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Abstract. Removing the continuity of four mappings and replacing the compatibility and ¢-weak commutativity
by the weak compatibility, we obtain a generalized result of some well-known unique common fixed point theorems

for four mappings defined on multiplicative metric spaces. We also give several deformed common fixed point

theorems under non-continuous conditions.
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1. Introduction and preliminaries

The Banach contraction principlem is one basic and simple fixed point theorem, it is widely
applied in mathematics and other fields. Hence the principle is very goodly generalized and
improved on various metric spaces. Especially, in 2008, Bashirov et al® introduced the con-
cept of multiplicative metric spaces and studied some basic properties. Afterwards, Florack and
Assen’®! and Bashirove et all*l also gave some other properties in this space. In 2012, Ozavsar
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and Cevikel 5] introduced the concept of multiplicative contraction mappings on multiplicative
metric spaces and obtained several existence theorems of fixed points; in 2013, He et al [6] proved
some existence theorems of common fixed points for four mappings using the weakly commut-
ing condition; in 2015, Abbas et al 7, Kang et al® and Gu et al® obtained common fixed point
theorems using the locally contractive condition, compatible condition and weakly compatible

condition respectively. Gu et al

gave a example ([9], Example 2.3) to support the main theo-
rem(Theorem 2.1 in [9]). The condition of A in Theorem 2.1 is A € (0, %) in [9], but the given
A in Example 2.3 is A = % in [9], hence the example is not persuasive. Recently, Jiang and
Gul'? introduce the concept of ¢-weakly commutative mappings and obtained common fixed
point theorems for four mappings. These obtained results in [10] generalized and improved the
corresponding conclusions in [6-9].
Definition 1.1.[2] Let X be a nonempty set, A multiplicative metric is a mapping d : X x X —
[0,0) satisfying:

(i) d(x,y) > 1forall x,y € X and d(x,y) = 1 <= x=;

(ii) d(x,y) = d(y,x) for all x,y € X;

(iii) d(x,z) < d(x,y)d(y,z) for all x,y,z € X.(multiplicative triangle inequality).

The pair (X,d) is called a multiplicative metric space.
Example 1.1.[S]Let R," = {(ay,a2,- -+ ,an)|a1,a2,- -+ ,a, >0}. Defined : R." xR, — [0, 00)

as follows

X1 X2 X2
dy)=l— || =[]
3l y2 Y2
where x = (x1,x2,-- , %),y = (y1,¥2,- -+ ,vn) € RY", | - |: Ry — Ry is defined by :

a, ifa>1
lal=

-, ifa<1.
a

Then (R1",d) is a multiplicative metric space.
Example 1.2.[9] Let X = R and define d(x,y) = ¢ |, Vx,y € X. Then (R,d) is also a multi-

plicative metric space.
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Definition 1.2.[2] Let (X, d) be a multiplicative metric space, {x,} a sequence in X and x € X.
If for every multiplicative open ball B¢ (x) = {y € X|d(x,y) < €}, € > 1, there exists a natural
number N such that x,, € B¢(x) for all n > N, then the sequence {x,} is said to be multiplicative
converging to x, denoted by x, — x(n — ).

Lemma 1.1.[5] Let (X,d) be a multiplicative metric space, {x,} a sequence in X and x € X.

Then

Xp = X (n — 00) <= d(x,,x) = 1(n — o0).

Definition 1.3.[5] Let (X,d) be a multiplicative metric space, {x,} a sequence in X. The se-
quence {x,} is called multiplicative Cauchy sequence if, for each € > 1, there exists a natural
number N such that d(x,,x,,) < € for all n,m > N.

Lemma 1.2.[5] Let (X,d) be a multiplicative metric space, {x,} a sequence in X. Then {x,} is
a multiplicative Cauchy sequence if and only if d(x,,,x,) — 1(m,n — ).

Definition 1.4.[5] A multiplicative metric space (X,d) is said to be multiplicative complete if,
every multiplicative Cauchy sequence in (X,d) is multiplicative convergent in X.

Definition 1.5.[5] Let (X,dx) and (Y,dy) be two multiplicative metric spaces, f: X — Y a
mapping and x € X. If for every € > 1, there exists 8 > 1 such that f(Bg(x)) C Be(f(x)), then
we call f multiplicative continuous at x. If f is multiplicative continuous at all x € X, then we
say that f is multiplicative continuous on X.

Lemma 1.3.[5] Let (X,dx) and (Y,dy) be two multiplicative metric spaces, f : X — ¥ a map-
ping and x € X. Then f is multiplicative continuous at x if and only if fx, — fx for every
sequence {x,} C X with x,, — x.

Lemma 1.4.[5] Let (X,d) be a multiplicative metric space, {x,} and {y,} two sequences and

x,y € X. Then
Xp = X, Y =y (n— 00) =>d(x,,yn) — d(x,y) (n — o0).

Definition 1.6.[5] Let (X,d) be a multiplicative metric space. A mapping f : X — X is called
a multiplicative contraction if there exists a real constant A € (0,1) such that d(fx, fy) <

[d(x,y)]* forall x,y € X.
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Theorem 1.1.[5] Let (X,d) be a complete multiplicative metric space. If f: X — X is a multi-
plicative contraction, then f has a unique fixed point.

He et al obtained the following existence theorem of common fixed point for four mappings
with the weakly commutativity on multiplicative metric spaces:
Theorem 1.2.[6] If four self-mappings S,7,A, B on a multiplicative metric space X satisfy the
following conditions:

(1) SX CBX,TX C AX;

(11) A and S are weakly commutative mappings, B and T are also weakly commutative map-
pings;

(iii) one of {A,B, S, T} is continuous;

(iii) there exists A € (0,) such that for every x,y € X,
d(Sx,Ty) < {max{d(Ax, By),d(Ax,Sx),d(Ry,Ty),d(Ax,Ty),d(By,Sx)} },

Then S,T,A, B have a unique common fixed point.

Gu an Cho® introduced the concepts of the compatibility and weak compatibility of two
self-mappings on multiplicative metric spaces and also gave the following fact:

commutativity = weak commutativity =—> compatibility = weak compatibility.

But the converse of the above fact is not true (see, Remark 2.1 in [9]).

¢ € @ if and only if ¢ : [1,00)° — [0, 00) satisfy

(¢1) ¢ is non-decreasing and continuous in each coordinate variable;

(¢p) foreachr > 1,

max{¢(t,t,¢,1,¢),0(t,t,¢,¢,1),0(t,1,1,¢,),0(1,2,1,¢,1),¢(1,1,2,1,¢)} <t.

Using ¢ € ® and the concepts of compatibility and weak compatibility, Gu and Cho obtained
the next generalization of Theorem 1.2:
Theorem 1.3.[9] If four self-mappings S,7T,A,B on a complete multiplicative metric space X
satisfy the following conditions:

(1) SX CBX,TX C AX;

(ii) there exists A € (0, %) such that for each x,y € X,

d(Sx,Ty) < ¢(d* (Ax, By),d* (Ax,Sx),d* (By, Ty),d* (Ax,Ty),d" (By,Sx));
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(ii1) one of the following conditions is satisfied:

(a) either A or S is continuous, the pair (A,S) is compatible and the pair (7,B) is weakly
compatible;

(b) either B or T is continuous, the pair (7,B) is compatible and the pair (A,S) is weakly
compatible.

Then S,T,A, B have a unique common fixed point.

In 2017, Jiang and Gul'% introduced the concept of @-weak commutativity of two mappings
and obtained the following result:
Theorem 1.4.[10] If four self-mappings S,7,A,B on a complete multiplicative metric space X
satisfy the following conditions:

(1) SX C BX, TX C AX;

(ii) there exists A € (0, 3) such that for each x,y € X,
d(Sx,Ty) < ¢(d* (Ax, By),d* (Ax,Sx),d* (By, Ty),d* (Ax,Ty),d" (By,Sx));

(iii) one of the following conditions is satisfied:

(a) either A or S is continuous, the pair (A,S) is compatible and the pair (7, B) is ¢-weakly
commutative;

(b) either B or T is continuous, the pair (7, B) is compatible and the pair (A,S) is @-weakly
commutative.

Then S,7T,A, B have a unique common fixed point.

In [11], Piao introduced a 5-dimensional real function y and obtained several unique com-
mon fixed point theorems for four noncontinuous mappings on multiplicative metric spaces,
where Y is very different from ¢ in Theorem 1.3 and Theorem 1.4.

Note that at least one mapping must be continuous and at least one pair of mappings must
be weakly commutative or compatible or ¢-weakly commutative in Theorem 1.2-Theorem 1.4.
Hence the main aim in this paper is to obtain the same conclusions as the results in Theorem
1.2-Theorem 1.4 removing the continuity of four mappings and replacing the compatibility and
(p)-weak commutativity by the weak compatibility. The obtained new result is a generalization

and improvement of Theorem 1.2-Theorem 1.4 and is very different from the conclusion in
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[11]. Finally, we give some deformed common fixed point theorems for four mappings with
commutativity but without continuity.
Definition 1.7.[9] Let (X, d) be a multiplicative metric space and f, g : X — X be two mappings.
If fgx = gfx whenever fx = gx(x € X), i.e., d(fx,gx) =1 (x € X) = d(fgx,gfx) =1, then
the pair (f,g) is called weakly compatible.
Definition 1.8.[12] Let X be a nonempty set and f,g : X — X two mappings. If there exist
w,x € X such that w = fx = gx, then x is said to be a coincidence point of the pair (f,g) and w
is said to be a point of coincidence of the pair (f,g).
Lemma 1.5.[11] Let (X,d) be a multiplicative metric space and f,g : X — X be the pair of
weakly compatible mappings. If w = fx = gx is the unique point of coincidence of the pair

(f,g), then w is the unique common fixed point of the pair (f,g).
2. An improvement of the well known theorems

Theorem 2.1. If four self-mappings S,7,A,B on a multiplicative metric space X satisfy the
following conditions:
() SX C BX, TX C AX;

(ii) there exists A € (0, %) such that for each x,y € X,
d(Sx,Ty) < ¢(d*(Ax, By),d* (Ax, Sx),d* (By, Ty),d* (Ax, Ty),d* (By, Sx)); (2.1)

(iii) the pair (A, S) is weakly compatible and the pair (7', B) is also weakly compatible;
(iv) one of {SX,AX,BX,TX} is complete.
Then S,7T,A, B have a unique common fixed point.
Proof. Take any element xo € X. In view of (i), we construct two sequences {x,} and {y,} in X

satisfying
Yon = Sxop = BXop i1, Y2041 = TXop1 = Ax2pi2,n=0,1,2,--- . (2.2)

Using the condition (i1) and (2.2) and modifying the proof of the corresponding theorem in [9-
10], we can prove that the sequence {y, } is a multiplicative Cauchy sequence, i.e., d(ymm,yn) — 1

as m,n — oo,
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Suppose that either SX or BX is complete. Since yp, € SX C BX foralln =0,1,2,--- and
{y2n} is also a multiplicative Cauchy sequence as a subsequence of {y,}, there exist u,v € X

such that y», — u = Bvasn — oo, i.e., d(yo,,u) — 1 as n — oo. Hence by the following fact

d(ynt1,u) < d(yant1,Y2m) - d(Yan,ut),

we obtain d(y,+1,u) — 1 as n — oo,

For each n € N, by (2.1),

d(yon, Tv) = d(Sx2, TV)
< 9 (d* (Axan, BY),d* (Axa, Sx20),d* (B, Tv),d* (Axzy, Tv),d* (Bv,Sxs))  (2.3)

- ¢(dl <y2n—17u)7dl <y2n—l 7y2n>7dk (I/t, TV)7dl ()’2n—1,TV);d/l(u,)’2n))-
Letting n — oo in (2.3) and using Lemma 1.4 and the conditions (¢;)-(¢,), we obtain

d(u,Tv)
<o(1,1,d*(u,Tv),d*(u,Tv),1)
< @ (d* (u, Tv),d* (u,Tv),d* (u, Tv),d* (u,Tv),1)

<d*(u,Tv),

hence d(u,Tv) = 1 since 0 < A < 1 and d(u,Tv) > 1, therefore Tv = u = Bv. This show that u
is a point of coincidence of 7 and B.

On the other hand, u = Tv € TX C AX implies that there exists w € X such that u = Aw. For
eachn € N, by (2.1),

d(Sw,yon+1) = d(Sw,Txop41)
< @ (d* (Aw, Bxguy1), d™ (Aw, Sw),d* (Bxans 1, Txons1),d* (Aw, Txpni1 ), d* (Bxans1,SW))

= ¢(dl (l’ta.y2n>7dl (u?SW%d)L (y2n7y2n+1)7dl (uvy2n-|-1>7d)L (y2n7SW))
(2.4)
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Letting n — oo in (2.4) and using Lemma 1.4 and conditions (¢;)-(¢»), we have

d(Sw,u)

< o(1,d*(u,Sw),1,1,d" (u,Sw))

< 9 (d* (u, Sw), d* (u, Sw), d* (u, Sw), 1,d* (u, Sw))

A

<d"(u,Sw).

Hence d(Sw,u) = 1, therefore Sw = u = Aw. This show that u is also a point of coincidence of

Sand A.

If z = Sx = Ax is also a point of coincidence of S and A, then by (2.1) and the properties of ¢,

d(z,u) =d(Sx,Tv)
A A A A A
< ¢(d*(Ax,Bv),d" (Ax,Sx),d" (Bv,Tv),d" (Ax,Tv),d" (Bv,Sx))
= (P(d/l(zvu)? 1, lvdl(%u)’d/l(zvu))
< d*(z,u).
Hence d(z,u) = 1, i.e., z = u. This completes that u is the unique point of coincidence of A and
S. Similarly, u is also the unique point of coincidence of B and T'. By (iii) and Lemma 1.5, u 1s
the unique common fixed point of the pair (A,S) and the pair (B, T) respectively, hence u is a
common fixed point of {A,B,S,T}.
If u is also a common fixed point of {A,B,S, T}, then by (2.1),
d(u',u) =d(Su',Tu)
< o(d*(Ad',Bu),d* (Ad',Su'),d* (Bu, Tu),d* (Au', Tu),d* (Bu,Su’))
= ¢(d*(u',u),1,1,d* (u ,u),d* (' ,u))
<d*(u,u).
Hence u' = u, therefore u is the unique common fixed point of {A,B,S,T}. Similarly, we can
give the same conclusion for either 7X or AX being complete.

Remark 2.1. Theorem 2.1 generalize and improve Theorem 1.2-Theorem 1.4 in the following

aspects:
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(1) The space X is complete in Theorem 1.2-Theorem 1.4, but we need that one of {SX,AX,BX,TX}
is complete in Theorem 2.1;

(2) Four mappings A,B,S,T in Theorem 2.1 need not be continuous, but at least one of
{A,B,S, T} must be continuous in Theorem 1.2-Theorem 1.4;

(3) {A,S} and {B, T} are all weakly commutative in Theorem 1.2, and either {A,S} or {B,T'}
is compatible in Theorem 1.3 and Theorem 1.4, but {A, S} are {B, T} are all weakly compatible
in Theorem 2.1;

(4) If (¢) holds, then ¢(1,z,1,¢,1) < @(z,¢,2,¢,1) and ¢(1,1,2,1,¢) < ¢(z,¢,¢,1,¢) for all
t > 1, hence the condition (¢;) in Theorem 2.1 and Theorem 1.3-Theorem 1.4 can be replaced
by the next equivalent condition (¢3):

(¢3) max{@(¢,t,2,1,¢),0(¢,¢,2,¢,1),0(¢,1,1,2,¢)} <t forallt > 1.

Let S=B and T = A in Theorem 2.1, then we obtain the following common fixed point
theorem for two mappings.

Theorem 2.2. If two self-mappings S, 7 on a multiplicative metric space X satisfy the following
conditions:

(i) there exists A € (0, %) such that for each x,y € X,
d(Sx,Ty) < ¢(d*(Tx,Sy),d*(Sx, Tx),d*(Sy, Ty),d* (Tx, Ty),d* (Sx,8y));  (2.5)

(ii) the pair (7', S) is weakly compatible;

(iii) one of {SX,TX} is complete.

Then S, T have a unique common fixed point.
Theorem 2.3. Suppose that (X,d) is a multiplicative metric space, S,T,A,B : X — X four map-
pings, {p,q,m,n} are four natural numbers. If

(i) SPX C B"X, T1X C A™X;

(ii) there exists A € (0, %) such that for each x,y € X,

d(SPx,Ty) < ¢(d*(A"x,B"y),d* (A"x,SPx),d" (B"y, T?y),d" (A"x, Ty),d* (B"y,S"x));
(2.6)
(iii) the pair (A, S) and the pair (7, B) are all commutative respectively;

(iv) one of {SPX,A™X B"X,T9X} is complete.
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Then S,T,A, B have a unique common fixed point.
Proof. (iii) implies that the pair (A™,S?) and the pair (7%, B") are all commutative respectively,
hence (A™,SP) and (T4, B") are all weakly compatible respectively. Obviously, {S?,A™ B" T}
satisfy all conditions of Theorem 2.1, hence {S?,A™,B", T} have a unique common fixed point

u,i.e., SPu = A"u = B"u = T%u = u. Now, we will prove that « is also the unique common fixed

point of {S,A,B,T}. In fact, by (2.6) and (¢»),
d(Su,u) = d(SPSu,Tu)

< O (d* (A" Su,B"u),d* (A" Su,SPSu),d* (B"u, T9u),d* (A" Su, T9u),d* (B"u, S Su))

(2.7)
= ¢ (d* (Su,u),1,1,d* (Su,u),d* (u,Su))
< d* (Su,u).
d(u,Tu) =d(SPu,TTu)
< ¢(d*(A"u, B"Tu),d* (A"u,SPu),d* (B"Tu,TITu),d* (A™u,TITu),d* (B"Tu,S"u))
— O (d* (u, Tu), 1,1, d™ (u, Tu), d™ (Tu ) 2
< d* (Tu,u).
d(Au,u) = d(SPAu,Tu)
< O (d*(A"Au, B"u),d* (A" Au,SPAu),d* (B"u, T9u),d* (A" Au, Tu),d* (B"u, SP Au)) 29

= ¢ (d* (Au,u),1,1,d* (Au,u),d" (u,Au))

< d*(Au,u).

d(u,Bu) = d(Su,T9Bu)
< ¢(d*(A"u,B"Bu),d* (A"u,S"u),d* (B"Bu, T9Bu),d* (A", T1Bu),d"* (B"Bu, S"u))
= ¢(d*(u,Bu),1,1,d" (u,Bu),d* (Bu,u))

< d*(Bu,u).
(2.10)
From (2.7)-(2.10), we have d(Su,u) = d(Au,u) = d(Bu,u) = d(Tu,u) = 1,i.e., Au=Bu = Su =

Tu = u. Hence u is a common fixed point of {A,B,S,T}. If w is also a common fixed point of
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{A,B,S,T}, then by (2.6) and (¢»),

d(u,w) =d(SPu,Tw)

< ¢ (d* (A"u, B"w),d* (A™u,SPu),d* (B"w, T9w),d* (A" u, T9w),d"* (B"w,Su))

= ¢(d* (u,w), 1,1,d* (u,w),d* (u,w))

< d*(u,w).
Hence d(u,w) = 1, i.e., u = w. Therefore u is the unique common fixed point of {A,B,S,T}.
Remark 2.2. The condition (i) in Theorem 2.3 can be replaced by SX C B"X and TX C A"X
Since SPX C SX and T9X C TX. Also, (i) can be replaced by SPX UT9X C A"X NB"X.
Theorem 2.4. Suppose that (X,d) is a multiplicative metric space, S, T : X — X two mappings,

{p,q,m,n} are four natural numbers with n < p and m < g. If

(i) there exists A € (0, %) such that for each x,y € X,

d(SPx,T7y) < ¢(d*(T"x,S"y),d* (T"x,S"x),d* (S"y, Ty),d* (T"x,T%y),d*(S"y,5x));
(ii) the pair (S,7T) is commutative;

(iii) one of {SPX,T™X,S"X,T9X} is complete.

Then S, T have a unique common fixed point.

Proof. Let A =T and B = §, then (i) can be rewritten as
d(SPx,Ty) < ¢(d*(A™x,B"y),d* (A"x,Sx),d* (B"y, T%y),d* (A"x,T?y),d* (B"y,S"x)).

Also, SPX C B"X and T9X C A™X since n < p and m < q. Hence the conclusion follows

from Theorem 2.3.
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