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Abstract. Let C be a nonempty closed convex subset of a real Hilbert space, H and let 7 : C — C be an asymptot-
ically k-strictly pseudo-contractive mapping with a nonempty fixed-point set, F(T) = {x € C: Tx = x}. Let {t,},

{0, } and {B,} be real sequences in (0, 1). We consider the sequence {x,}, generated from an arbitrary x; € C, by

either
L. Xn1 = Pe[(1 — &ty — By) xn + BuT"xp), n > 1, or
- V= Pe((1—1,)x,)

Xt = (1= 06) Vo + 06TV, > 1
We prove that under some mild conditions on the real sequences {¢,} and {f,}, the sequence {x,} generated by

I converges strongly to a fixed point of 7. Furthermore, under some mild conditions on the sequences {f,} and
{0y}, the sequence generated by II converges strongly to the least norm element of the fixed point set of 7. Some
examples are used to compare the convergence rates of these two iteration schemes. Our results compliment and

extend several strong convergence results in the literature to the class of mappings considered in our work.
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1. INTRODUCTION

Let H be a real Hilbert space with inner product (.,.) and induced norm ||.||. Let C be a
nonempty closed convex subset of H. A mapping 7 : C — C is said to be L-Lipschitzian if there
exists L > 0 such that

||Tx—Ty|| < L||x—y||, ¥x,y € C. (1.1)

T is said to be a contraction if L € [0,1) and T is said to be nonexpansive if L = 1 (see for
example [1],[17]). T is said to be asymptotically nonexpansive (see for example [7],[10-11]) if

there exists a sequence {k, }_; C [1,00) with li_r>n k, = 1 such that
n—roco
| T"x —T"y|| < kn|lx—y]||, Vx,y € C. (1.2)

It is well known (see for example [7]) that the class of nonexpansive mappings is a proper
subclass of the class of asymptotically nonexpansive mappings. 7 is said to be uniformly L-

Lipschitzian if there exists L > 0 such that
|1T"x = T"y[| < Ll[x =y, Vx,y € C. (1.3)

T is said to be demiclosed at p if whenever {x, }’_, is a sequence in C which converges weakly
tox* € C and {Tx,};_, converges strongly to p, then Tx* = p.

Let Pc : H — C denote the metric projection (the proximity map) which assigns to each point
x € H the unique nearest point in C, denoted by Pc(x). It is well known that z = Pc(x) if and
only if (x —z,z—y) > 0, Vy € C, and that P¢ is nonexpansive.

A mapping T : C — C is said to be k-strictly asymptotically pseudocontractive if there exist

k € [0,1) and a sequence {k,}_; C [1,o0) with li_r)n k, = 1 such that
n—soo
T = T"Y|[* < kel =y (17 4 k]| (e = T7x) = (y = T") > (1.4)

The class of k-strictly asymptotically pseudocontractive maps is more general than the class of

asymptotically nonexpansive maps and each k-strictly asymptotically pseudocontractive map is

uniformly L-Lipschitzian with L = sup Vet vVE g proved in [19] that the class of k-strictly

1-Vk

n>1
asymptotically pseudocontractive maps and the class of k-stricly pseudocontractive maps (i.e.,
)
I

mappings satisfying ||Tx — Ty||*> < [|x — y||*> + k|lx — Tx — (y — T)||?, Vx,y € C and for some

k € [0,1), see for example [2]) are independent.
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In the iterative approximation of fixed points of asymptotically nonexpansive maps, the mod-

ified averaging iterative scheme of Mann:
X1 = (1= 0y)xy + 0, T"x,, n > 1 (1.5)

and Ishikawa:

Xn+1 = (1 - an)xn + (ann[(l - ﬁn)xn +ﬁnTnxn]7 n>1, (1'6)

[

where {a, }, and {B,};_, are suitable sequence in [0, 1] have played pivotal role. These
schemes were first studied by Schu ([24-25]) in 1991 and the schemes have played pivotal
roles in approximation of fixed points of maps with asymptotic type behaviours (see for ex-
ample [1],[4-6],[11],[18-22],[24-26]). However, these two iteration schemes yield only weak
convergence usually obtained mostly from r}l_r}olo ||xn — Txy|| = 0; and require strong “compact-
ness” assumption either on the operator or the domain of the operator or even both to yield
strong convergence. Even for nonexpansive maps, k-strictly pseudocontractive maps and other
generalizations that do not exhibit asymptotic behaviours, sometimes very strong condition are
imposed on the fixed-point set, F(T') to obtain strong convergence using the usual Mann or the
Ishikawa iteration process (see for example [1],[6],[23],[30]) . For instance in [23], the author
required that F(T') is finite where T is a continuous pseudocontractive-type self-mapping of a
nonempty convex compact of a Hilbert space, and in [30] the authors required that the interior
of F(T) is nonempty where T is a Lipschitz pseudocontractive self-mapping of a nonempty
closed convex subset of a Hilbert space. Thus many other schemes have been recently stud-
ied by several authors to achieve strong convergence with mild assumptions on the operator,
its domain, its set of fixed points and other necessary components (see for example [8-9],[12-
16],[28],[29],[31]). It is our purpose in this paper to consider the following modified averaging
iteration scheme of Krasnoselskii-Mann generated for arbitrary x| € C by either

Xnt1 = Pe[(1 =y — Bu)xn+ BuT"xy] n>1, (1.7)
where {a,}> | C (0,1),{B.};_; C (0,1), are suitable real sequences in [0, 1] or

n=1

Va :Pc<(1 —tn)xn>

Xn+1 = (1 - an)vn + o, T" vy,

(1.8)
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o5

where {7, }>_,

C (0,1),{a,}>_, C (0,1), are suitable real sequences in (0, 1).

We prove that under some mild conditions on the real sequences {a, } and {f3,}, the sequence
{x,} generated by I converges strongly to a fixed point of 7. Furthermore, under some mild
conditions on the sequences {#,} and {c,}, the sequence generated by II converges strongly
to the least norm element of the fixed point set of 7. Some examples are used to compare the

convergence rates of these two iteration schemes. Our results compliment and extend several

strong convergence results in the literature to the class of mappings considered here.

2. PRELIMINARIES

We shall need the following results: Lemma 2.1. ([27]) Let H be a real Hilbert space. Then,
eyl < [xl? 20 x+y), Va,y € H.

Lemma 2.2. ([19]) Let C be a nonempty closed convex subset of a real Hilbert space H and let
T : C — C be a k-strictly asymptotically pseudocontractive mapping. Then I — T is demiclosed
at0. i.e,ifx, =~ x€Cand x, — Tx, — 0, then x = Tx.

Lemma 2.3. ([1],[6]) Let H be a real Hilbert space. If {x,} is a sequence in H weakly conver-

gent to z, then

limsup ||x, —y||* = limsup ||x, — z||* + ||z —y||*,V y € H.

n—o0 n—o0

Lemma 2.4 ([12]). Let {I',} be a sequence of real numbers. Assume {I',} does not decrease
at infinity, that is , there exists at least a subsequence {I', } of {I',} such that I',, <T, 4 for

all kK > 0. For every n > ny, define an integer sequence {7(n)} as
t(n) =max{k <n:Tj; <Tji}.
Then 7(n) — oo as n — oo, and for all n > ny,

max{rr(n) ) Fn} < 1—"r(n)—i-l .
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3. MAIN RESULTS

We begin with the following Lemma which will be useful in the proof of our results.

Lemma 3.1. Let {a,},_, be a sequence of nonnegative real numbers such that
Ap+1 S (1 - an)an + OV + Op,n Z 17

where {7,}%_, is a sequence of real numbers which is bounded above, {0, },_; C [0, 1] satisfies

Yo 0y =o,and Y , 0, <oo. Then, limsupa, <limsup?y,.
n—oo n—o0

Proof. Since {7,} is bounded above, then for arbitrary but fixed m € N, we define

/,Lm = sup Y-

n>m

Then for n > m, we obtain
Ayl —an+ an(an - 2'm> < Oy

Let
b, = a, — Ay, (3.1).

Then

bpr1 = api1— A
< (1= 0)an+ 0 Yn + 0p — An
= ay— Ay — Opan + 0, Y, + Oy
< a, — Ay — Qpa, + oyA, + 0,

This implies that {b,} is bounded and so {a,} is also bounded. Moreover,

n

bust < [ﬁ(l —a,-)}bmju Y o;. (3.2)

j=m j=m

Since ;7| &t = oo, we have that lim [T]_,, (1 — ;) = 0. Thus, it follows from (3.2) that

n—soo

limsupb, = limsupb, | <0,
n—yoo n—oo
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which is equivalent to

limsupa, < Ay,
n—roo

and letting m — oo, we obtain

limsupa, < limsup?,.
n—o0 n—o0

We now prove the following strong convergence theorems:

Theorem 3.1 Let H be a real Hilbert space and let C be a nonempty closed convex subset of H.
Let T : C — C be an asymptotically k-strictly pseudo-contractive mapping such that F (T') # 0
. Let {a, } and {B,} be two real sequences € (0,1). Assume that the following conditions are
satisfied:

(C1) }%an =0; Yo 0y =00

(C2) Y (kn—1) < oo

b (C3) Bu € (0,(1=k) (1= o)), with lim B, = & >0

(C4) lim B =0,

n

Then the sequence {x,} generated by (1.7) converges strongly to a fixed point of 7.
Proof. First, we prove that the sequence {x,} is bounded.

Take p € F (T). From (1.7) , we have

[xn1=pl = [1Pc[(1 = 0t — Bn)xn + BuT"xu] — pl|
< (1= = Bn)xn+ BuT"xn — p|
= [[(1=aw—Bu) (xn—p) + Bu (T"x1 — p) — 0tup||

< |[(T =0 = Bn) (xa = p) + Bn (T"xn — p) || + | P (3.3)
From (1.4) we obtain

1T =T = |x—yl?+[x— T~ (y—T"y)|?

—2(x—T"x—(y—T"y),x—y)

IN

B o e L Al
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Thus
11—k
(x=T"'x—(y—T"y),x—y) > ( > )’\X—Tnx_(y—Tn)’)||2
(kn —1)
~E ey, (34)
or equivalently,
; u 1+k
-y < LRy
1—
R T (5

Using (3.3) we obtain
| (1= — Bn) (X — p) + B (T"xn — p) ||2
= (1= 06— Ba)? |l — pII* + BLIT"xn — plI?

+2 (l_an Bn)ﬁn( _paxn_p>

IN

(1= 0 — B)” X0 — PII* + BZ [kl — pII* + Kl — T ]|?]
1+k, 1—k%
1201y | L e pp2 - LY
= (1= a)[lxn— plI> + Brllxn — plI* = 2Bu(1 = o) 0 — p|1?
‘Hﬁkn”xn _sz"‘ (1— ot — Bn)Ba(1 +kn)||xn _P||2

Bkl — T"xa* = (1= k) (1 = 0t — o) Bulla — T"xa >

Hxn_TnanZ

= (1= 0)*[pon — plI* + B [(1 = 0ta) (kn = D)] || = p|>

—B [(1 = k) (1 = 0t) = B] [l — T"xa

(1= )|l = pII* + B [(1 — 0) (ke — 1)] [P — pI°
(1= 06)? [l = pII* + (1 = o) [(1 = @) (ki — 1)] |0 = p|?

= (1~ 04)ka|lxa — plI?

IN

IN

< (1= ) kyl|xn — plI?
which implies that

1(1 = &t = Bn) (n = P) + Ba(T"xn = p) || < (1 = @) k[0 — . (3.6)
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It follows from (3.6) and (3.3) that

Hence

a1t =pll - < ka1 =) b = pll + o[ Pl

IN

(1 = a)kn |20 — pl| + Qukan ]| p||

< knmax{|lx, —pll, I pll}

kn—1
X1 = pll < e max{{bx, — pl|, [|p[l}, (3.7)

and it follows by induction that

[xni1 — pl| < X

(kj=1)

max{|x1 —p|[, || p[l}-

This implies that {x, } is bounded.

Using (1.7), (3.4) and Lemma 2.1, we obtain,

[Penr1 = plI?

IN

1Pe[(1 = 0t — Bu)xn+ BaT"xa] — plI®

(1 —= 0t — Bu)n+ BuT"xn — plI?

1Gen = P) = Buloen — T"%) — |

1Gon = p) = Buloin = T"xn)[|> =204 (xn X1 = p)

1Gen = P = 2Baloin = T"%, %0 = p) + B [Pon — T |
=204 (X Xn 1 = P)

(0 = PII* = Ba(1 = k) | = T"x) 1> + (kn — 1) || = p|?
+Ba 11 (on = T"x0) |I* = 200 (xn, X1 — p) (using (3.4))
[1+ (kn = D0 = pII* = B [(1 = k) = B ln = T"xa >

=204, (Xp, Xpt1— P)- (3.8)

Since {x,} is bounded 3 constants M > 0, D > 0 such that

—2(Xp, X1 — p) < M; ||, — p||> < D for all n > 0.

Consequently from (3.8), we get

et = I = 1% — pI2+ B [(1 = &) = Bl Iota — T"x|> < Moy + (ko — DD (3.9)
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We now prove that {x,} converges strongly to a point in F(T). We divide the proof into two
cases:

Case I :- Assume that the sequence {||x, — p||} is a monotonically decreasing sequence. Then,
{|lx, — p||} is convergent and we have, ||x, 1 — p||> — ||x» — p||> — 0 as n — oo. This together
with (C1) and (3.9) imply that

B.[(1—k) — B] ||xn — T"x,|> — 0 as n — oo. Hence

lim [l —7"xa| = 0. (3.10)
n—oo
Observe that
Hxn—H _an = H(l — Oy — ﬁn)xn +ﬁnT”xn —an
= ||opxn+ Bn(xn —T"x) ||
< ﬁonn - Tnan + OCnHXnH —0asn— oo,
Thus

||x,, - Txn” < ||xn - Tnan + ||Tnxn - Txn”

< o = Tl |+ LY T —

< b= T+ LIT" o = T |
LT Xt — x|

< e = T ||+ L2260 — X1 |

FL|T" Va1 — X1+ L% — X1 ]|
= %y —T"xn|| + L(1 +L)||x0 — xn—1]|
+L||T" %, 1 —xp 1| — 0 as n — oo (3.11)
By Lemma 2.2 and (3.11), we see that if we define,
Weo (xn) = {x : Ix,, — x} the weak w-limit set of {x,}. Then we(x,) C F(T). If we take x* ,

X € we(xy;) and let {x,,} and {x,,;,} be subsequences of {x,} such that x,, — x* and x,,; — X

respectively,
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since lim ||x, — z|| exists for z € F(T), then it follows from Lemma 2.3 that
n—soo

lim ||x, —x*||* = 1im\|xmj—x*||2

n—yoo J—roo

= lim ||, —&|* + -2
Jreo

= lim [, — &> + 5 -7
j—yo0

= lim ||x, —x*H2 +2Hf—x*\|2
N—soo

Hence X = x* and this implies that wq,(x,) is singleton so that {x,} converges weakly to a fixed
point x* in F(T).

Next we prove that {x,} converges strongly to x*.

Setting y, = (1 — B,)xn + BuT"x,, n > 0 then we can rewrite (1.7) as

Xn+1 = Po(Yn — Quxn) ,n >0

It follows that

Xn+1 = PC[(I - ai’l>yl’l - an(xn _)’n)]
= P[(1 = )yn — OpXn + & [(1 = Ba)Xn + BaT"x4]]

= Pe[(1 = &)y — Gty — T"x,)] (3.12)

Furthermore, we note that

H}’n_X*”2 = ||xn—x*—[3n(xn—T”xn)||2

= |lxn _X*Hz — 2B (xn — T"x, X5 _X*> +ﬁ3||xn - Tnanz

< = 1P 4 B [(kn = 1) ln =217 = (1= ) [l — T"xa ]
+B7 en — T, |

< {1 Bk = 1)][pon —x[|* = Ball =k — Bal [len — T 1>

< 1 (k= )] — x71%.
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Applying Lemma 2.1 to (3.12), we obtain

i1 =X 1> = [[Pel(1 = 0)yn — 0B (60 — T"x,)] — x|
< H(l_O‘n)Yn_anﬁn(Xn—Tnxn)—X*HZ

= [[(1 = au)yn— (1 — 04)x" — 0t B (X0 — T"x) — OCnX*H2

= ”(1 - aﬂ)(yn _X*) - aﬂﬁn(xn - Tnxn) - O‘nX*Hz
< (1= 06) (= 551> = 2{ 00 B (0 — T"%n) — Opx* X1 — X°)

= (1- O‘n)zu)’n _X*Hz =206 (X0 — T" X, X1 —X7)

=204, (x*, xp 41 — X)

IN

(1= 02) |20 — x*||* = 200 B (X — T X, X — X¥)

—200, (x* X1 — XY 4+ (1= 04)% (k — 1) ||, — x*||%. (3.13)

Since nlgl;(x,, —T"xp, xp 41 —Xx*) =0, ’}glgo<x*,xn+1 —x*)=0and Y7 ;(k,— 1) < oo, it follows
from Lemma 3.1 that ’}glgoﬂxn —x*| =0

Thus, x, — x™ as n — .

Case 2: Assume that {||x, — p||} is not a monotone decreasing sequence.

SetT,, = ||x, — p||* and let T : N — N be a mapping for all n > n for some n large enough by
t(n) =max{k e N :k<n, Iy <TI'ty1}

Clearly, T is a non decreasing sequence such that 7(n) — o as n — o and Uty < Tggny41 for
n>ny

From (3.9) we see that

Xyt = X% = ey = X% + Bepay [(1 = &) = Bl 152y — T x|

< MOCT(n) + (kr(n) — I)D.

It follows that,

Pecn) = T eI < Maty(y) + (ke(m — 1)D
Bein) [(1 = k) = Be(o]

By the argument similar to case 1, we conclude that x;(,) converges weakly to x™ as T(n) — oo.

— 0.

Furthermore, we note that for all n > ng
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0 < [y =1 = [z — 12

Observe from (3.13) that,
Xn41 —X > ||[Xp— X n n\Xn — 1 Xp, X —Xp41
| o< | 1P+ 02 (0 — T, % )
2% X" =X p1) — [0 —x"[|°]

+(1 = 0t (k — 1)||3, — x*||.

Hence
xsn = x| = [l =P < 0[2B {0 — T, " = Xy1)
F2(x" X = Xpg1) — [0 — ¥
(1= ) (kn — 1) fln — x|,
Thus,

0 < O 2Bein) ey — T X)X — Xg(ny41)
F2(x% 5% = gy 1) = ey — x*|17]

(1= Og(n))* (k) — D[y — |17

This implies that

e =X 1% < 2Bei) e — T X () X — Xy 11)

+20%, X" =X (n)41)

1— oty (kg — 1
+( )" (kgm) — 1)
&z (n)

2
[eeny =™

Hence we deduce that r}glgo||xf(n) —x*|| =0, and hence nlggl“r(n) = nlglgol“f(n)ﬂ =0
Furthermore, for n > ny, it is easily observed that I'; < Ty, 1 if n # 7(n) (that is, T(n) < n),
because I'; > I'; 4 for t(n)+ 1< j <n. As aconsequence, we obtain for all n > ny,
0<TI,< max{rr(n)arr(n)+l} =Ly

Hence, lim T, = 0, this is, {x, } converges strongly to x* . This completes the proof.
n—oo
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Corollary 3.1. Let H be a real Hilbert space and let C be a nonempty closed convex subset
of H with zeroin C. Let T : C — C be an asymptotically k-strictly pseudo-contractive mapping
such that F (T) # 0 . Let {a,} and {B,} be two real sequences € (0,1). Assume that the
following conditions are satisfied:

(C1) nhfl,a” =0; Y~ Q=00

(C2) Xy (kn— 1) <o

(C3) By € (0,(1=k) (1 - ), with lim B, =& >0
(C4) lim B =0,

Then the sequence {x,} generated by
Xn+l = (1 — 0y — Bn)xn "‘ﬁnTnxn; n>1

converges strongly to a fixed point of 7.

Remark 3.1. If zero is not necessarily in C in Corollary 3.1, one can still dispense with Pc

by generating the iteration sequence {x,} from an arbitrary x; € C by
Xp+1 = (1= oty — Bp)xn+ BuT"x + 0tyx1, n > 1.

Corollary 3.2. Let H be a real Hilbert space and C a nonempty closed convex subset of H.
Let T : C — C be an asymptotically nonexpansive mapping such that F (7)) # 0 . Let {¢, } and
{B,} be two real sequences in (0, 1). Assume that the following conditions are satisfied:

(€1) lim = 0: X5 0 = oo
(€C2) X2, (ky—1) < o0
(C3) Br€le, (1 —a,)] for somee > 0
(C4) lim 21 =0.
n—soo On

Then the sequence {x,} generated by (1.7) converges strongly to a fixed point of 7.

Prototype for our real sequences {a, } and {B,} are:
O =kn— 1+ 17 and B, = (1 —k)(1— &), n > 1.
Theorem 3.2. Let H be a real Hilbert space and C a nonempty closed convex subset of H.

Let T : C — C be k-strictly asymptotically pseudocontractive mapping with F(7T) # 0 and a
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sequence {k,} C [1,%) such that lim k, = 1, and ¥, (k2 — 1) < . For arbitrary x; € C,
n—yoo

define the sequence {x,};_, by (1.8) where {#,} , and {a,};_, are real sequences satisfying

the following conditions given below:

P Jim =0 Y=

1
i {0}y, C(0,b) C(0,1) with 0 < b < 1 —k, where k is the constant appearing in
(1.4)

1ii limé—”—)Oasn—)w
n—yoo Un

Then the generated sequence {x,}"_, converges strongly to the least norm element of the fixed
point set of 7.
Proof: Let p € F(T). Then

]|xn+1—p||2 = ||Vn_anvn+anTnVn_pH2
= |[vu—p— (v — T"v)|?
= |[va =PI+ oy l[va — T"v|

=20, (vy — T"vy, vy — p) . (3.14)
Using (3.4) in (3.14) yields:

a1 =PI < v —plP 4 05l ve — T ]?
— 0 (1= K)|[vn = T"vi| [ + 0 (k2 = 1) [y — |
= [+ au(ky — D]l[va = plI> = o1 — k= 0,)[[v — T
But [+ o, (kX—1)] < (14+k2—1)=£k2, (since {a,} <1V¥neN.)
So,
[1xn 1 = plI> < Kl lvi = PP = (1 =k — @) | [V — T"vi || (3.15)
From (1.8)

Vi —T"vy = —(vp — Xpy1), (3.16)

n
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and using (3.16) in (3.15), we obtain

1
||xn+1 —p||2 < k;%”"n_PHz_an(l _k_an)@HVn_anHz

n

1
= k,2,||vn—p||2—(1—k—an)a—llvn—xnﬂllz (3.17)

n

since 0 < oy, < b < 1 —k, we have that (1 —k— o)

from (3.17) that

I 1 -
@ > (1—k— b)a—n > 0 and hence it follows

|1 = pll < Kallva = pll. (3.18)

Furthermore,

va=pll = [[Fc[(1 —tn)xa] = pl|
< H(l_ln)xn_pH
= |[(1 =) (%0 — p) —tupl|

< (I =ta)[lxa = pl[ +ta]| Pll- (3.19)
Using (3.19) in (3.18), we obtain:

P =PIl < ka1 = a) |20 = pl| 4 Knta [ P

1

< ka1 =) max{||x, — pll, [[pl|} + Kntamax{[bx, — pl|, [ p[|}
= knmax{[jx, — pll,[|pl[}
< knkyy max{|lx,—1 = pll, [P}
n
< | Tkmax{||x1 = pl[,||p[[} <o,

1

This implies that the sequence {x,}*_; is bounded. Furthermore,

v =l < 11 =1a) (tn = p) = tapl®

= (1=t2)?|Pon = pIP + 27 lpI* +26 (1 = 1) {(p — 20, P) - (3.20)
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Using (3.20) in (3.17) gives
beurr =pIP < &2[(1 =1l = I+ 2211l
(1= 12) = 5,)] = (1= = @)1
= (1=t — pIP + (k2 = 1)(1 = 1) — plI? + K262 |l
281 =) (.} = (1= k= 0) [ =501

= (1=t = Pl —ta [ =261 = 1) (p —0,P)

1
~k2allpIP+ (1 =k = 0~ [|vn = x11]
(k= 1) (1 =1%o = pI I
Hence
2 2 2
B = pI2 < (1 =12)2 Il = pI = 1Yo+ 05 (3.21)
where

1
Yo = =2k (1= t2) {p =%, p) = kit [P|I* + (1 = k= @) —— v = 011 || (3.22),

n'n
and o, = (k2 —1)(1 —t,,)?||x, — p||*. Since {(1 —k — an)ﬁﬂvn — Xny1||?} is bounded below,
and {—2k2(1 —t,){p — x»,p)} and {k2t,||p||*} are bounded, then ¥, is bounded below. So,

using (3.22) and the condition Z t, = oo, it follows from Lemma 3.1 that

n=1
limsup ||x, — p||* < limsup(—Y,) = —liminfY,,. (3.23)
n—se0 n—so0 n—reo
This implies that
liminf¥, < —limsup||x, - p|* < . (3.24)

n—soo

But

1V =1 [1%]. (3.25)

1
liminf¥, = liminf[~2{p —x, p) + (1 —k — &) ——

n—oo n— Wl

Thus, by the property of liminf, there exists a subsequence {Y,;}%_; of {¥,},_; such that

liminfY, = liminfY, .
n—o0 Jj—roo J
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This implies that

llrgglfYn = }I_EEO [—2 (p—xn;,p)+ Oﬂ—nj%anj — X 1|7 - (3.26)
Since liminfY,, < oo, it follows that
n—soo
(I1—k—oay,) 1

li —2(p—Xxp. R L S oo,

Jlﬂn;lo |: <p xnj’p> * Oan tnj an} an_H H -
Thus, since {x,} is bounded we have that

{ Oan ;ijnj_xnj+lH }nzl

is bounded. Furthermore, from condition (ii) we have —a,, > —b > —(1 — k) and hence

l—k—0,>1—k—b>0.

Thus
(1—k— o) (1—k—b)
T”an—anHz > Wl|vn—xn+1||2,
and hence

[V =41 < ( [V = 24112

Ot 1 —k—Db)a tn;

It follows that {ﬁ [[Vi; — X 41 2} is bounded. From (3.16) we have

1
; 2 2
||vnj—Tn/anH = o2 ||vnj_xnj+1||
nj

2
= i—anj_xnjHH —0as j— oo,

(o Ot

tn.
i . ; 1
since %, — 0as j — oo, and { G

[[Vn; — X1 2} is bounded. Observe that
[n1 =xall = |[(1 = 0t)va+ 0 T"ve — x|

= |[vn =20 — O (va = T"vi) ||
< tnf|xal| 4 | [vi = T"vi]|.

Thus,

Xni+1 = Xn;|| = Inj||Xn; nil Ve, — T vy, as j — oo.
[, il <t | =+ Qv = T vy || = O as j —
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Also
anj_xnj—HH < anj_xnjH+Hxnj_xnj+lH
< tnj||xnj||+\|xnj—x,,j+1\|—>Oasj—>oo.
Similarly,
||an—1 _TnjilvnjH < Han—l - Tnjilvnj—l || + ||Tnjilvnj—1 - Tnjilvnsz
< ||an—1_Tnj_lvnj—1||+L||an—1_vnjH7
and
||an—1_an|| < ||(1_tnj_1)‘xnj_1_(1_t’lj)x”lj||
< o1 = 2 || A [l — 12601 — X
- H-xnj—l_xnjH_I_thj—lxnj—l_tnj—lxnj+tnj—1xnj_tnj‘xnjH
< ooyt = X 1 At 11— | 1 — 0 |
— 0as j— oo.
Thus,
anj,l—T”J'_lv,,sz—>Oasn—>oo.
Hence,

||an - TVﬂj“ < ||an - TnjvnjH + ||Tnjv’l.i - TV’UH

< ||vnj—T"J'vnjH+L\|T”-"_1vnj—vnj||
< |y = T ||+ LT v, = T o |+ LT 21— v |
S ||an_TnjvnjH—}_LHTnjilvnj—] _an—lH

+L(1+L)[|[vn; —vn;—1|] = 0 as n — oo

Since (1 —T') is demiclosed at 0, it follows that any weak cluster point of {v,, } is a fixed point

of T. Furthermore, since F(T') is closed and convex, Pr(r) : H — F(T) is well defined. Thus,
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for p = Pr(1)(0), we obtain from (3.26) and a property of Pr(7) that

liminfY, = —211jrgi£f[<xnj—PF(T)(O),PF(T)(O)>]§O.
~liminfY, = 21ijrgi£f[<xnj—PF(T)(O),PF(T)(O)>]20.

Consequently, from (3.23) we have that

0 < limsup ||x, — Pg(7)(0)||* < —liminfY, <0
n—oo

n—oo

i.e., limsup||x, — Ppr)(0)[| =0

n—oo
Clearly |[Pp(7) (0)[| = llpll < Iyl vy € F(T).

Thus, the generated sequence {x,}_, converges strongly to the least norm element of fixed
point set of T.

Corollary 3.3. Let H be areal Hilbert space. Let T : C — C be an asymptotically nonexpansive
mapping with F(T) # 0, {k,} C [1,e) with nlglgokn = l,ﬁ(kﬁ — 1) < oo. For arbitrary x; € C
define the sequence {x,}>_, by (1.8), where {#,}>_,,{c,}"_, are real sequences satisfying the

following conditions given below:

i limg,=0,) t,=co
n—oo =1

ii {an}:zozl - ( 7b) - (07 1)
1ii (’x—’; —0asn— oo,
Then the generated sequence {x,} ,_, converges strongly to the least norm element of the fixed

point set of T.

Remark 3.2. If zero is in C (in particular if C = H), then P¢ can be dispensed with in the
iteration scheme (1.8).
If zero is not necessarily in C, one can still dispense with Pc by generating the iteration sequence

{x,} from an arbitrary x; € C by

v = (1 —=ty)x,+1,x1

X1 = (I—o)vp+o,T"v, n>1.
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Prototype for the sequences {t,}"_, and {o,};_, are respectively given by

t, =

(Xn -

4. NUMERICAL EXAMPLES
Example 4.1. Let R denote the reals with the usual norm and define 7 : R — R by

—3x, x € (—o0,0]
Tx=

X, x € (0,%0)
Vx,y € (—o0,0], we obtain |Tx — Ty|> = 9|x — y|?, |x — Tx— (y — Ty)|*> = 16|x — y|?, and hence
1
[T =Ty =9 —y* = |x—yP + S lx = Tx— (y = Ty) >
Observe also that Vx,y € (0,00) we have
1
[Tx =Ty = |x—yP < =)+ S lx—Ta— (y—Ty) "
Furthermore, for all x € (—o0,0] and y € (0,00) we have
ITx—Ty|* = | —3x—y|* = 9x® + 6xy +y* and
2, 1 2 2, 1,0
= ST = =Ty)[7 = ey + 54|
= x2—2xy+y2—|—8x2
= Ox? 4+ 6xy+y> —8xy > Ix? +6xy+y> = |Tx—Ty|*.
Thus
2 2 1 2
Tx =Ty < x=y["+ Sl =Tx =y =Ty)|, Y,y € K.
Observe that for all integer n > 2 we have

. —3x, x € (—o0,0]
T"x=
x, x € (0,00).

Thus for all x,y € R, n € N we have

1
T —T"* < |x—y|* + =T —(y— "), Vx,y € R.
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It follows that T is strictly asymptotically pseudocontractive. Observe that T is not asymptoti-
cally nonexpansive; F(T) = [0,00); k, =1, Vn>1; k= % and for the iteration (1.7), we can take
Oy = ﬁ Br=%(1-k)(1—0y) = zﬁ’ Vn > 1, x; = —1 and the sequence {x,} converges

to zero as shown in Figure 1 below.

-0.2F : 7

04k 5 5 5 5 3 > 3 % 8

0.6} : .

1 I I i i i I 1 i
1 2 3 4 5 6 7 8 9 10

n: number of iterations

Starting from x = 1 yields convergence as in Figure 2 below.

Fig2

1 T
0.8 : s
0.6 : f

x:

0.4F : i
0.2 L : B

0 ; ! i i i

0 200 400 600 800 1000 1200

n: number of iterations

o, = 1k vy > I,x; = —1 and the

For the iteration scheme 1.8 we can take ¢, = T

1 .
n+1°

sequence {x,} converges to zero as shown in Figure 3 below.
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Fig3
0.4 T

0.2(
ol

-0.2F

-0.4}

-0.6F

-0.8F

I I I i i
0 100 200 300 400 500
n: number of iterations

Starting from x = 1 yields convergence as in Figure 4 below.

Fig4
1 T

600

0.8
0.6
0.4

0

L L L I}
0 200 400 600 800 1000
n: number of iterations

1200

Example 4.2. Let R denote the reals with the usual norm and define 7 : R — R by

—3x+1, x € (—o0,0]
L(x+2), x € (0,00)

Tx =

Vx,y € (—o0,0], we obtain |Tx — Ty|> = 9x —y|?, |x — Tx — (y— Ty)|*> = 16|x — y|?, and hence

1
Tx—Ty|* =9x—y* = \x—y|2+§|x—Tx— (y—Ty)|~

Observe also that Vx,y € (0,00) we have

1 1
Tx—Ty|* = Z\x—y|2 < \x—y|2+5|x—Tx— (y—Ty)|~

Furthermore, for all x € (—o0,0] and y € (0,0) we have

ITx—Ty|* = | —3x—|—1—%(y+2) 2= %\ —6x —y|? = $(36x% + 12xy+y%) = 9x* + 3xy + 1)°,
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and
2, 1 2 2, 1 1 2
=y S =Ta= =TI = k= +5dx—1-(—50+2)
1
= & =24y + o [8x—yf
1
= x2—2xy+y2+§(64x2—16xy+y2)
1
= 9x2—4xy+y2—|—§y2
2 1, 72
= 9x —|—3xy—|—Zy —7xy—|—§y
1
> 9x2+3xy+1y2:|Tx—Ty|2.
Thus

1
|Tx—Ty|* < !x—y\2+§\x—Tx— (y—Ty)|*, ¥x,y € R.

Observe that for all integer n > 2, we have

1 n
Thy — n—1 (—3X+2 - 1)7 X € (_0070]
A (x+2(2"—1)), x € (0,0).

Observe that Vx,y € (—eo,0], we obtain

2
|Tnx_Tny|2: 3 |2
22

ooy
Furthermore,
pe=T"x— (y=T"Y)[* = (14 5= =
Thus
2 1 n no\ 2 1 3 2 2
=y S =T = (=T = [1+ 51+ 5=)7 -
32 ) 1 3 ., 3 5
= 22(n 1)’x ¥l +[1+§( +2n—1) _22(n,1)]|x_y’
32 3 3 3
= m|x—)’|2+[§+2,,_1(1—?)”)6—)42

Y]
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Next for all x,y € (0,0) we have

1 1
T =Ty = S o=y < =P+ S =T — (y = T") %
If we now consider all x € (—o0,0] and all y € (0, ) we obtain

2

IT"x —T"y|* = 3301) [9x% + 3xy + %],
and
o T (= TP = (14 522+ (1= 2 =201 4 ) (1= )
Hence
P A= T = (=T = [ 2 (14 oo [T+ 2 (1= )2
2 2 on—1 2 on
24214 )1 = )b
- zz(i_l)[9x2+3xy+)§]+[1+%(1+2n31)2—22(3_1)])52
I 50— 30— ol
—[2+2(1+%)(1—%)+%]xy
= [T TP A g (- IR S (- 20
—[4—|—%]xy
> |T"x—T"y|%.

Thus for all x,y € R, n € N we have
n n.|2 2 1 n n 2
[T =T < fe=ylP+ Sl =T = (= T"y)I, Y,y € R

It follows that T is strictly asymptotically pseudocontractive and F(T) = {2}. k, =1, Vn >

1; k= % and for the iteration (1.7), we can take o, = #, B = %(1 —k)(1—ay) = m, Vn >

1, x; = —1 and the sequence {x,} converges to 2 as shown in Figure 5. below
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Fig 5
2 T T
1.5F .
1 -
W 05F |
0 - -
-0.5F B
_10 260 460 660 860 1 0‘00 1 ZbO 1 4‘00 1 6‘00 1 860 2000
n: number of iterations
Starting from x = 1 yields convergence as in Figure 6 below.
Fig6
2 T T
1.8F .
l1.6r B
1.4H &
W12 B
1 -
0.8 &
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0.4 1 1 1 1 1 1 1 1 1
0 200 400 600 800 1000 1200 1400 1600 1800 2000
n: number of iterations
. . S _ 1-k
For the iteration scheme 1.8 we can take 7, = - 1> O = Tt
sequence {x,} converges to 2 as shown in Figure 7 below.
Fig7
2 I
1.5 ﬁ &
1 - oo
W= 0.5 |
0 |- =
-0.5¢F &
-1 i | i i i
0 2 4 6 8 10

n: number of iterations
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Starting from x = 1 yields convergence as in Figure 8 below.

Fig&

2 . T T T T T
1.8 rﬁ - B
1.6F : i i
1.4+ : i

x:
1.2 i
1r !
0.8 ‘ ; : B
L L L L L L 1 L

0 1 2 3 4 5 6 7 g 9
n: number of iterations <10°

Conflict of Interests

The authors declare that there is no conflict of interests.

Acknowledgement

The authors used the facilities of the Office of Pastor E.A. Adeboye Professorial Chair in Math-

ematics at University of Nigeria, Nsukka. We are grateful to the Office.

REFERENCES

[1] V. Berinde, Iterative Approximation of Fixed Points, Lectures Notes 1912 Springer (2002).

[2] EE. Browder and W.V.Petryshyn, Construction of fixed points of nonlinear mappings in Hilbert spaces, J.
Math. Anal. Appl. 20(1967), 197-228.

[3] F. E. Browder, Nonexpansive Nonlinear Operators in Banach Spaces,Proc. Nat. Acad. Sci, 54 (1965), 1041-
1044.

[4] S-S. Chang, Some results for asymptotically pseudocontractive mappings and asymptotically nonexpansive
mappings,Proc. Amer. Math. Mech. 129(2000), 845-853.

[5] S-S. Chang,Y.J Cho, and H.Zhou,Demi-Closed principle and weak convergence problems for asymptotically
nonexpansive mappings,J. Korean Math. Soc. 38(2001), No.6. 1245-1260.

[6] C.E. Chidume, Geometric Properties of Banach Spaces and Nonlinear Iterations, Lecture Notes in Mathe-
matics 1965, Springer (2009).

[7] K. Goebel and W.A. Kirk, A fixed point theorem for asymptotically nonexpansive mappings, Proc. Amer.
Math. Soc. 35(1972), 171-174.

[8] N. Hussain, K. Ullah, M. Arshad, Fixed point approximation of Suzuki generalized nonexpansive mapping

via new faster iteration process, arXiv:1802.09888v1[math.FA] (2018).



204 E.E. CHIMA ET AL

[9] T.H. Kim and H.K. Xu, Strong convergence of modified Mann iterations, Nonlinear Anal. TMA, 61(2005),

51-60.

[10] W.A. Kirk, Fixed point theorems for non-Lipschitzian mappings of asymptotically nonexpansive type, Isreal
J. Math. 17(1974), 339-346.

[11] T.C. Lim and H.K. Xu, Fixed point point theorems for asymptotically nonexpansive mappings, Nonlinear
Anal. TMA, 22(1994),1345-1355.

[12] P.E. Mainge, Strong convergence of projected subgradient methods for nonsmooth and nonstrictly convex
minimization, Set-Valued Anal. 16 (7) (2008), 899-912.

[13] P.E. Mainge and S. Maruster, Convergence in Norm of modified Krasnoselkii- Mann iterations for fixed
points of demicontractive mappings, Appl. Math. Comput., 217 (2011), 9864-9874.

[14] P. Majee and C. Nahak, A modified iterative method for a finite collection of non-self mappings and family
of variational inequality problems, Med. J. Math. 15(2018), 58

[15] G. Marino and H.K. Xu, Weak and strong convergence theorems for strict pseudocontrations in Hilbert
spaces, J. Math. Anal. Appl., 329(2007), 336-349.

[16] M. Li and Y. Yao, Strong convergence of an Iterative algorithm for A-strictly pseudocontractive mappings in
Hilbert spaces, An. St. Univ. Ovidius Constanta 18(1) (2010), 219-228.

[17] Z. Opial, Weak convergence of successive approximations for nonexpansive mappings, Bull. Amer. Math.
Soc. 73 (1967), 591-597.

[18] M.O. Osilike S.C. Aniagbasor, B.G. Akuchu,Fixed points of asymptotically demicontractive mappings in
arbitrary Banach spaces, Panamer. Math. J. 12(2)(2002), 77-88.

[19] M.O. Osilike, A. Udomene, D.I. Igbokwe, B.G. Akuchu, Demiclosedness principle and convergence theo-
rems for k-strictly asymptotically pseudocontractive maps, J. Math. Anal. Appl. 326 (2007), 1334-1345.

[20] M.O. Osilike, Iterative approximations of fixed points of asymptotically demicontractive mappings, Indian J.
Pure Appl. Math. 29(12) (1998), 1291-1300.

[21] M.O. Osilike and A. Udomene, Demiclosedness principle and convergence results for strictly pseudocontrac-
tive mappings of Browder-Petryshyn type, J. Math. Anal. Appl. 256(2001), 431-445.

[22] L.Qihou, Convergence theorems of the sequence of iterates for asymptotically demicontractive and hemicon-
tractive mappings, Nonlinear Anal. 26(11)(1996), 1835-1842.

[23] L. Qihou, The convergence theorems of the sequence of Ishikawa iterates for hemicontractive mappings, J.
Math. Anal. Appl. 148 (1990), 55-62.

[24] J. Schu, Weak and strong convergence to fixed points of asymptotically nonexpansive mappings,Bull. Austral.
Math.Soc. 43(1991), 153-159.

[25] J. Schu, Iterative construction of fixed point of asymptotically nonexpansive mappings, J. Math. Anal. Appl.

158(1991), 407-413.



ASYMPTOTICALLY k-STRICTLY PSEUDOCONTRACTIVE MAPS 205

[26] K. Ullah, M. Arshad, New three step iteration process and fixed point approximation in Banach spaces, J.
Linear Topol. Algebra 7 (2) (2018), 87-100.

[27] H.K. Xu, Inequalities in Banach spaces with applications. Nonlinear Anal. 16(2) (1991) 1127-1138.

[28] L. Yang, Strong convergence theorem of an iterative scheme for strictly pseudocontractive mappings in Ba-
nach spaces, Optimization, in press.

[29] Y. Yao, H. Zhou and Y-C. Liou, Strong convergence of a modified Krasnoselski-Mann iterative algorithm for
non-expansive mappings, J. Appl. Math. Comput. 29 (2009), 383-389.

[30] H.Zegeye, N. Shahzad and M. A. Alghamdi, Convergence of Ishikawa’s iteration method for pseudocontrac-
tive mappings, Nonlinear Anal. TMA, 74 (2011) 7304-7311.

[31] H. Zegeye and A.R. Tufa, Halpern-Ishikawa type iteration method for approximating fixed points of non-self

pseudocontractive mappings, Fixed Point Theory Appl. 2018 (2018), 15.



