n) + dp(Yn-1,Yn)]
Denote 1, = dp(xy, Xp+1) + dpVn, Yne1), h = ﬁ,then by (3.9), we have
Mo < Moy Sy g <+ < o

If no = 0.4,then from definition 2.1, we easily know that (xg,yo) is a common coupled fixed point
of the mappings S and T. Now,we set no > 0, and set n,m € N with m > n, by using Definition

2.1, it following that:

db(xn’xm) < b[db(xnaxn+l)+db(xn+l’xm)]
< bdp(Xns Xt 1) + b2 dp(Xns 1, Xn12) + dp(Xns2, Xom)
< bdp(xp, Xpe1) + b2yt 1, Xns2) + -+ D" (X2 Xine1) + B (X1, Xom).

Similarly, we can obtain

(3.11) dpnsYm) < bdpYusYni1) + D dp(Vns 1, Yni2) + -

+ D" 2, o) + BT Y1 Ym)-
Hence, adding (3.10) and (3.11), we have

dp(xp, Xm) +dp(Yn, ym) < bnp+ b277n+1 +e+ bm_n_lnm—Z + bm_n_lnm—l

S bhnno + b2hn+ln0 4ot bm—n—lhm—Zno + bm—n_lhm_lno-
-2
_ me: bi—nhi bm—n—lhm—l
= no+ uly
i=n
Lol

m-2
.1 1 . 1
i—n,s i 5 5,4 —n—1,m=l 5 m=1
= b Bk + b R T pingh
i=n

m=2 . i L m=1 L
b > B R P + I R P

i=n

IA
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m—2 ] | |
i— i > o m=1 1
(3.12) < 1BIY NP lng 1P L+ 16" W 1P P L
i=n
1 2 . 1
< 1BIM "GP > Wb L + Wbl 3 I IDRIP™ ™ L.

i=n

by the condition,||b|| > 1, ||b||l|le|| +|8Il < 1. So dp(xpn, Xm) + dp(yn, ym) = O, as m,n — co. Hence,
{xn} and {y,} are Cauchy sequences in X. Since X is a complete space, there exists x*,y* € X such

that x, — x* and y,, — y* as n — co. Now we will prove that x* = S (x*,y*) and y* = S (y*, x").

dp(x*, 8 (x",y)

IA

bldp(x*, x2k+2) + dp(x2k+2, S (x*, )]

IA

bdp(x", xox12) + bdp(T (X241, y2%+1),S (X7, y%))
dp(x2k11,X) + dp(Y2k+1,Y)
2

dp(x", S (X", Yy INdp(xX2k+1, T (X2k+15Y2k+1))
1 +dp(x2k41, X°) + dp(y2r+1, )

dp (X211, 8 (X°, Yy Nep(x*, T (X441, Y2k+1))
1+ dp(x2k+1,X°) + dp(y2r+1, ")

dp(xX2k+1,X") + dp(V2k+1,Y")

2

dp(x*, S (X", y*)Ndp (X241, X2k+2)

L+ dp(xok+1,X) + dp(Yor+1, ")

dp(x2k+1,S (X°, Yy Ndp(x*, X042)

1 +dp(x2k41, X*) + dp(yors1,Y*) |

IA

bdy(x*, xok4+2) + b

+ bB

+ by

IA

bdy(x*, xp142) + ba

by taking k — oo, we have dp(x*,S (x*,y*)) <0, so dp(x*,S (x*,y*)) = 0 That is, x* = §(x*,y").
Similarly, we can prove that y* = S(y*,x*). We can similarly prove that x* = T(x*,y") and
y* =T(*,x%). Therefore, we have obtain that (x*,y*) is a common coupled fixed point of S and
T.

Now we show that S and T have a unique common coupled fixed point. Let (x,y) € X — X be

another common coupled fixed point of S and T ,then

dp(x", ) dp(S (x",y"), T(x,y))

adb(X*,X) +dp(y*,y) N bﬁdb(X*aS ",y Ndp(x, T (x,y))
2 1 +dp(x*,x) +dp(y*,y)

IA
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dp(x,S (x*,yNdp(x*, T (x,y))
1 +dp(x*, %)+ dp(y*,y)
adb(X*,x)+db(Y*,)’)+b dp(x*, x*)dp(x, x)
2 1 +dp(x*, x) +dp(y*,y)
dp(x, x*)dp(x*, x)
T+ a0 + dy5™,)
adb(X*,x) +adb(y*,y)
- 2 2

(3.13)

+ydp(x*, x).

So (Ia—5 —y)dp(x*,x) < ad"(yT*’y)

by the condition II%II +|lyll < % and Lemma?2.1, it follows that [ — % —v is invertible, then and

(04 o o
3.14 dp(x*,x) < (a——=—-y) ' =dpy(y",y) = —————d,(¥", y).
(3.14) p(X", %) Ua=Z =) 5dpb(y".y) n—a—2y »(,Y)

Similarly we can easily prove that

. (04 1@ ,
(3.15) dpy",y) < Ua=75 =97 5dp(x"0)
@
= ——dp(x", ).
2lq—a -2y b %)

Adding (3.12) and (3.13), we have
db(X*’x) +db0/*’y) < m[db(X*’x)-i—db(y*’y)]
By the condition ||%|| +lyll < %, we have |||l + |12yl < 1. So ||la|| + |yl < 1, then we get

21z -2a —-2y)dp(x*, x) +dp(y*,y)] £ 0. So dp(x*,x)+dp(y*,y) =0. That is x = x* and y = y*.

Corollary 3.2. Let (X, A,dp) be a complete C*-algebras-valued b-metric space. Assume that
the mapping F : X — X satisfies the following contractive condition:

dp(x,w) +dp(y,v) o dp(x, FCo )y, Fu,v)) | do(u, F(x, y))dp(x, Fu,v))

d(F(x.y), Fuv) <@ 2 L+ dyoum) +dyry) 0 1+ dp(x ) +dp(y,v)

for all x,y,u,ve X and a,B,y >0, with ||B|| < %,||b||||a|| + 18]l < Lllell + |Vl < 1, then F have a
unique coupled fixed point in X.

Proof: Take S =T = F In Theorem 3.1, we can obtain the conclusion.

Theorem 3.3. Let (X, A,dp) be a complete C*-algebras-valued b-metric space.Assume that the

mappings S,T : X — X satisfies the following contractive condition:

db(X,u)+db(y’V) db(X,S(X,Y))db(M,F(”N)) o
dp(S (x,y), F(u,)) s{ T A PG R S G casdoe D #0

0, ifD=0
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forall x,y,u,veX, where D = D(x,y,u,v) =bldp(x, F(u,v))+dpu,S (x,y))+dp(x,u) +dp(y,v)],and
a,B >0, with ||8]| < %,llbafllll,BII <1, then S and F have a unique common coupled fixed point in
X.

Proof: Let xq,yo be any two arbitrary points in X, set xor+1 =S (xX2k, y2r) and yor+1 =S (Vor, X2k),
Xok+2 = F(xok41,y2%+1) and yops2 = F(yors1,X2k+1), where k =0,1,2,---, we can assume that

D1 = D(x2k, Y2k, X2k+1,Y2k+1) # 0, and Do = D(yok, X2k, Y2k+1, X2k+1) # O then we have

dp(X2k+1, X2k42) = dp(S X2k, Y21)s F (X2k41,Y2k41))

adb(XZk,xzkH)+db()’2ka)’2k+1) B dp(x2k, S (X266, Y21 ))Ap (XK 415 F (X2k 41, Y2k 41))
- 2 bldp(x2x, X2k+2) + dp(X2k, X2k 41) + dp Y2k, Y2k+1)]
d , d ,
< b(X2k x2k+1);r b(V2k> Y2k+1) By (Xan 1 Xoks).
So
(04 o
(3.16) (1 =B dp(x2k4+1, X2k42) < Edb(XZk,x2k+1) + Edb()’2k,)’2k+1)-

Similarly,we can easily prove that

a

(3.17) (I =B)dp(yok+1,y2%+2) < >

a
dp(yY2k, Yok+1) + Edb(x2k, X2k+1)-

adding (3.14) and (3.15), we have

(1 =Pldp(x2k+15 X2%42) + dp(V2k+1,Y2k42)] < @ldp(Yors Y2k+1) + dp(x2k, X2k 41)]-

Since g € ?(:r, moreover from the condition ||B|| < % then by Lemma?2.1, it follows that 14— is
invertible. Now, if

D3 = D(x241,Y2k+1> X2k+2,Y2k+2) # 0, and Dy = D(Y2kr1, X2k+1,Y2k+2, X2k+2) # 0. We get

dp(F(X2k41,Y2k+1)S (X2k425 Y2k+2))

dp(X2k+2, X2k+3)

adb(x2k+2, X2%+1) + dp(Y2k+2,Y2k+1)
2

dp(X2k+2,S (X2k+2, Y2k 4+2)Ap X2k 415 F (X2k 41, Y2k +1))
bldp(x2k+2, X2k+3) + dp (X441, X2k42) + Ap(Y2k+2, Y2k+1)]

adb(x2k+2a X24+1) + dp(Y2k+2,Y2k+1)
- 2

IA

+Bdp(X2k42, X2k+3)-

o o
(3.18) so(1 = B)dp(x2k+2, X2k4+3) < Edb(x2k+1,x2k+2) + Edb(YZkH S V2k+2)-
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Similarly, we also can prove that
(3.19) (1 =B)dp(yar+2,Y2k+3) < %db@2k+l,y2k+2) + %db(x2k+1ax2k+2)-
adding (3.16) and (3.17), we have
(1 =PB)ldp(x2k+2, X2k+3) + dp(Yor+2, Y2k+3)] < @ldp(x2k+1, X2k+2) + dp(Var+1, Y2k+2]-
Therefore, we get
dp(xn X11) +dp O, Y1) < (1 =) @l dp(Xn-1, %) + dp(n-1, Y]
Notion 6 = (1 —,8)_1a, then ||0l|land hy, = dp(x,, Xp+1) +dp(Yn, Yn+1), then we have
By < Shy_y < 8% hy_p <+ < 8" .
Setmne Nand m>n

bldp (X, Xn+1) + dp s Yur D1+ b [dp(Xns 1, Xn12) + Ayt 1, Yne2)]

IA

dp(Xn, Xm) + dp(Yn, Ym)
+ D" [dp(Xm=1,%m) + dpYm—1,Ym)]

b8 ho + b8 hg + -+ b g

IA

IA

b8"ho(1+ b6 + (b5)2 et (bé)m_"_l)

hbd" (1 — (b6)™™")
1-b6 '

By the condition, ||ba||||B]| < 1, so we get

dp(Xp, Xm) + dp(Yn,ym) — 0,(m,n — o0).

this shows that {x,} and {y,} are Cauchy sequence in X. Since (X, A,dp) be a complete C*-

algebras-valued b-metric space, there exists x*,y* € X such that x, — x* and y, — y* as n — oo.
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Now we will prove that x* = S (x*,y*) and y* = S (y*, x").

dp(x*, S (x",y%)

IA

IA

IA

bldp(x*, x2k+2) + dp(X2k+2, S (X", y)]

bdp(x*, X2k42) + bdp(F (X2141,Y2k41),S (X", 7))
dp(x2k41,X*) + dp(Yor+1,Y")
2
bp dp(x*, 8 (x*, yINdp(xX2k+1, F (X244 1, Y2k+1))
bldp(x2k+1,S (X, ¥*)) + dp(x*, F(xX2k+1, Y2k+1)) + dp(X2k4+ 1, X*) + dp(Yor+1,y*)]
dp(x2k+1,X") + dp(Yos+1,Y")
2
dp(x*, 8 (X", y*)Ndp(Xok+1, X2k+2)
dp(X2k+1,S (%, %)) + dp(x*, X2k 41) + dp(X2k1, ) + dp (Vo 1, ")

bdp(x*, xo142) + ba

bdp(x”, Xok42) + @

by taking k — oo, we have dp(x*,S (x*,y*)) <0, so dp(x*,S (x*,¥*)) = 0 That is, x* = S (x*,y").

Similarly, we can prove that y* = S(y*,x*). We can similarly prove that x* = F(x*,y") and

y* = F(y*,x*). Therefore, we have obtain that (x*,y*) is a common coupled fixed point of S and

F.

Now we show that S and F have a unique common coupled fixed point. Let (x,y) € X — X be

another common coupled fixed point of S and F,then

dp(x*, x)

dp(S (x",y"), F(x,))

5 G5 X) +dp (7. Y) dp(x™, 8 (X", y))dp(x, F(x,y))

b,
2 ’ ﬂb[db(X*’ F(x,y)) +dp(x,S (x*,y%) +dp(x*, %) + dp(y*, y)]

adb(x*, x)+dp(y*,y) dp(x*, x*)dp(x, X)

b
+ﬁb

2 [3dp(x*, %) +dp(y*, y)]

o oG5 X) +dp (7. )

2

So (Ia— 5)dp(x", x) < adp(y*,y)

We consider the condition ||B|| < %,llballllﬁll < 1, we have ||a|| < %, by Lemma?2.2, it follows

that 14 — % is invertible, then

(3.20)

, a _ «
dp(x",) < (a=3) Lady(y*,y) =

(0

dp(y", y).
Ta—a »(V"Y)
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Similarly we can easily prove that

(3.21) dp(y",y) < Qla-a) ady(x*,x)
a“, E3
= ZIg{—a/db(x ,X).

Adding (3.18) and (3.19), we have dp(x*,x) +dp(y*,y) < 2]%L_a[db(x*,x) +dp(y*,y)] By the con-
dition ||a|| < 1, we have 217 —2a)[dp(x*, x) +dp(y*,y)] < 0. So dp(x*,x)+dp(y*,y) = 0. That is

x=Xx"andy = y*. The proof is over.

Corollary 3.4. Let (X, A,dp) be a complete C*-algebras-valued b-metric space.Assume that the

mapping T : X — X satisfies the following contractive condition:

db(x’u)-"_db(y’v) db(X’T(XJ))db(usT(”,V)) :
dy(T (). T(u)) < @ 2 +ﬁb[db(x,T(u,v))+db(u,T(x,y))+db(x,u)+db(y,v)]’ ifD#0

0, ifD=0
forall x,y,u,v € X, where D = D(x,y,u,v) = bldp(x, T (u,v))+dp(u, T(x,y))+dp(x,u) +dp(y,v)],
and a,p >0, with ||bl|lla+B]| < 1, then S and F have a unique common coupled fixed point in X.

Proof: Take S =T = F In Theorem 3.1, we can obtain the conclusion.
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