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Abstract. In this paper, we introduce the notion of a pair of new generalized .% -Geraghty type contraction map-

pings and establish some new common fixed point theorems for such contraction in complete partial b-metric-like

spaces. Examples are included to illustrate that our results are proper generalizations of previous results. We also

discuss an application to the existence of solution for a nonlinear integral equation.
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1. INTRODUCTION AND PRELIMINARIES

In 1973, Geraghty [7] extended and generalized the Banach contraction principle [1], and
established the existence and uniqueness some new fixed points in the setting of complete metric
spaces. Later, Geraghty contraction was improved and generalized in different spaces see [2, 4,
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10, 11, 12, 13, 14, 15]. On the other hand, the b-metric concept was launched by Bakhtin [3] as
a generalization of a metric, and many articles have been dedicated to generalize the Geraghty
contraction in both spaces. In 2017, Ameer et al [23]. introduce the notion of generalized ot —
y-Geraghty contraction for multivalued mappings and establish common fixed point theorems
for such mappings in an a-complete b-metric spaces, which were recently improved by Aleksic¢
et al [24]. In 1994, Matthews [16], introduced the concepts of partial metric spaces wherein
the distance of a point from itself may not be zero and obtained related fixed point theorems.
Shukla [17] generalized the concept of partial b-metric space by combining the b-metric and
partial metric spaces. after that Many authors obtained interesting generalized results of the
Geraghty contraction in both spaces see [19, 20, 21, 22]. Alghamdi et al. [6] generalized the
notion of a b-metric space by introduction of the concept of a b-metric-like space and proved
some related fixed point results. Recently, Rao et al. [18] introduced the concept of partial
b-metric-like by combining the b-metric-like and partial metric spaces and established new
coupled coincidence point theorems.

Definition 1.1 [3]. A b-metric on a non empty set X is a function d : X x X — [0,0) such that
for all x,y,z € X and s > 1, the following three conditions are satisfied:

(i) d(x,y) = 0 if and only if x = y;

(ii) d(x,y) = d(y,x);

(iii) d(x,y) < s[d(x,z) +d(z,y)]. As usual, the pair (X,d) is called a b-metric space.
Definition 1.2 [6]. A b-metric-like on a non empty set X is a function d : X x X — [0, ) such
that for all x,y,z € X and a constant s > 1, the following three conditions are satisfied:

(i) d(x,y) = 0 implies x =y,

(if) d(x,y) = d(y,x),

(iii) d(x,y) < s[d(x,z) +d(z,y)]. Then the pair (X,d) is called a b-metric-like space.
Definition 1.3 [16]. Let X be a non-empty set and p : X x X — [0, ) be a function. Then p is
called a partial metric on X, if for all x,y,z € X

(Nx=yeplx)=pky)=pOy) =0

(2) p(x,x) < p ()

(3) p(x,y) =p(,x);
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(4) p(x,y) < p(x,2)+p(z,y) — p(z,2). Then the pair (X, p) is said to be a partial metric space.
Definition 1.4 [17]. Let X be a non-empty set and p : X x X — [0,0) be a function, called a
partial b-metric if there exists a real number s > 1 such that the following conditions hold for
every x,y,z € X,
(Dx=y<epx)=pky)=pky) =0
(2) p(x,x) < p(x,y);
(3) p(x,y)
(4) p(xy

space.

=p(x);
) <s[p(x,2) + p(z,y)] — p(z,2). Then the pair (X, p) is said to be a partial b-metric

Definition 1.5 [18]. A partial b-metric-like on a non empty set X is a function p: X X X — [0, 00),
wherein for all x,y,z € X and a constant s > 1, the following conditions are satisfied:

(1) p(x,y) =0 implies x =y,

(2) p(x,x) < p(x,y), P(,¥) < p(x,¥),

(3) p(x,y) = p(¥,x),

(4) p(x,y) <s[p(x,z) + p(z,y) — p(z,2)]. The pair (X, p) is called a partial b-metric-like space.
Definition 1.6 [18]. Let (X, p) be a partial b-metric-like space, {x,} be a sequence in X, and
x € X. The sequence {x, } converges to x if and only if nh_r}olo p(xp,x) = p(x,x).

Remark 1.7 [18]. In a partial b-metric-like space, the limit for a convergent sequence is not
unique in general.

Definition 1.8 [18]. Let (X, p) be a partial b-metric-like space and {x, } be a sequence in X. We
say that {x,} is Cauchy if and only if n}}iglwp(xn,xm) exists and is finite.

Definition 1.9 [18]. Let (X, p) be a partial b-metric-like space. We say that (X, p) is complete

if and only if each Cauchy sequence in X converges to x € X so that

}E}C}o (X, x) = p (x,x) = m}rilgloop (X Xn) -

Proposition 1.10 [18]. Let (X, p) be a partial b-metric-like space with constant s > 1 and let
{x,} be a sequence in X such that r}glgo p (xn,x) = 0. Then:

(1) x is unique.

(2) §p(x,y) < lim p (x,y) < sp (x,y) forall y € X.

(3) p(xn,x0) < sp(x0,x1) +52p(x1,%2) + ... +5" ' p(xp_2,%_1) + " p(X,_1,%,), Whenever



4 MUHAMMAD ARSHAD, MUSTAFA MOHAMMED, ESKANDAR AMEER, SARTAJ ALI

{xs}i—0 €X.

Definition 1.11 [8]. Let ot : X x X — [0,0) be a functional. A mapping T : X — X is said to be
o-admissible, if for all x,y € X, a(x,y) > 1 implies a(Tx,Ty) > 1.

Definition 1.12 [5]. Let S,7 : X — X and o : X x X — [0,00). We say that the pair (S,7) is
o-admissible if x,y € X such that ¢¢(x,y) > 1, then we have o¢(Sx,Ty) > 1 and o (T'x,Sy) > 1.
Definition 1.13 [4]. Let X be a non-empty set, 7 : X — X and , 3 : X x X — R™. We say

that 7 is an (o, 3)-admissible mapping, if
o (x,y) > Tand B (x,y) > 1

implies

o(Tx,Ty) > 1, and B (Tx,Ty) > 1, forall x,y € X.

Theorem 1.14 [13]. Let (X,d) be a complete metric-like space and 7 : X — X be a mapping

such that for all x,y € X
d(Tx,Ty) < B(d(x,y))d(x,y),

where 8 € & and & is the family of all functions 8 : [0,00) — [0, 1) which satisfy the condition
B(t,) — 1 implies #, — 0 as n — oo. Then T has a unique fixed point x* € X with d (x*,x*) = 0.
In 2017 Aydi et al. [10] considered a new Geraghty type contraction in the complete metric-like
space given as following

Theorem 1.15 [10]. Let (X,d) be a complete metric-like space and 7 : X — X be a given

mapping. Suppose there existsf € & such that for all x,y € X

d(Tx,Ty) < B (F(x,y)) F (x,y),

where
F(x,y)=d(x,y)+|d (x,Tx) —d (y,Ty)|.

Then T has a unique fixed point u € X with d (u,u) = 0.
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2. GENERALIZED .Z-GERAGHTY TYPE CONTRACTION MAPPINGS

In this section we give a real generalization of the results obtained in [10] we prove some new
common fixed point theorems for new generalized .# -Geraghty type contraction in partial b-
metric-like space using conditions of (@, ¢)-admissible mappings, which generalize and extend
Theorem 2.1 of Aydi et al. [10].

Definition 2.1. Let X be a non-empty set, S,7 : X — X and o, : X x X — [0,00). The two
mappings (S,7) is called a pair of (¢, B)-admissible mappings, if

o (x,y) > 1and B (x,y) > 1

implies
o (Sx,Ty) > 1, a(Tx,Sy) > 1and B (Sx,Ty) > 1, B(Tx,Sy) > 1

for all x,y € X.

Definition 2.2. Let (X,p) be a partial b-metric-like space, S,T : X — X be two map-
pings. Suppose there exist functions € £ and o, ¢ : X x X — [0,0). Then (S, T) is said to be

a pair of new generalized .% -Geraghty type contraction mappings, if for all x,y € X, we have

(1) o (x,8x) @ (v, Ty) 8 p (Sx,Ty) < B (F (x,5)) Z (x,y),
where

F (x,y) = p(x,y) +|p(x,8x) — p(y, Ty)|.

Theorem 2.3. Let (X, p) be a complete partial b-metric-like space and S,7 : X — X be a pair
of mappings. Suppose there exist functions € & and o, ¢ : X x X — [0,00) such that the
following conditions hold:

(i) (S,T) is a pair of new generalized .% -Geraghty type contraction mappings;

(ii) (S,T) is a pair of (¢, ¢)-admissible mappings;

(iii) there exists xo € X such that o (xp,Sxp) > 1 and ¢ (xg,Txp) > 1;

(iv) for every sequence {x,} in X such that & (x,,x,+1) > 1 and @ (xy,x,4+1) > 1 for all n €

NuU{0} and x,, — x, we have o (x,Sx) > 1 and ¢ (x,Tx) > 1.
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Then the pair (S, 7) has a unique common fixed point u € X.

Proof. Let xy € Ag. Since Txyg € T (Ag) C By, there exists x| in Ag such that p (x; — Txg) =
dp (A,B). Moreover, Tx; € T (Ag) C By implies the existence of an x, € Ap such that

p (xo —Tx1) =dp (A,B) . Continuing in this way, we obtain a sequence {x,} in Ag such that
(1) p (Xpt1—Tx,) =dp (A,B), foralln € N.

Since pair (A, B) has the P—property, from (10) we have,

2) P (xn —xpt1) =p (Txy—1 — Tx,), foralln e N.

We now prove that the sequence {x,} is p-convergent in Ay.If there exists nyp € N such that
P (Txpy—1 — Txny) = 0, then p (xpy —Xpg41) = 0 & Xy — Xpg+1 = 0 & Xy = X1 by (11).

Thus
(3) T)Cno = T.Xn0+1 =4 Txno — Tan_H =0& P (T.Xno — T.Xno+1) =0.
From (11) and (12), we obtain

P (Xng+2 = Xng+1) = P (Txng 1 — Txng) = 0= Xng12 = Xng 1

Thus x,, = Xy, for all n > ng and hence {x,} is p-convergent in Ay.
Next let p (Tx,—1 — Tx,) # 0 for all n € N. Then, for any positive integer n, using (11), we

have
T+ F(p (c(Toxn—Txp—1))) < F (p (I (xn —Xp-1))) -

because T is an Fp-contraction and this implies that

F(p(e (i — 1) < F(p(I(on—xn 1))~
Fp(c (tnri=x))) < F(p(cln—xa1))) -7
F(p (¢ (xnt1—xn))) F(p (I(xn—1—xn—2))) =27

“4)

IN

IN

F(p(c(xp—a—x4-3))) =31 <...<F(p(c(x1 —xp))) —nt.
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Denote f3, := (p (¢ (xp+1 —x,))). Then by ( 13), lim,, . F (B,,) = —oo. Appealing to (C), we

get
%) r}g{}oﬁn = r}g{}op (Xnt1—2x2) =0.
A use of (C3) guarantees the existence of a k € (0, 1) such that

(6) lim B4F (B,) =0,

n—oo

and so by (13), for all n € N, we have

By (F(B,)—F (By)) < —Brnt <0.
Reading (14) and (15) together, we get
. Kk
Ji o} =0

Hence there exists n; € N such that nﬁ’,ﬁ < 1forall n > n;. That is, for all n > n;,

1
(7) B, <.
nk
or
1
®) P (X0 —nr1) < —.
nk

Similarly, there exists n; € N such that

P(xn—xn12) < @2)[p (X0 —%Xnp1)+P (Xnp1—Xnt2)]
1 1
< a)(2) - T 1
nk  (n+1)k
. o0
nk
This implies that
(2
) p(an—sni2) < 22
nk

Now we have the following two cases.
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CASE 1: If m > 2 is odd, then m = 2L+ 1, L > 1, using (17) for all n > h, h = max (ng,n; )

p (xn _xn-i-m) < 0 (2L+ 1) [P (xn _xn—l—l) +p (xn—H _xn+2) t..tp (xn+2L _xn+2L+1)]

1 1 1
< 0QL+1)| —+ -t —
nk  (n+1)k (n+2L)*
|
< (2L+1)Z—l
t:nﬁ

CASE 2: If m > 2 is even, then m = 2L ,L > 2, using (17) and (18) for all n > h, h =

max (ng,np)

p (xn _xn—i-m) < o (2L ) [P (xn _xn+2) +p (xn+2 _xn+3) +...+p (xn-I-ZL—l —Xn+2L )]

1 1 1
—+ ot

< oL)| = - —
nk o (n+2)k (n+2L— 1)k

| =

< o(2L)

™

a-b—

i=n 1

Combining these two cases, we have
P (xXn — Xpm) < i l; foralln > h,m € N.
i=n 1k
Since the series )., T — 1s convergent (as > 1) we deduce that {x,} is a Cauchy sequence.
Now X, is complete alnd A is a p-closed subset of X, there exists x* € A such that lim,, e X, =
x*. Since T is p-continuous, Tx, is p-convergent to Tx*. Hence the continuity of the modular

p implies that p (x,4+1 — Tx,) p—converges to p (x* —Tx*) and by (10) ,we have
p(x*—Tx")=d,(A,B).

That is, x* is a best proximity point of 7.

Next, we show the uniqueness of the best proximity point. Let us suppose that 7" has two best
proximity points x1 and x, € A, such that x; # x, and p (x; = Tx1) = p (x2 = Tx2) =dp (A,B).
Then by the P—property of (A,B), we have p (x; —x) =p (Tx; — Tx;) . Note that p (x; —xp) >

0 asx; # xp, T is Fp-contraction and p is an increasing function, thus

F(p(c(xi—=x2))) = F(p(c(Txi—Tx2))) <F(p(l(x1— x2)))—7

F(p(c(x1=x))) =t <F(p(c(x1— x))),

IN
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which is a contradiction. Hence the best proximity point is unique. U

By assumption there exists xo € X such that o (x,Sxp) > 1. Define the sequence {x,} in X

by letting x; € X such that x; = Sxg, xo = Tx1, x3 = Sx3, x4 = T x3, continue this process we get
X2i+1 = SXQ,' and X2i+2 = TXZ,'_H, where i = 0, 1,2,
Since (S, 7T) is a pair of (o, ¢)-admissible, so

OC(X(),SX()) = (X(Xo,xl) >1,

OC(SX(),Txl) = OC()CI,)CQ) > 1 and a(Txl,sz) = OC(XQ,X3) >1
continuing this manner, we obtain

o (Xp,Xp41) > 1 forall n > 0.

Similarly, we can get

O (xp,xp+1) > 1 forall n > 0.

From (1), we have

p(Xit1,%2i42) < 0 (%21, S%21) @ (X2i1, Txi1) 8° P (Sx2s, Tx2i41) (2)

IN

B (F (x2i,%2i+1)) F (X2, X2i41)

< (%20, X2041) -
Where
F (x2i,x2i41) = p(x2i,x2i1) + | p (%21, Sx2:) — p (x2i41, TX2i11)| (3)
= p(x2i,xip1) + [P (%21, %2i11) — P (%2041, X2i12) |-

Assume that there exists i > 0 such that p (xp;,x2i11) < p (X2i41,%2i+2) , then by definition of

absolute value in (3), we obtain

F (x21,%0i41) = p(x2i,%2i41) — [P (X201, %2i41) — P (22041, %2i42)]-

= p(x2it1,%2i42)
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by (2), we get
P (it1,x2i42) < B(p(x2itr1,%2i42)) P (X2i41,%2i42)
< p(x2i41,%2i42),

implies that p (xpi41,%2i+2) < p(x2i+1,%2i+2), wWhich is a contradiction. Thus, for all i > 0,
P (x21,x2i11) > p (x2i+1,%2i+2) . Therefore (2) becomes

P (x2ip1,x2i42) < B 2p(x20,%2i41) — P (X2i41,%2i42)) X 4)

(2p (x2i,%2i41) — P (X2i41,%2i42)) -

Now from (4), we get
P (X241, X%2i42) < 2p (X21,%2i41) — P (X2i41,X2i12) ,

therefore, 2p (x2i+1,%2i+2) < 2p (x2i,x2i41) that is p (xpi41,%2i12) < p (x2i,%2i+1) implies that
P (Xp+1,Xn42) < p (Xp,x,41) for all n € NU{0} . Hence, the sequence {p (x,,x,+1)} is decreas-
ing and bounded from below, so there exists a real number r such that r}l_rgolo P (Xp,Xpi1) = 1.
Suppose that r > 0, we prove that r = nh_r>r°1°p (Xn,%n+1) = 0. Now for all n € NU{0} using the

formula (4) and taking limit as n — e, we conclude

i p(xn+1,xn+2) .
lim < Hm B 2p (xp,%ns1) — P Xt 1,%042)) < 1,
n—eo (2p (Xp, Xnt1) — P (Xnt1,Xn+2)) n_mﬁ( D (Xn,Xn41) — P (Xnt1,Xn42))

this implies
L < 1im B (2p (X, X 11) = P (Kt 1,%042)) < 1,
that is

lim B (2p (xn,Xn+1) — P (Xnt1,X042)) = 1.

n—oo

Since B € &, we get

r}gl}o<2p (xn,xn—i-l) 4 (xn—i-l ,X,H_z)) =0,

which yields that

r:r}EEO (Xn,Xn11) = 0,

which is a contradiction. Thus

5 lim p (xnaxn—H) =0.

n—oo
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Now we prove that {x,} is a Cauchy sequence in X. Suppose on the contrary that {x,} is not
Cauchy sequence. Then there exists € > 0 and the subsequences {x,, } and {x, } of {x,} with

ny > my > k such that

(6) P (Xng>Xm) 2 €,
we choose ny, to be the smallest number such that (6) holds, then we have
(N P (Xne—1,%m,) < €
By triangular inequality and using (6) and (7), we obtain
€ < p(xn,Xm) (8)
< s[p (v Xe—1) + P (=1 %m) = P (1, %m-1)]
< s[p (g Xng—1) + P (Xinp—1,%m, )]
< s[p (xnk,xnk,l) + €.
Taking the limit as k — oo in (8) and using (5), we get
9) e< kh_rilop (X, Xmy,) < SE.
Again by triangular inequality
P Xy Xm) < sp (Xnk,xnk+1) +sp (xnk—H ,xmk) - S]}EILP (xnk—H 7xmk+1) (10)
< 5P (Xng Xngr 1) 5P (Xt 15%my ) 5
and
p (xnk+1,xmk) < sp (xnkﬂ,xnk) +5p (X, Ximy ) — SP (X, X, ) (11)
< 5P (Xngr1,%m, ) + 5P (X, Xy ) -
Taking the limit as k — o in (10) and applying (5) and (9),
e< klgg (Xng s Xm, ) < sgiigop (xnk+1,xmk) )
Again by taking the limit as k — o in (11) and applying (5) and (9),

limp (X, X ) < s Bmp (X, ,xm, ) < 5.5€ = s°€.
K300 ( M1 mk) = k_>°op( s Xmy) <
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Thus, we conclude

£ . )
(12) < limp (Xns1,Xm, ) < s7€.
Similarly,
e . :
(13) = < lim p (o, Xy 1) = 1im p (41, 5m, 42) < 5%€.

Also by triangular inequality, we find

(14) p (xnk—i—laxmk) S S[P (xnk—l—laxmk—O—l) +p (xmk-i-l;xmk)]v
taking the limit as k — oo in (14), from (5) and (12), we get
& . .
E < lll_l;?op (-xnk+17xmk) < Sklgl;p (xnk+17xmk+l) )
implies that
(15)

;n;p (xnk+17xmk+l) .

By triangular inequality again

P (X5 %my41) < [P (G156 ) P (s X 1) ]
taking the limit as k — oo from (5) and (12), we obtain
(16) Jim p (1,3 11) < 57,

from (15) and (16), we get

e .. 3
(17) 3= k11_>mp(xnk+1,xmk+1) <s’e

Since S% < klg‘lolo P (xnkH ,xmkﬂ) by multiplying by s> and from (1), we have

SE < 53]{1Ln3°p (x’lk+17x"1k+1) = s3]}i_r>£10p (8% T, )
<o (X, Sx) @ (X s TXomy,) s3kli_r>np (8%, s TXimy,)

= klgiloﬁ (ﬁ(xnkvxmk))‘g(x"k’xmk)

< klgl;loﬁ (xl’lkaxmk) I

(18)
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where
LO}s(xnkvxmk) = p(-xnkvxmk) + ‘P (xnk7xnk+1) 4 (xmkaxmk—H) ’ .

By taking limit as k — oo and from (5) and (9), we obtain
(19) € <UHmZ (X, Xm, ) = im p (X, Xm,) < sE€.
k—so0 k—yo0

Now from (18) and (19), we conclude

s < UmPB(F (xn,%m)) F (Xng s Xm,) < UM.F (X, Xm,.)
k—>°° k—}oo

< klimﬁ (F (XngXm,)) SE < SE.
—>00

Hence, we deduce

1 < im B (F (X ,%m,)) < 1,

k—oo

implies that

lim B (Z (xn,,%m, ) = 1.

k—yoo

Since B € €, so

lll—l;loloy (xnkaxmk) = 07

which is a contradiction with respect to (19). Therefore {x,} is a Cauchy sequence in the
complete partial b-metric-like space X. So there exists u € X such that x,, — u as n — oo, this
implies xp; 1 — u and xop — u as k — . Now we show that Sx = Tu = u. From (2), we

have

)2 (X2k+1 R Tu) < o (ka, TXZk) (0] (u, Tl/t) S3p (Ska, Tu) (20)

IN

B (ﬁ (x2/<7 M)) ﬁ (x2k7 I/t) 5
where
F (xop,u) = p (xXok,u) + | p (X, Xop41) — p (u, Tu)| .

Taking limit as k — oo, we get

20 lim . (xox,u) = p (u,Tu).

k—oo
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Taking limit as k — oo again in (20) gives
p(u,Tu) < lim B (F (xo,u)) p (u,Tu) < p (u,Tu),

k—roo
by dividing by p (u, Tu) , we deduce
hmﬁ (g? (sz,u)) =1,
k—yoo
implies that
(22) lim.Z (xa, ) = 0.
k—ro0
From (21) and (22), we get

(23) p(u,Tu) =0,

implies that Tu = u. Similarly, we can find that Su = u. Hence, the pair (S,7) has a common
fixed point u = Su = Tu. Assume that u, w are two common fixed points of the pair (S,7) with
u # w such that u = Su, w = Tw and p (u,u) = p (w,w) = 0. Then from (1), we have
plu,w) < a(u,Su)@(w,Tw)s p(Su,Tw)

< B(F (u,w) F (u,w)

< Bp(u,w))p(u,w)

< pu,w),
which is a contradiction. Therefore u = w implies that the pair (S,7) has a unique common
fixed point u € X such that u = Su = Tu with p (u,u) = 0.

Corollary 2.4. Let (X,p) be a complete partial b-metric-like space and 7 : X — X be a

mapping such that for all x,y € X and the functions &, ¢ : X x X — [0,0), B € &, then we have

o (x,Tx) @ (3, Ty)s'p (Tx,Ty) < B (F (x,y)) Z (x,),
where
F(x,y) =px,y)+|px,Tx)—p > Ty)|.

Assume that

(A) T is (a, @)-admissible,



GENERALIZED .#-GERAGHTY TYPE CONTRACTION 15
(B) there exists xog € X such that o (xp,Txp) > 1 and ¢ (x9,Txp) > 1,
(C) for every sequence {x,} in X such that & (x,,Tx,) > 1 and ¢ (x,,Tx,) > 1V ne NU{0}
and x,, converges to x, then o (x,7x) > 1 and ¢ (x,Tx) > 1.
Then T has a unique fixed point u € X with d (u,u) = 0.
Corollary 2.5. [10] Let (X,d) be a metric-like space, T : X — X be a mapping and 8 € £

such that

d(Tx,Ty) <B(Z (x,y)) Z (x,y),

for all x,y € X, where
y(xvy) :d(x7y)+ |d(X,T)C) _d(y7Ty)|

Then T has a unique fixed point u € X with d (u,u) = 0.

Example 2.6. Let X = [0,1]. Define p: X x X — [0,0) by p(x,y) = max {x*,y?} for all
x,y € X. Then (X, p) is complete partial b-metric-like space with constant s =2. Let S,7 : X —
X be two mappings defined by

if x € [0, 1] &, ifxe0,1]

X
9
Sx = 10 and Tx =
%, otherwise, 4x, otherwise

Let 3 : [0,00) — [0, 1) be a function such that 8 (t) = % and a, @ : X x X — [0,00) defined as

e, ifx,y€[0,1] 2¢9, ifx,y €[0,1]

o (x,y) = . and ¢ (x,y) = |
4, otherwise 0 otherwise
If x,y € [0, %], then
2442 X2 y2
a (x,5%) @ (v, Ty)s’p(Sx,Ty) = 16xe 10 x max {m, m}
4 x2+y2
= Tmax {x ,y }
2442
_ 4dxe 10 )
< p(ey)
—p(x
—_ 2p 7y
< B(F(xy)F (x.y).
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Otherwise, we have

o (x,8x) @ (v, Ty) s p (Sx,Ty) = 0 < B (F (x,3)) F (x,y).

Now we show that (S,7) is a pair of (a,@)-admissible mapping. For x,y € [0,%], then
o(xy)>1,0xy) >1,5x<1,Sy<1,Tx<1,and Ty < 1, so it follows that & (Sx,Ty) > 1,
o (Tx,Sy) > 1 and @ (Sx,Ty) > 1, ¢ (Tx,Sy) > 1. Furthermore, if {x,} is a sequence in X
such that o (x,,x,+1) > 1 and @ (x,,x,+1) > 1, for all n € NU{0} and x,, — x as n — oo, then
x, C [0, 3] and hence x € [0, 3]. This implies that & (x,Sx) > 1 and ¢ (x,Tx) > 1. Therefore, all
conditions of Theorem 2.3 are satisfied and the pair (S,7') has a common fixed point x = 0. We

note that Corollary 2.5 is not satisfied for x,y € (%, 1].

Example 2.7. Let X = [0,1]. Define p : X x X — [0,00) by p(x,y) = max {x?y*} for
all x,y € X. Then (X, p) is a complete partial b-metric-like space with constant s = 2. Let

T : X — X be a mapping defined by

L oifxe|0,4
o) E [0, 5]
5, otherwise,
Define the functions &, @ : X x X — [0,00) as
3, ifx,yE[O,%] 1 ifx,ye[O,%]
o(x,y) = ‘ , and @ (x,y) = . :
1, otherwise. 0  otherwise

And B : [0,00) — [0, 1) be a function such that f (1) = % If x,y € [0, %] with x > y or y > x, then

2 2
@ (TP p(TxTy) = 24max{ £ 7

24

_ =7 2 .2
= 64max{x,y}

3
= gp (X,y)
2

§p (xvy)

B(F (x,y))F (x,).

IN

IN
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Otherwise, we have

o (x,Tx) @ (% Ty)s'p(Tx,Ty) =0 < B (F (x,y)) ZF (x,y).

For all x,y € [0,3] a(x,y) > 1, ¢ (x,y) > 1 and Tx < 1, Ty < 1 implies that & (Tx,Ty) > 1,
@ (Tx,Ty) > 1and ot (x,Tx) > 1, ¢ (x,Tx) > 1. Furthermore, if {x, } is a sequence in X such that
0 (Xn,Xn11) > 1 and @ (x,,x,41) > 1 for all n € NU{0} and x, — x as n — o, then x,, C [0, 5]
and hence x € [0,3]. This implies that o (x,Tx) > 1 and @ (x,Tx) > 1. Hence in all cases,
Corollary (2.4) holds for all x,y € X and x = 0 is a fixed point of 7. But we note that Corollary

2.5 is not satisfied for x,y € (3, 1].

3. CONSEQUENCES

In this section we introduce some consequences considering X is a b-metric-like space and
¢ =1 from previous results.
Definition 3.1. Let (X,d) be a b-metric-like space, S,7T : X — X be two mappings. Suppose
there exist functions € £ and ¢ : X x X — [0,00). Then (S, T) is said to be a pair of generalized

7 -Geraghty type contraction mappings, if for all x,y € X such that
(24) o (x,y)s°d (Sx,Ty) < B(F (x,9) F (x,),

where
gz(x,y) = d(x7y) + ‘d(X,SX) _d(ya Ty)‘ :

Theorem 3.2. Let (X,d) be a complete b-metric-like space and S,7 : X — X be two map-
pings. Suppose there exist functions € £ and a : X x X — [0,00), such that the following
conditions hold:

(i) (S,T) is a pair of generalized .7 -Geraghty type contraction mappings;

(ii) (S,T) is a pair of o-admissible mappings;

(iii) there exists xo € X such that a (xg,Sxg) > 1;

(iv) for every sequence {x,} in X such that & (x,,x,4+1) > 1 for all n € NU{0} and x, — x, we
have o (x,Sx) > 1.

Then the pair (S, 7) has a unique common fixed point u € X.
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Proof. Let xg € Ag. Since Txg € T (Ag) C By, there exists xj in Ag such that p (x; — Txg) =
dp (A,B). Moreover, Tx; € T (Ag) C By implies the existence of an x, € Ap such that

p (xo —Tx1) =dp (A,B). Continuing in this way, we obtain a sequence {x, } in A such that
(10) p (Xpt1—Tx,) =dp (A,B), foralln € N.

Since pair (A, B) has the P—property, from (10) we have,

(11) P (xn —xpt1) =p (Txy—1 — Tx,), foralln e N.

We now prove that the sequence {x,} is p-convergent in Ay.If there exists nyp € N such that
P (Txpy—1 — Txyy) = 0, then p (xp, —Xnyt1) =0 & Xpy — Xpgt1 = 0 & Xy = Xyy41 by (11).
Thus

(12) Txny = Txpy+1 © Txpy — Txpyr1 =0 p (Txpy, — Txpy11) = 0.
From (11) and (12), we obtain

P (Xng2 = Xng1) = P (Txngs1 — TXny) = 0= Xy 12 = Xg 11

Thus x, = xy, for all n > ng and hence {x,} is p-convergent in Ay.
Next let p (Tx,—1 — Tx,) # 0 for all n € N. Then, for any positive integer n, using (11), we

have
T+F(p(c(Txn—Txp-1))) <F(p (I (xn—xa-1)))-

because T is an Fp-contraction and this implies that
F(p(c (1= ) < F(pUn—xn-1))) =7
F(p(c (tnr1=x))) < F(p(clmn—xa1))) =7
Fp(c(nri—=xa))) < F(p((n1—-2x-2))) =27
(13) < F(p(c(xp—2—xy-3))) =3t <...<F(p(c(x1—x0))) —nt.

Denote f3, := (p (¢ (xp+1 —x4))). Then by ( 13), lim,,_, F (B,,) = —oo. Appealing to (C), we

get

(14) lim B, = lim p (x,41 —x,) =0.

n—soo n—oo
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A use of (C3) guarantees the existence of a k € (0, 1) such that

(15) hmB F(B,) =0,

n—soo
and so by (13), for all n € N, we have
B (F (B,) —F (By)) < —Bynt < 0.
Reading (14) and (15) together, we get
Jim nf, =0

Hence there exists n; € N such that nﬁﬁ <1 for all n > n;. That is, for all n > ny,

1
(16) B, < —,
nk
or
1
(17) p(Xn—n1) < —
nk

Similarly, there exists n; € N such that

n—Xnt1) FP (Xnp1 —Xni2 )]

2)[p(x
(i )

P(xXp—Xp2) <

VAN

IN

S
~—=TS

This implies that
®(2)

1
nk

(18) p(xn—xni2) <

Now we have the following two cases.

CASE 1: If m > 2 is odd, then m = 2L+ 1, L > 1, using (17) for all n > h, h = max (ng,n;)

p (Xn _xn+m> < CO(ZL—I— 1) [P (xn _xn—l—l) +p (xn—H _xn+2) +o.+p (xn+2L _xn+2L+1)]

1 1
+ b
(n+1)% (n+2L)*

< o((2L+1)

i\—| —-

| =

< 0L+1)]

™ s

Il

3
~.
i—
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CASE 2: If m > 2 is even, then m = 2L ,L > 2, using (17) and (18) for all n > h, h =

max (ng,ny )

P (Xn _xn+m> < o (2L ) [P (xn _xn+2) +p (xn+2 _xn+3) +... TP (xn—i-ZL—l — Xn+42L )]

1 1 1
< oQ2L)| <+ rt et ——
nk o (n+2)k (n+2L— 1)
= 1
< o(2L)Y .
i:niE

Combining these two cases, we have
|
P (xp —Xppm) < Z — foralln > h,m e N.
i=n Ik
Since the series } i~ , 1 is convergent (as % > 1) , we deduce that {x,} is a Cauchy sequence.
ik
Now X, is complete and A is a p-closed subset of X, there exists x* € A such that lim,, ;. X, =

x*. Since T is p-continuous, T'x, is p-convergent to 7x*. Hence the continuity of the modular

p implies that p (x,,41 — Tx,) p—converges to p (x* —Tx*) and by (10) ,we have
p(x*—=Tx")=d,(A,B).

That is, x* is a best proximity point of 7.

Next, we show the uniqueness of the best proximity point. Let us suppose that 7 has two best
proximity points x1 and x, € A, such that x; #x; and p (x; —Tx1) = p (x2 —Tx2) =dp (A,B).
Then by the P—property of (A,B), we have p (x; —x) =p (Tx; — Tx,) . Note that p (x; —xp) >

0 as xy # xp, T is Fp-contraction and p is an increasing function, thus
Flp(cxi—x))) = F(p(c(Txi=Tx))) <F(p(I(x1— x2)))—7
< Flp(c(xi— x)) -t <F(p(c(x1— x2))),
which is a contradiction. Hence the best proximity point is unique. 0

By assumption (iii) there exists xo € X such that o (xo,Sxg) > 1. Define a sequence {x,} in
X by letting x; € X such that x; = Sxo, xp = Tx1, x3 = Sx2, x4 = Tx3, continue this process we
get

X2i+1 = S.le‘ and X2i+2 = T)Czi+1, where i = 0, 1,2,
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Since (S,7T) is a pair of @ —admissible, so

(X(Xo,SX()) = OC(X(),xl) >1,

o (Sxp,Tx1) = o (x1,x2) > 1 and o (Tx1,Sx2) = ot (x2,x3) > 1

Continuing this manner, we obtain,
o (xp,Xp41) > 1 forall n > 0.

Now by the analogous way of proof of Theorem 2.3, we conclude that {x,} is a Cauchy se-
quence in the complete b-metric-like space X. So there exists u € X such that x,, — u as n — oo,

this implies xp;1 1 — u and x> — u as k — oo. Now we show that Su = Tu = u. From (24),

we have
d (xop11,Tu) < Oc(ka,u)s3a’(Sx2k,Tu) (25)
< B(F (x2,u)) F (xo,u)
< T (xp,u),
where

T (xok,u) = d (xo, u) + |d (xou, %k +1) — d (u, Tu)|.

Taking limit as k — oo, we get

(26) lim .7 (xpp,u) =d (u,Tu).

k—so0

By dividing by .% (xy,u) and taking limit as k — oo again in (25) gives

. d (xokq1,Tu) _
lim ————= <1 F <1.
05 Grao) AP (F (o)) <

Hence, we deduce
1 < lim B (F (xgp,u)) <1,
k—ro0
implies that

lim B (F (xoe,)) = 1.
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As B € &, then

27) lim .7 (xog,u) = 0.
k—yo0

From (26) and (27), we get

(28) d(u,Tu) =0,

implies that Tu = u. Similarly, we can find that Su = u. Hence, the pair (S,7) has a common
fixed point # € X such that u = Su = Tu. Assume that u,w are two common fixed points of the
pair (S,T) with u # w such that u = Su, w = Tw and d (u,u) = d (w,w) = 0. Then from (24),

we have

d(u,w) < ofu,w)s’d(Su,Tw)

IN

B(F (u,w)).F (u,w)
< B(d(uw)d (u,w)
< d(u,w),

which is a contradiction. therefore u = w implies that the pair (S,7) has a unique common

fixed point u € X such that u = Su = Tu with d (u,u) = 0.

Corollary 3.3. Let (X,d) be a complete b-metric-like space and 7 : X — X be a mapping
such that for all x,y € X there exist a real number s > 1,and two functions & : X x X — [0, 00)

and B € &, then we have
o (x,y)s°d (Tx, Ty) < B (F (x,y)) F (x.y),

where
F (x,y) =d(xy) +|d (x, Tx) =d (y, Ty)|.
Also assume that the following conditions hold:
(i) T is a-admissible mapping;
(ii) there exists xo € X such that a (xo, Txg) > 1;
(i) for every sequence {x,} in X such that o (x,,x,,1) > 1 for alln € NU{0} and x,, — x, we

have o (x,Tx) > 1.
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Then T has a unique fixed point u € X with d (u,u) = 0.

Example 3.4. Let X = [0,3]. Define d : X x X — [0,00) by d (x,y) = x>+ + (x —y)* for all
x,y € X. Then (X,d) is a complete b-metric-like space with constant s = 2, but is not b-metric

space since d (1, 1) = 2 nor metric-like space. Let S,7 : X — X be two mappings defined by

X _ —x _
Sx: 10\/§, lfxe [071] and Tx: 10\/57

2x, otherwise, 3x, otherwise

if x € [0,1]

Let B : [0,00) — [0, 1) be a function such that B () = 2 and o : X x X — [0,0) defined as

1, ifx,ye|0,1]
o(x,y) = :
0, otherwise

If x,y € [0, 1], then

2 2 2
X M X M

Otherwise, we have
a(x,y)s’d (Sx,Ty) =0 < B (F (x,y)) Z (x,y).

Now we show that (S,7) is a pair of a-admissible mapping. For x,y € [0, 1], then ¢ (x,y) > 1,
Sx<1,8y <1, Tx <1, and Ty < 1, so it follows that & (Sx,Ty) > 1 and o (Tx,Sy) > 1.
Furthermore, if {x,} is a sequence in X such that & (x,,x,+1) > 1, for all n € NU{0} and
xXp — xas n— oo, then x, C [0, 1] and hence x € [0, 1]. This implies that o (x, Sx) > 1. Therefore,
all conditions of theorem 3.2 are satisfied and the pair (S,7) has a common fixed point u = 0.

But we note that Corollary 2.5 is not satisfied for x,y € (1, 3].



24 MUHAMMAD ARSHAD, MUSTAFA MOHAMMED, ESKANDAR AMEER, SARTAJ ALI
Example 3.5. Let X = [0,00). Define d : X x X — [0,00) by d (x,y) = (x+y)* forall x,y € X.
Then (X,d) is a complete b-metric-like space with constant s = 2, but is not b-metric space

since d (1, 1) = 4 nor metric-like space. Let T : X — X be a mapping defined by

z  ifxe 0,1
Tx ? 0.1 .
2x, otherwise,

Define @ : X x X — [0,0) by

2, ifx,y€[0,1]
o (x,y) = o,
0, otherwise

and f3 : [0,00) — [0, 1) be a function such that B (t) = ;. If x,y € [0, 1], then

2
a(x,y)s’d(Tx,Ty) = 16 (x + y)

IA
|
Y
=
=

IN
=
9
=
=
)
=
=

Otherwise, we have

o (x,y)s°d (Tx,Ty) = 0 < B (F (x,5)) F (x,y).

Also we note that T is oi-admissible mapping. Furthermore, if {x,} is a sequence in X such that
o (Xp,xp41) > 1, for all n € NU{0} and x,, — x as n — o, then x,, C [0, 1] and hence x € [0, 1].
This implies that & (x,7x) > 1. for all x,y € [0, 1]. Hence in all cases, Corollary (3.3) holds
for all x,y € X and x = 0 is a fixed point of T. But for x,y € (1,0), d (Tx,Ty) = 4 (x+y)* =
4d (x,y) > B (F (x,y))Z (x,y) . Therefore, Corollary 2.5 is not satisfied.
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4. APPLICATIONS TO NONLINEAR INTEGRAL EQUATIONS

We consider existence of a solution for the following family of Volterra type integral equa-

tions given by.

(29) x(1) = /0 " h.5) g (5.x(s)) ds.

te€l=1[0,T], T >0.Let X =C(I,R) be the space of all continuous real functions defined
from I to R, also let X be endowed with the b-metric-like d (x,y) = IIES!X} (Ix(6)] + [y()])? for
te|0,T

)

all x,y € X. Obviously, (X,d) is a complete b-metric-like space with the constant s = 2.

Theorem 3.7. Assume that the following conditions hold:
(1) g : I x R — R is a continuous function, such that there exists a constant 0 < A < 1 and for

all x,y e X

|8(#,x(0)) [ + g (2, y(1)] < A(|x()| + [¥(1)]);

(i) h: I x I — R is a continuous at ¢ € I and suppose that [ h(t,s)ds < L;
9272 o 1.
(i) A°L” < 335
(iv) Define two functions 3 : [0,00) — [0,1) by B () = 3, and &t : X x X — [0,%0) by & (x,y) = 2.

Then the integral equation (29) has a unique solution in X.

Proof. Let xo € Ag. Since Txg € T (Ag) C By, and Ayg C g(Ao), there exists x; in Ag such that
p (gx1 —Txg) =dp (A,B) . If xo = x1 then put x,, :=x; for all n > 2. Also, since Tx; € T (Ag) C
By, and Ay C g (Ao), there exists xp in Ag such that p (gx, —Tx1) = dp (A,B) . If x; = x2, then

put x,, := x, for all n > 3. Going on in this way, we get a sequence {x,} in Ag such that
(19) p (8xn+1—Txy) =dp (A,B) foralln e N.

We now prove that the sequence {x,} is p-convergent in Ag. Without loss of real generality,
we can assume that p (gx, — gx,+1) 7 0 for all n € N . Since 7 is a p-continuous Fj-proximal

contraction of the first kind, for any positive integer n, by(19), we have

T+ F(p (c(gxn —8%nt1))) < F (P (L(xn-1—%xa))),
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or

F(p(c(n—xp41)) < F(p(I(xn—1—xn)))—7
< F(p(c(n-1—xa)))—7
< F(p(I(xn—1—xa))) =27

Inductively, we reach at
(20) F(p (c(xn —xn41))) < F (p (I (x0 —x1))) —n7.

Following the techniques similar to Theorem ??, it follows that {x,} is a p—Cauchy sequence
in A. Thus lim;, . x, = x for some x € A from the assumptions on X, and A. Now continuity
of p,T and g implies that p (gx,+1 — T'x,) p—converges to p (gx — Tx). Thus from (19), we

achieve
p(gr—Tx) = dy (A,B).

That is, x is the coincidence best proximity point of 7 and g.
To show the uniqueness of the coincidence best proximity point, suppose that 7 and g has
two coincidence best proximity points x; and x; € A. Let x; # x so p (x; —xp) > 0. Exploiting

the facts that 7" is an Fp-proximal contraction of first kind and g is an isometry, we can write

F(p(x1—x2)) =F(p(gx1—gx2)) <F(p(x1— x2)) —T<F(p(x1— x2)).

This is a contradiction. Hence the coincidence best proximity point of 7 and g is unique. [

Define an operator 7 : X — X by

Tx(t) = /()Th(t,s)g(s,x(s))ds,
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t€I=[0,T], T >0, and for all x,y € X, we have

(o) + 10l = (| [ 1 )s5.x06)s

#] [ Hestsonas)?

IA

([ )t xt)las + [ 1n0,5)g(s.5(5))1ds)”
= ([ (5180 x6)) |+ 0,5)g05,9(5)) s
T
< ([ s ((5)|+ Iy(s))s)?
= ([ MDA + b)) s

IN

A5 O) [ hls.1)as)?

A’L%d (x,y)

IA

IN

1 or
3—2/ (x,5),
Therefore

16d(Tx,Ty) < =F(x,y),

| =

which implies that
o (x,y)s’d (Tx,Ty) < B (F (x,5)) F (x,y).

Hence Corollary 3.3 is satisfied and the equation (29) has a unique solution in X.

5. CONCLUSION

We conclude that the above Theorem 2.3 improves and extends Theorem 2.1 of [10] in Partial
b-Metric-Like Space with respect to (¢, ¢)-admissible mappings. Examples are included to
satisfy our results, we show that Theorem 2.1 in paper of Aydi et. al is not applicable with such
example. Indeed, we obtained some consequences with examples and discussing an application

for a family of Volterra type integral equations.
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