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Abstract. This paper presents a discrete-time SIS epidemic model with Logistic term. The transcritical bifurcation,
flip bifurcation and Hopf bifurcation are investigated. The results show that the epidemic system with Logistic
growth of susceptible population has rich dynamic behaviors, including period-6, 7, 8, 10, 11-orbits and chaotic

phenomena.
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1. INTRODUCTION

Studies of epidemic models that incorporate the disease causing death and variation in total
population have become one of the important areas in the mathematical theory of epidemiology.
In the theory of epidemics, there are two kinds of mathematical models: the continuous-time
models described by differential equations and the discrete-time models described by difference
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equations. The continuous-time epidemic models have been widely studied in many literatures
[1-6]. Recently, discrete-time epidemic models have been used to study [7-14]. The advan-
tages of a discrete-time approach are multiple. Firstly, difference models are more realistic than
differential ones since the epidemic statistics are compiled from given time intervals and are
discontinuous. Secondly, the discrete-time models can provide natural simulators for the con-
tinuous cases. One can thus not only study the behaviors of the continuous-time model with
good accuracy, but also assess the effect of lager time steps. Finally, the use of discrete-time
models makes it possible to use the entire arsenal of methods recently developed for the study
of mappings and lattice equations, either from the integrability and/or chaos points of view.

On the other hand, simple models, by their own nature, cannot incorporate many of the com-
plex biological factors. However, they often provide useful insights to help our understanding
of complex process. For such reasons, assume only susceptible population are capable of re-

producing with logistic equation [15-18], we firstly focus on the SIS model with Logistic term

4 —rS(1-%)—BSI+I,

(D
dl — BSI—dI—vl,

Where S, I are denoted the susceptible and infected, respectively. N = S+ 1 is the total
population. All these of course are functions of time. r is the intrinsic birth rate. K, B are the

carrying capacity and the infection rate respectively. ¥ > 0 is the recovery rate. d is the death

rate of 1.
Let
Sz%?J:Jﬁﬁch:4d+wn

We obtain the following system analogous to (1)

) % =mS) —mpS? — S11 +mslj,
4L =51 -1,
where
r _r _ BKy

M= Ty M KR @R
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In this paper, we apply the Euler scheme to discrete the SIS epidemic model and investigate
the dynamical behaviors in detail by using bifurcation theory and center manifold theory [19-
21]. It is verified that there are phenomena of the transcritical bifurcation, flip bifurcation, Hopf
bifurcation types and chaos.
This paper is organized as follows. In Section 2, we give sufficient conditions of existence
for transcritical bifurcation, flip bifurcation and Hopf bifurcation. In Section 3, a series of
numerical simulations show that there are bifurcation and chaos in the discrete-time epidemic

model. Finally, we give remarks to conclude this paper in Section 4.

2. DYNAMIC ANALYSIS

2.1. Existence of fixed points. Applying the Euler scheme to (2), we obtain the discrete sys-

tem

3) Stni1 = (mi+1)S1, —maS?, — 1,01, +malip,

Lips1 = Siplin.

The fixed points of (3) satisty the following equations

mySq —mZS%—Sﬂ] +ms3l; =0,
L =811, =0.

“4)

By the analysis of roots for Eq. (4), we obtain the following theorem
Theorem 1. (i). (3) has three fixed points Py(0,0), PI(Z—;,O), and P, (1,%="2), when m; >

’ 1—mjy

my. (ii) If m; < my, (3) has two fixed points Py(0,0), P (m—;,O).

m

The Jacobian matrix of the system (3) at fixed point P(S1,,/1,) takes the form

14+my —2mrS1,— L, m3—S
(5) J(P): 1 291n 1n 3 1n
Iln Sln

2.2. Bifurcations. It is easy to see that the fixed point Py(0,0) is a saddle. In the following,
we focus on investigating the bifurcations of Pj, P».

Theorem 2. If my = m; and m; # 2, (3) undergoes a transcritical bifurcation at P;.

Proof. The Jacobian matrix J(P;) has eigenvalues A; = 1 —m, Ay = 1 when my = my, and
m) # 2 implies |A;| # 1.
Let
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m
Xp =81 — m_;’ Yn =11y, cp =mp —my,

(3) becomes

Xn+1 = (1 —m)xn + (m3 — 1)yn — Xn(M2Xp + €+ yn) — Cr’;z);ny
(6) Yn+1 =Yn+ c’;;yzn + XnYn,
Cn+1 = Cp.
By the following transformation
o | =1 1 % 0 /A
Cn 0O 0 1 On
(6) becomes
Ont1 l—my 0 0 On J1(On; W, On)
Yot1 | = 0 1 0 Vo | T f2(9n, W, 0n)
On+1 0 01 o, 0
where
F1(90, Y, G) = —mp @ — (Bt llVa 4, )¢, — momsimslyd  moms i Ly,

f2(¢na Wn»Gn) - ‘//;%+ W,;;_gn "‘(Pnllfn

Then, we can consider

On = g(Wy, 0n) = €1 Iljr% + &Y, 0p +8363 +o((|wnl + |Gn|)3)’

which must satisfy

g(‘l/n +f2(g(lljl’la Gn>7 Yn, Gn)ao-nJrl) = (1 _mZ)g(l//nao-n) + /i (g(l//na Gn)7 Yn, Gn)-

Thus, we have

_ mpymz+mz—1 _ mpymz+mz—1 o
€ = my—mom3 &= mgfm§m3 ;& =0.

And (6) is restricted to the center manifold, which is given by

mom3z—+m3—1 mom3z—+m3—1

f iV =Wty + W,’rfn Ra——— v, + 2 —nZms ¥ 0 +o((| Wl +[0a])*).

Since

_ 9f _1 9f _n 9f _ 1

the system (3) undergoes a transcritical bifurcation at Pj. This proves the theorem.



BIFURCATION AND CHAOS OF AN SIS MODEL WITH LOGISTIC TERM 103

Theorem 3. (3) undergoes a flip bifurcation at P; when m; = 2, m; # m,. Furthermore, the
stable periodic-2 point bifurcates from this fixed point.

Proof. Let

Xn = Stn— b vn = lin, cn = my =2,
the system (3) becomes

CnYn

X1 = =%+ (m3 = )y — (M2 + €+ yn)on — 2,

my
) Cnil = —Cn,
2 c
Ynt1 = 5, Vn + YnXn + ,’;1_);"

By the following transformation

Xy 1 0 1 Pn
Cn = 0 1 0 Oy
Yn 00 (mZ + 2)/(m2m3 - 2) qn

(7) becomes

Pn+1 -1 0 0 Pn fl(Pn;Qn;Gn)

On+1 = 0 -1 0 (o + 0

qn+1 0 0 2/my qn f2(Pns4n, On)
where

F1(Pns@ns On) = i3 (2P + Gn — mam3 pp — mamsgy + m3qn) (mapn -+ magn + 6y,

f2(Pnydns On) = i+ P + 2.
Then, we can consider

dn = &(Pn, On) = 0197, + 02050y + 636, +0((|pal + |0ul)?),
which must satisfy

8(=Pn+ 11D 8(PnsOn), Gn), Ony1) = 28(Pns On) + 82(Ps On) + Pug (P, O) + EL2I%
Thus, we have

6,=0,k=1,2,3.

We obtain the center manifold as followed

dn = §(Pn On) = Oapy + 050y + B6pn 0, + 6,67 + 0((|pal + [0u])*)-

And (7) is restricted to the center manifold, which is given by
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F1: Pust = =Pn— gz (Mam3 pu = 2py — G + mam3qp + m3qn) (Mapn + magn + 6).
Direct calculations show that

(555525095 [00) = 2 GG+ 35 0o =2m3
Hence, the system (3) undergoes a flip bifurcation at P;. This completes the proof.

The positive fixed point is so important to the biological system that people usually are very
interested in it. We will next pay attention to the unique positive fixed point P;.
Theorem 4. If m| #* my and my = 2, (3) undergoes a flip bifurcation at P.
Since the analysis is similar to the case at Pj, the above proofs are omitted.

We next give the condition of existence of Hopf bifurcation using the Hopf bifurcation theo-

rem in [21]. The characteristic equation of the Jacobian matrix J(P>) can be written as
lz—tzl +d, =0.

where

th=24+m — 2m2— 1m2 ,dy=14+2m; — 3m2—nil+n}:;2.

The eigenvalues of the Jacobian matrix of (3) at P, are

)' l‘2:|:\/l%*4d2
2= "—5—.

2

The eigenvalues A, ; are complex conjugates for t22 < 4d,.

mj)—mp

= ) to the origin by

We transform the fixed point P (1,

my—my
1-ms3 *

Xn=Stn—Ly.=Iln—

the system (3) becomes

) Xnt+1 = (1+m1 2’712_”11 ,,’:12) n+(m3_1)yn_m2x%_xn)’n7

Yn+1 = T xn +Yn+XnYn-

The eigenvalues of the matrix associated with the linearized map (8) at fixed point (0.0) are

. . . 7 bhtin/4dr—13
complex conjugates which are written as A,A = # , where

A| = \/1+2m1 —3my — M2

—
2-3
Now assume m3 < % and let mg = mzl(Tn;"Z’)

. Then we have

d(|l‘)| _ 1—2mj3
dmy Imi=mio = 2(1—m3)°

and A/ # 1, j=1,2,3,4. Let

1— +4— 8
<m10)| — 1’ A<m10) — 1+ mim;nzgﬂ +1i \/mz m3)(2m2223 my— M’«S)’
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T — m3 — 1 0 Xn T On
- 2—t 4d2*t22 ’ - ’
2 T2 In En
(8) becomes
\/4dy—13
(9) ¢n+l %2 _TZIZ ¢n I fl(q)na&n)
o \/ad,—12 )
én-i-l T2t2 % én f2(¢na én)
where
fl ((Pn, 5n)

\/4d
2m ;) (2m2m3 +mim3z —my — 2m2m3)¢2 2 t2 ‘Pngn,
fo(On,En) = m@mzm —my —2mym3 +mymz — 2 +4ms — 2m3) (myms + my
2
—2mom3)¢* + (my — 5L+ 51 e — L+ m3)$n&,.

Notice that (9) is exactly on the center manifold in the form, in which the coefficient / [20] is
given by

= _Re[U22

libo) — 3|1 = lloa)* + Re(Ahay),
where

= 1[(figp + fiee) + (frpp + free )il =

4(1lm3) (my — 2mams + 2mym3 — myms)

4(1—m3)2\/4d2—t§ (mym3z +my — 2mom3) (2mamsz — my — 2m2m% +mym3 —2+4m3 —2mj3)
bo = §[(fige — fiee +2f2p2) + (F90 — faze — 2f1p8)i) = gimsy — et g (mms
+my — 2mym3) (2mamy — ma — 2mym3 + mym3 — 2+ 4m3 —2m3) + @]i’

loz = §[(fi99 — fioo — 2f200) + (f206 — froo +2f160)i] = s L s o

3

4(mz—1)
_[8(17m3)21\/4d27[2 (m1m3 + np — 2m2m3)(2m2m3 —my — ZmZm% +m1m3 -2 +4m3 . 2m3)
2

1 =0.

By direct calculating, we obtain that [ # 0 . From the above analysis, we get the theorem 5

Theorem 5. If 13 < 4dy, m3y < &, myp = "22:2") and my # ;-

(2 2m3 —mo + 2m2m3) 3)
undergoes a Hopf bifurcation at fixed point P

3. NUMERICAL SIMULATIONS

It has been long supposed that the existence of chaotic behaviour in the microscopic motions

is responsible for their equilibrium and non-equilibrium properties[22]. From above results, it
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shows that (3) has rich dynamic behaviors. In this section, we use the bifurcation diagrams,
Lyapunov exponents and phase portraits to illustrate the above analytic results and find new
dynamic behaviors of the model (3) as the parameters varies. The bifurcation parameters are
considered in the following three cases:

(I) Varying m; in range 1 < m; < 2.5, and fixing my = 0.7, m3 = 0.12.

(II) Varying my in range 0.5 < my < 1.2, and fixing m; =2, m3 =0.12.

(IIT)Varying m3 in range 0 < m3 < 0.8, and fixing m; =2, mp =0.7.

Since that the bifurcation diagrams of my — Sy, are similar with the bifurcation diagrams of
my — I, (k= 1,2,3),we will only show the former. For case (I), the bifurcation diagram of
system (3) in m; — Sy, space is given in Fig. 1(1) to show the dynamical changes of susceptible
and infective respectively as m; varying. The spectrum of Lyapunov exponents of (3) with
respect to parameter m is given in Fig. 1(i1). Thus, we can see that the orbit with initial values
approaches to the stable fixed point P, for m; < 1.4 approximately, and Hopf bifurcation occurs
at m; ~ 1.4. When increases to m; ~ 2.3, (3) becomes stable. In Fig. 1(i), we observe the
period-10, period-11 windows within the chaotic regions and boundary crisis at m| ~ 2.3. For
my € (1.9,2.3) the maximum Lyapunov exponents are mostly positive which corresponding to
chaotic region. To well see the dynamics, the attractor in the system and time series of (3) with
m; = 2.2 and time series of Sy, and I, are given in Fig. 1(iii) and (iv) respectively. For case
(ID), Fig. 2(1) is shows that there are period-6 windows, period-7 windows, period-8 windows
and invariant in the chaotic regions and boundary crisis at my ~ 0.92. Fig. 2(i1) shows that
there is a part of Lyapunov exponents are positive which corresponding to chaotic region when

my € (0.65,0.75).
For case (III), Fig . 3(i) depicts that there are period-6, period-8 windows and invariant in the

chaotic regions, and two onsets of chaos at m3 ~ 0.32 and m3 ~ 0.68, , respectively. Fig 3(ii)
shows a part of Lyapunov exponents are positive which corresponding to chaotic region when
m3 € (0.1,0.2).
4. CONCLUSION

In this paper, we investigate the behaviors of the SIS epidemic with logistic term as a discrete-
time dynamical system, and find many complex and new interesting dynamical phenomena.

Without the recovery rate of infectious, (1) becomes the SI model in [15]. Our theoretical
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Fig .1. (i) Bifurcation diagram in m; — Sy, plane. (ii) Spectrum of Lyapunov
exponents corresponding to (i). (iii) The attractor of the system (3) with m; =

2.2. (iv) Time series of S}, and I, with m; = 2.2.
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Fig. 2. (i) Bifurcation diagram in my — Sy,, plane. (ii) Spectrum of Lyapunov

exponents corresponding to (i).
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Fig. 3. (1) Bifurcation diagram in m3 — Sy, plane. (ii) The spectrum of Lyapunov
exponents of (3) with respect to parameter m3 .
analysis and numerical simulations have demonstrated that the model exhibits the variety of
dynamical behaviors, which include the discrete epidemic model undergoes transcritical bifur-
cation, flip bifurcation, Hopf bifurcation and chaos. The results show that there are different
dynamical behaviors between discrete system and its corresponding continuous system and the
results are different from [23]. Furthermore, chaos can cause the population to run a higher
risk of extinction due to the unpredictably [24-25]. Thus, how to control chaos in the epidemic
model is very important, which needs further consideration.
Acknowledgement
Project supported by the Youth Science Foundations of Education Department of Hebei Province
(No. QN2016265), Hebei Special Foundation 333’ talent project (No. A20160 01123), and
Scientific Research Funds of Hebei Institute of Architecture and Civil Engineering
(Nos. 2016XJJQNO03, 2016XJJYBO0S).
Conflict of Interests

The authors declare that there is no conflict of interests.

REFERENCES

[1] A. Gray, D. Greenhalgh, X. Mao, J. Pan, The SIS epidemic model with Markovian switching, J. Math. Anal.
Appl. 294 (2012), 496-516.
[2] X. Zhang, X. Liu, Backward bifurcation and global dynamics of an SIS epidemic model with general inci-

dence rate and treatment, Nonlinear Anal-Real. 10 (2009), 565-575.



BIFURCATION AND CHAOS OF AN SIS MODEL WITH LOGISTIC TERM 109

[3] J. Linda, K. Nadarajah, M. Sherri, SIS epidemic models with multiple pathogen strains, J. Differ. Equ. Appl.
10 (2004), 53-75.
[4] J. Liu, T. Zhang, Bifurcation analysis of an SIS epidemic model with nonlinear birth rate, Chaos Soliton
Fract. 40 (2009), 1091-1099.
[5] D. Gao, S. Ruan, An SIS patch model with variable transmission coefficients, Math. Biosci. 232 (2011),
110-115.
[6] Y. Li, J. Cui, The effect of constant and pulse vaccination on SIS epidemic models incorporating media
coverage, Commun. Nonlinear Sci Numer. Simulat. 14 (2009), 2353-2365.
[7] Q. Wu, Y. Lou, Local immunization program for susceptible-infected-recovered network epidemic model,
Chaos 26 (2016), 023108.
[8] M. Frasca, K. Sharkey, Discrete-time moment closure models for epidemic spreading in populations of inter-
acting individuals, J. Theor. Biol. 399 (2016), 13-21.
[9] Q. Wu, X. Fu, Modelling of discrete-time SIS models with awareness interactions on degree-uncorrelated
networks, Physica A 390 (2011), 463-470.
[10] P. Salceanu, H. Smith, Persistence in a discrete-time stage-structured fungal disease model, J. Biol. Dynam.
3 (2009), 271-285.
[11] C. Wu, Existence of traveling waves with the critical speed for a discrete diffusive epidemic model, J. Differ.
Equations 262 (2016), 272-282.
[12] J. Li, Z. Ma, F. Brauer, Global analysis of discrete-time SI and SIS epidemic models, Math. Biosci. Eng. 4
(2007), 699-710.
[13] L. Allen, Y. Lou, A. Nevai. Spatial patterns in a discrete-time SIS patch model, J. Math. Biol. 18 (2009),
339-375.
[14] L.Li, G. Sun, Z. Jin, Bifurcation and chaos in an epidemic model with nonlinear incidence rates, Appl. Math.
Comput. 216 (2010), 1226-1234.
[15] Y. Xiao, L. Chen, A ratio-dependent predator-prey model with disease in the prey, Appl. Math. Comput. 131
(2002), 397-414.
[16] B.Liu, Y. Duan, S. Luan, Dynamics of an SI epidemic model with external effects in a polluted environment,
Nonlinear Anal-Real. 13 (2012), 27-38.
[17] N. Bairagi, S. Chaudhuri, J. Chattopadhyay, Harvesting as a disease control measure in an eco-
epidemiological system-A theoretical study, Math. Biosci.217 (2009), 134-144.
[18] G. Hu, X. Li, Stability and Hopf bifurcation for a delayed predator-prey model with disease in the prey,
Chaos, Soliton Fract. 45 (2012), 229-237.

[19] 1. Carr, Application of center manifold theorem, NY: Spring Verlag; (1981).



110 NING CUI, XIAOCHUN ZHONG, JUNHONG LI

[20] J. Guckenheimer, P. Holmes, Nonlinear oscillations, dynamical systems and bifurcations of vector fields, NY:
Spring Verlag; (1983).

[21] S. Wiggins, Introduction to applied nonlinear dynamical systems and chaos, Berlin: Springer-Verlag; (1990).

[22] P. Gaspard, M. Briggs, M. Francis, et al. Experimental evidence for microscopic chaos, Nature, 6696 (1998),
865-868.

[23] J. Li, J. Lou, M. Lou, Some discrete SI and SIS epidemic models, Appl. Math. Mech-Engl. 29 (2008), 113-
119.

[24] A. Berryman, J. Millstein, Are ecological systems chaotic and if not, why not? Trends Ecol. Evol. 4 (1989),
26-28.

[25] M. Hassell, H. Comins, R. May, Spatial structure and chaos in insect population dynamics, Nature 353 (1991)
255-258.



