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Abstract. In this paper, some fixed point theorems for cyclic generalized ¢-contraction and (y, ¢)—weakly con-

traction on b-metric spaces with wz-distance are proved, which extend some results in the literature.
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1. INTRODUCTION AND PRELIMINARIES

Since the concept of h-metric space as a generalization of metric space was given by Czerwik
[1], many fixed point results in metric spaces were generalized in b-metric spaces (see [2, 6],
etc.). In 2014, the concept of wt-distance on b-metric spaces was given by N. Hussain et al. [3],
we shall use wz-distance on b-metric spaces to extend some results by others.

In the section one, we give some elementary definitions and lemmas. In the section two,
inspired by H.K. Nashine and Z. Kadelburg [8] and H.P. Huang [5], we define cyclic generalized
@-contraction and (y, ¢)—weakly contraction on b-metric spaces with wz-distance and related
fixed point results are proved, which extend some results in the literature.
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Throughout, we denote all natural number by N.
Definition 1.1. [1] Let X be a nonempty set and constant s > 1 be a fixed real number.
Suppose that the mapping d : X x X — [0, ) satisfies the following conditions:
(1) d(x,y) = 0if and only if x = y;
(2) d(x,y) =d(y,x) forall x,y € X;
(3) d(x,y) <s[d(x,z) +d(z,y)] for all x,y,z € X.
Then (X,d) is called a b-metric space with coefficient s.
Definition 1.2. [3, 4] Let (X,d) be a b-metric space with constant s > 1, then a function
p:X xX — [0,00) is called a wr-distance on X if the following conditions are satisfied:

(1) p(x,z) <s[p(x,y) + p(y,z)] for any x,y,z € X;

(2) p(x,-) : X — [0,00) is s-lower semi-continuous for any x € X, if
liminf, e p(x,x,) = o0, or p(x,x0) < liminf,_csp(x,x,),

where ,}i_r&d(xo’x”) =0;
(3) for any € > 0, there exists 6 > 0 such that p(z,x) < & and p(z,y) < 6 imply d(x,y) < €.

The wt-distance p is called symmetric if p(x,y) = p(y,x) for any x,y € X. We say that
(a) The sequence {x,} converges to x € X if and only if nh_r>r°10 d(x,,x) =0, i.e., x, = x;

(b) The sequence {x,} is Cauchy if and only if n}}gmd (X, %m) = 05
(¢) (X,d) is complete if and only if any Cauchy sequence in X is convergent.

Lemma 1.3. [3, 4] Let (X,d) be a b-metric space with constant s > 1 and p be a wr-distance
on X. Let {x,} and {y,} be sequences in X, {0, } and {B,} be sequences in [0,0) converging
to zero. Then for any x,y,z € X, the following properties hold:

(1) If p(xpn,y) < oty and p(x,,z) < B, for any n € N, then y = z. In particular, if p(x,y) = 0 and
p(x,z) =0, theny = z;

(2) If p(xn,yn) < 04 and p(x,,z) < B, for any n € N, then lim,, e d(y,,2) = 0;

) If p(xy,xm) < o, for any n,m € N with m > n, then {x, } is a Cauchy sequence;

4 If p(y,x,) < ay for any n € N, then {x,} is a Cauchy sequence.

2. MAIN RESULTS

In this part, we will show our lemmas, theorems and corollaries.
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Lemma 2.1. Let (X,d) be a b-metric space with constant s > 1 and p be a wr-distance on X,

{x,} be sequence in X, then the inequality

k—1

2.1) p(xo,x) <" Y p(xi xiy1)
i=0

is valid for every n € N and every k € {1,2,---,2"~1 2"},

Proof. Let us use mathematical induction, denote (2.1) by P(n), then we have

0

P(0) : p(x0,x1) < p(xo,x1) =Y p(xi,xis1),
i=0

1
P(1) : p(x0,x2) < s[p(x0,x1) + p(x1,x2)] = 5" Y p(xi,xis1)
i=0

Now, we assume that

k—1

(2.2) P(n) : p(xo,x¢) <s" Y p(xi xit1)
=0

is valid for every xo,xj, -+ ,xn € X for every k € {1,2,--- ,2"_1,2”}, then we will prove that
P(n+1) is also valid.
Indeed, for k € {2"41,2" +2,--- 2"+ — 1,271} by (2.2), we have

p(xo,xk) < s[p(x0,x2n) + p(x2m, )]
21 k-1
< 5| Y plixic)+5" Y plxixign)
=0

= =2"

k=1
= Y pleixip). O
i=0
Lemma 2.2. Let (X,d) be a b-metric space with constant s > 1 and p be a wr-distance on X,
{xn} be sequence in X, we say the {x,} is a Cauchy sequence if there exists ¢ € [0, 1), such that

P(Xn,Xn11) < cp(x,—1,%,) for every n € N.
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Proof. We note that p(x,,x,+1) < ¢"p(xo,x1) for every n € N. For all m,k € N with

r = [logh], we have

P15 X k) <S[P(Xmt1,%m+2) + P(Xm+2, Xim1&)]
<SP (Xt 1,Xms2) + szp('XM+27xm+22> +5%p (X025 Xm1k)
<Sp(Xmi1,%m42) +5°p (X2, %422)
+ Ssp(xm+227xm+23) + 53P(xm+23 »Xmk)

r+1

.
(2.3) < Z S P(Xppon—1,Xmy2n) + 5" P(Xims2r, Ximvk)
n=1

Then by (2.3) and Lemma 2.1, we have

r m+2"1—1
Pttt Xmak) < Y 57" ( p(x2”1+ivx2"1+i+l)>
n=1 i=m
m+k—2"—1
+57rt) ( Y P(x2r+i,x2r+i+1)>
I=m

r+1 ) m+2" 11
< Z s Z p(.xanl_’_i,Xanfl_i_H_])

i=m

i=0

r+1 211 .
gp(x(bxl)zsh Z Cm+2 +i

+1
:p(x07xl)cmrz c2nlogcs+2"_1 0 (m N oo)7

n=1

(2.4)

where 0 < ¢ < 1 and Y% ¢*" log.s+2""! i convergent.
Then by lemma 1.3, the proof is immediate. [

Now, we denote by ® the set of functions ¢ : [0,00) — [0,00) with () < L for each r >

0,a > 1and ¢(0) =0.
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Definition 2.3. [7, 9] Let (X,d) be a b-metric space, k be a positive integer, A1,Ay,--- ,Ag
be nonempty subsets of X, V = UleAi, f:V =V, then f is called a cyclic operator if
(1)A;,i=1,2,---  k are nonempty subsets;
(2) f(A1) CAg,---, f(Ap—1) CAp, f(Ap) C Ay

Definition 2.4. Let (X,d) be a b-metric space with constant s > 1 and p be a wr-distance
on X, k be a positive integer, Aj,A»,--- ,Ax be nonempty subsets of X, V = ULIA,-, fiv=v
satisfies a cyclic generalized ¢-contraction for some ¢ € P, if
(HV = UleAi is a cyclic representation of V with respect to f;
(2) for any (x,y) €A; x A1, i=1,2,--- k, (A1 =A}), there exist L > 0 and constant A; > 0,

0<2A<%,a>1anda > A, such that

(2.5)  p(fx, fy) < Ms(x,y) +Lmin{@(p(x, fx)),o(p(y,fy)), (p(x, f¥)), o(p(y, fx))}

where

Ms(xay) :maX{(p(p(x,y)), @(P(X,fx)), QD()Llp(X,fX) + (1 _ll)p(yvfy))a
(p(AQp(x?fy) + (l _A'Z)p(f)@y))}

s

Theorem 2.5. Let (X,d) be a complete b-metric space with s > 1 and p be a we-distance on
X, p(x,x) =0foranyx € X,V = UleAi and A,A,, - ,A; be nonempty closed subsets of X, k
be a positive integer, f : V — V is a cyclic generalized ¢-contraction mapping for some ¢ € P.

Suppose that either

(1) inf{p(x,w)+ p(x, fx) :x € X} > 0 for every w € X with w # fw;

or

(2) the mapping f is continuous.

Then f has a unique fixed point. Moreover, the fixed point of f belongs to ﬂleAi.

Proof.  For any xo € A; (such a point exists since A # (), we can construct the sequence
{xn} in X by x,41 = fx, (n € NU{0}). If x, = x,,+1 for some n € NU {0}, then f has fixed
point. Now, suppose that x,, # x,,41 for any n € NU{0}.

Next, we shall prove that

,}i_{l;lop(xn?xn+l) =0.
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Indeed, if not, suppose that p(x,,x,+1) > 0 for all n € NU {0}, there exists i = i(n) €
{1,2,--- ,k} such that (x;,x,1+1) € A; X Aj+1, then we claim that &, < ¢§, | for all n € N
(0 < é< 1), where &, = p(xp,Xnt1)-
By (2.5), we have
p(xmxn—i—l) :p(fxn—l,fxn)
SMs(xnflaxn)+Lmin{§0(p<xn71>fxn71))a(p(p(xnafxn))v
(P(p(xnfhfxn))a(P(p(xmfxnfl))}
:Ms(xn—laxn) +Lmin{(p(p(xn—17xn))v(P(p(xn7xn+1>)>
O(P(Xn—1,Xn+1)), (P (Xn, %)) }

(2.6) =M (xp—1,%),

from Definition 2.4, we have

Ms(xn—laxn) = max{(p(p(xn—laxn))v(P()Llp(xn—hxn)+(1_ll)p(xnaxn—kl))a
(P()“Zp(xn—laxn—o—l))}.

s

Consider the following possibilities.
If My(xXp—1,%n) = @(p(xn—1,%)), then by (2.6) and () < L, we have

p(xnfl ,)Cn)
as

én = p(xnvxn—l—l) < Ms(xn—laxn) = (P(p(xn—laxn)) < = rlén—l»

where r; = L € (0,1).

If My(xp—1,%,) = @A p(xu—1,%1) + (1 — A1) p(Xn,Xn11)), then by (2.6) and @(r) < L, we

as’
have

én = p(xn;xn—i-l)SMv(xn—l;xn)

= (P(llp(xnflaxn) + (1 - )Ll)p(xnyxn+1))

Mp(xp—1,%2) + (1= A1) p(xn, Xn11)
as

1.e.,

én = p(xnyxn+1) < r2p(xnflaxn) = rZénfla
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: A
where rp = m S (O, 1)

If M(x,_1,%,) = @(M), then by (2.6) and ¢ (1) < L, we have
A«ZP(xnlaan))

S

5 = p(xn,an)szws(xnhxn):w(

Mp(Xn—1,Xnv1) _ A2
o 3 1) < —=[p(xn—1,%n) + p(Xn; Xn11)]
as as

1.e.,

&n = p(XnsXnt1) < B3P(Xp—1,Xn) =138, 1.

where r3 = asl—zlz € (0,1).

Let ¢ = max{ry,r,,r3}, then we have
2.7) 0< & <1 < (6?62 <--- < ()&,
Since ¢ € (0, 1), then we have

(2.8) lim &, = lgn p(xn,X%n4+1) = 0.

n—yoo
By (2.7) and Lemma 2.2, then {x,} is a Cauchy sequence.

Since X is a complete space, there exists u € X such that

(2.9) lim x, = u.

n—soo
We shall prove that u € ﬂf-‘zlAi. By Definition, we have xo € Aj and {x,;.} C A;. Since A;
is closed, we get that u € A;. Similarly, we have {x,;1} C A and u € A,. By mathematical
induction, we get that u € ﬂf-‘zl A;.
By (2.4), we obtain that n}yilrgm p(xn,x,) = 0. Then for any € > 0, there exists an > Ny € N

such that p(xy,,x,) < £.

By (2.9) and p(x,-) is s-lower semi-continuous, thus we have
p(ang,u) <liminfsp(xy, ,x,) < €
n—oo
Let € = L and N; = n, (¢ € N), then we have

(2.10) lim p(xa,, 1) = 0.

o0
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Next, we shall prove that the u is a fixed point of f.
Case (1), suppose that fu # u, then by (2.8) and (2.10), we have

0 <inf{p(x,u) + p(x, fx) :x € X} <inf{p(x,,u) + p(Xn,Xp+1) :n € N} — 0 (n — o)

which is a contradiction, thus fu = u.
Case (2), suppose that there exists a w € X with fw # w such that inf{p(x,w) + p(x, fx) : x €
X} = 0, then there exists a sequence {y,} C X such that p(y,,w) + p(yn, fyn) — 0 as n — oo,

thus we have

(2.11) lim p(y,,w) = lim p(yy, fyn) =0 and lim d(fy,,w) =0 (by Lemma 1.3).
n—oo n—oo n—oco

Since

My(yn, fyn) = max{@(p(yn, [Yn)), @(LOns 1)), @210 (Vns [n)
2
(1= Ay o)), (P22 T )y

s

1 )' ns 2 n
5maX{p(yn,fyn),Mp(yn,fyn) + (L= 20)p(fyns f2yn), Aap G J )

IN

}

IN

1
—max{p(yn, fyn), M p(n: fyn) + (1 = A1) P(Fyns ),

22(p(ns fyn) + P(Fyn f2n)) }
= A

— max{— ai},}grgop(fyn,fzyn),
and
P(fyns F29n) <Ms(yns £yn) + Lin{ @(p(vas fyn)) (P (f s £2¥n))
QP £2))s (P (f¥ns fyn))}
12) M 3n) = max (2 22y b (s, ),

as as  n—e

which is contradictive with max{ 1;‘?1 ) %} € (0,1). Thus we have

(2.13) Tim p(fyn, f2yn) = 0.

By (2.11) and (2.13), we have

(2.14) p()’n»fz))n) < s(p(ymfyn> +p(fyn7f2)7n)) —0 (n - °°)'
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Thus by (2.11), (2.14) and Lemma 1.3, we obtain that lim d( F2yn,w) =0.
By the continuity of f, we have fw = f (r}l_r;olo fyn) = r}grolo %y, = w, which is a contradiction
with the hypothesis. So case (1) always holds, and by case (1), u = fu.
Finally, we shall prove the uniqueness of fixed point u of f.

Assume that there exists v € X such that fv = v with v # u, then we have

p(u,v) = P(fu,fv)

Mi(u,v) + Lmin{@(p(u, fu)), p(p(v, fv)), 9 (p(u, fv)), @(p(v, fu))}

IA

= M;(u,v) +Lmin{@(p(u,u)), @(p(v,v)), @(p(u,v)), (p(v,u))

- Ms<u7v>7

where

Ms(uav) = max{qo(p(u,v)),(p(p(u,fu)),(p()Llp(mfu)
_|_<1 —/ll)P(V,fV)), (P(A‘Zp(u’fv) + (1 - )*2)p(fuvv)

= max{g(p(u), 9(p(w)), 91 plu)
1= A)plo)), o B2 R ley)

p(b;, v) )

)}

)}

= max{(p(u,v)), (

1

< —
<~ puy)

Then, we get that p(u,v) < %p(u,v) (as > 1), a contradiction. Thus we have p(u,v) = 0.

Similarly, we get that p(u,u) = 0, and by Lemma 1.3, we have u =v. O

We can get a more comfortable theorem if wz-distance p is symmetric.

Theorem 2.6. Let (X,d) be a complete b-metric space with constant s > 1 and p be a sym-
metric wt-distance on X, p(x,x) =0 forx € X,V = UleAi and Aj,A;, -+ ,A; be nonempty
closed subsets of X, k be a positive integer, f : V — V is a cyclic generalized ¢-contraction
mapping for some ¢ € P, then f has a unique fixed point. Moreover, the fixed point of f
belongs to N%_, A;.

Proof. By comparing Theorem 2.6 with Theorem 2.5, we find that we can omit the condition

’case (1) and case (2)” by the condition that wz-distance p is symmetric. By observing the proof
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of Theorem 2.5, we find that the condition “case (1) and case (2)” is only used to prove the

existence of fixed point u. So we continue using the similar notations in Theorem 2.5 to prove

the existence of fixed point u# by the condition that wz-distance p is symmetric.

Next, we shall prove that the u is a fixed point of f.

Since Cauchy sequence {x,} C X with x,,.1 = fx, converges to u € X. And by the symmetry

of wt-distance p and (2.10), we have

)

nh_r)rolop(u,xn) =0.

Then by (*), (2.8) and (2.10), we have

plu, fu) <

IN

which is contradictive with max{

s(p(u, fxn) + p(fXn, fu)) < sp(u, fxn) + sMy(xn, u) +
sLmin{@(p(xn, fx4)), @(p(u, fu)), (p(xn, fu)), (p(u, fxn))}

sp(u,an) —i—smax{(p(p(xn,u)), gD(p(xn,an)), (p(klp(xn7xn+1) +
(1= M) plu fu)), p(22Ln W (L2 )P o)

s

SLmin{(p(p(xmxn-i-l))v (P(p(u7fu>)7 (P(p(xn,fu)), (P(p(uaxn—l-l))}

1
Sp(”axn—i-l) + Emax{Pocmu)ap(xnvxn—i-l)a;Llp(xnaxn+l) +
)’ A«ZP(Xnvfu) + (1 _12)p(xn+lau) } +

S

(1 _ll)p(uvfu

1
aLmin{p(xn,an),p(u,fu),p(xn,fu),p(u,an)}

" max{(1 —Al)p(u,fu),r}ggow}(n — o)
émaX{(l — 2)p(u, fu), lim Aap(n,u0) + p(u, fuu)]}
max{l_a/h,% p(u, fu)

-

.22} € (0,1). So p(u, fu) = 0. Similarly, we obtain that

a

p(u,u) = 0. By Lemma 1.3 again, we have that u = fu. O

Since b-metric d is also a wt-distance on (X,d), then we obtain the following corollary.

Corollary 2.7. Let (X,d) be a complete b-metric space with constants > 1 and V = UleA,-

and A1,As,--- ,Ax be nonempty closed subsets of X, k be a positive integer, f :V — V is a
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cyclic generalized @-contraction mapping for some ¢ € ® (where let p =d in (2.5)), then f has
a unique fixed point. Moreover, the fixed point of f belongs to ﬂle Aj.

Iflet A=A, = % in Corollary 2.7, we obtain the Theorem 2.2 by given by H.K. Nashine and
Z. Kadelburg [8].

Corollary 2.8. [8] Let (X,d) be a complete b-metric space with constant s > 1 and V =
UleA,- and A1,A»,--- ,Ax be nonempty closed subsets of X, k be a positive integer, f :V — V
is a cyclic generalized @-contraction mapping for some ¢ € ® (wherelet p=d and A} =1, = %
in (2.5)), then f has a unique fixed point. Moreover, the fixed point of f belongs to ﬂleAi.

Definition 2.9. Let (X,d) be a complete b-metric space with constant s > 1, p be a wi-
distance on X and p(x,x) =0foranyx € X. V = Ule Ajand A(,As,--- , A be nonempty closed
subsets of X, k be a positive integer. If there exists f : V — V with fA; =A;;1 and Ay = Ay

such that

p(x, fy) +p(fx,y)
SS

(2.15) v (s®p(fx, fy)) < w(

)—o(p(fx,y)), Vx,y €V,

where s*t¢~1 > 2y :[0,00) — [0,0) is nondecreasing and ¢ : [0,00) — [0,0) is a continuous
function such that ¢(x) = 0 implies x = 0, then f is called the (y, ¢)—weakly contractive.

Theorem 2.10. Let (X,d) be a complete b-metric space with constant s > 1 and p be a wt-
distance on X, p(x,x) =0 forany x € X. V = Uf-‘zlAi and Ay,A,,--- ,A; be nonempty closed
subsets of X, k be a positive integer. If f: V — V is (y, ¢)—weakly contractive, and suppose
that either

(D) inf{p(x,w)+ p(x, fx) : x € X} > 0 for every w € X with w # fw;

or

(2) the mapping f is continuous.

Then f has a unique fixed point. Moreover, the fixed point of f belongs to ﬂf.‘:lAi.

Proof. For any xy € A (such a point exists since A; # 0), we can construct the sequence
{xx} in X by x,11 = fx,, n € NU{0}. If x,, = x| for some n € NU{0}, then f has fixed point.
Now, suppose that x,, # x,, 11 for any n € NU {0}, we shall prove that r}grolo p(xn,xp41) =0.

Indeed, if not, we have that p(x,,x,+1) > 0 for all n € N, there exists i = i(n) € {1,2,--- ,k},

such that (x,,x,+1) € A; X Aj+1, then we have
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p(xn—bfxn) +p<fxn—17xn)
e

W(Sap(fxnflafxn»

IN

W ( ) — @(p(fXn—1,%))
y(PEte)y o)
w(p(xn—hxn) +p(xi’l7xn+l))

<
= se—1

since Y is nondecreasing, we have

PXn—1,%Xn) + P(Xn, Xn+1
Sal’(fxnfhfxn) :Sap(xn,xn+1) < L HZS—I (tn: Xn1)

1.e.,

pxn,Xn1) < Ep(xn—1,%n)
where ¢ = m < 1, then we have

(2.16) lim p(xp,xnp1) =0

n—soo

by Lemma 2.2 we have that {x,} is a Cauchy sequence.

Since X is a complete space, there exists u € X such that

2.17) lim x,, = u.

n—yoo

We shall prove that u € ﬂf-‘: 1 Ai. By Definition, we have xo € A; and {x,;} C Aj. Since A;
is closed, we get that u € A;. Similarly, we have {x,x11} C A and u € A;. By mathematical
induction, we get that u € (Y_, A;.

By (2.4), we obtain that n}yilrgoo P(xn,x,) = 0. Then for any € > 0, there exists an > Ny € N

such that p(xy,,x,) < £.

By (2.17) and p(x,-) is s-lower semi-continuous, thus we have
p(XNe,I/l) < linl}nfsp(xNe?xn) <€
n—roco
Lete = % and N = n;, then we have
(2.18) lim (s, u) = 0.

Next, we shall prove that the u is a fixed point of f.
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Case (1), suppose that fu = u, then by (2.16) and (2.18), we have
0 <inf{p(x,u) + p(x, fx) : x € X} <inf{p(x,,u) + p(xn,Xp+1) :n € N} = 0 (n — o)

which is a contradiction, thus fu = u.
Case (2), suppose that there exists a w € X with fw # w such that inf{p(x,w) + p(x, fx) : x €
X} = 0, then there exists a sequence {y,} C X such that p(y,,w) + p(yn, fyn) — 0 as n — eo,

thus we have

(2.19) lim p(y,,w) =0and lim p(y,, fy,) =0.
n—oo n—o0

Then by Lemma 1.3 (2), fy, — was n — oo.
Since
POns £290) + P(fYn, fyn)
SS

p(yn,fzyn))
SS

V(s p(fyn foon) < w( ) = @(p(fyn, [¥n))
= y(

and by the condition that y is nondecreasing, then we have

SEp(fyns fryn) < p(y”;—{zy")
< PUmfyn) :;i(fyn,fzyn) |
1.e.,
(2.20) P(fyn, f2yn) < Garet ) PO fom) = 0 (n = e0) (by (2.19))
and by (2.19) and (2.20), we have
2.21) POns £23n) < $(pns f3n) + P(f¥ns f290)) = 0 (1 = o).

Thus by (2.19), (2.21) and Lemma 1.3 (2), we obtain that lim fzyn =w.
n—oo
By the continuity of f, we have fw = f(lim fy,) = lim f%y, = w, which is a contradiction
n—oo n—oo
with the hypothesis. So case (1) always holds, and u = fu.

Finally, we shall prove the uniqueness of fixed point u of f.
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Assume that there exists v € X such that fv = v with v # u, then we have

y(POLTEPTED, g )

w(pw,v):;p(u,v)) B
w(—2p (,7) )

s€

v(sp(u,v)) = w(s*p(fu, fv)) <

¢(p(u,v))

IN

then we have

thus we get that

p(u,v) =0,

where s*T€ > 25 > 2.

Similarly, we get that p(u,u) = 0, and by Lemma 1.3, we have u = v. [

We can get a more comfortable theorem if wz-distance p is symmetric.

Theorem 2.11. Let (X,d) be a complete b-metric space with constant s > 1 and p be a
symmetric wz-distance on X, p(x,x) =0 for any x € X. V = Uf-‘ZIAi and A{,Ap, - ,A; be
nonempty closed subsets of X, k be a positive integer. If f:V — V is the (y, ¢)—weakly
contractive, then f has a unique fixed point. Moreover, the fixed point of f belongs to ﬂf;lA,-.

Proof. By comparing Theorem 2.11 with Theorem 2.10, we find that we can omit the
condition ’case (1) and case (2)” by the condition that wz-distance p is symmetric. By observing
the proof of Theorem 2.10, we find that the condition ’case (1) and case (2)” is only used to
prove the existence of fixed point u. So we continue using the similar notations in Theorem
2.10 to prove the existence of fixed point u by the condition that wz-distance p is symmetric.

Next, we shall prove that the u is a fixed point of f.

Since Cauchy sequence {x,} C X with x,.1 = fx, converges to u € X. And by the symmetry
of wt-distance p and (2.18), we have

(2.22) lim p(u,x,) = 0.

n—oo
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By (2.15), we have

V(s p(xn, fu)) = w(s*p(fxn-1,fu))
w(p(xn—bfu) +P(fxn—1,u))

< . = 0(p(fxn-1)
P(x ,1,fu)—|—p(x 7”)
= (=)~ 9(p(wm.u))
P(Xn—1, fu) + p(xn,u
Sl URS LA
and by the condition that y is nondecreasing, then we have
s¥p(xn, fu) < p(xn_l’fuler(xn’u)
s
p(xnflyxn)'i‘p(xn,fu) p(xnau)
- e—1 + £ ’
s s
1.e.,
SPp(Xn—1,%n) + pXn,u
p(‘xn7fu) S ( . OH—S) ( )
SOTE g
(2.23) — 0 (n — ) (by (2.16),(2.18))

where s*1T€ —s > 5> 1.

By (2.22) and (2.23), we have

p(u, fu) < slp(u,xn) + p(xn, fu)] = 0 (n — 00).

Since p(u,u) = 0 and by Lemma 1.3 again, we have that u = fu. O

Similarly, let p = d in Theorem 2.11, we have the following corollary.

Corollary 2.12. Let (X,d) be a complete b-metric space with constant s > 1, V = Uf.‘: 1Ai
and A1,A3, -+ ,A; be nonempty closed subsets of X, k be a positive integer. If f:V — V is
the (v, ¢)—weakly contractive, then f has a unique fixed point. Moreover, the fixed point of f
belongs to N%_, A;.
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