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Abstract. We introduce and study in this article, a new hybrid projection algorithm for approximating a common
element of the set of fixed points of finite family of multivalued k;— strictly pseudocontractive mapping and the
set of solution of generalized mixed equilibrium problem in real Hilbert space. Under mild conditions, strong con-
vergence of the sequence was proved. The result obtained improves and extends the important result of Bunyawat

and Suantai [Fixed point theory and Applications 2013, 2013:236] and many other recent results.
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1. INTRODUCTION

For several years, the study of fixed point theory for multi-valued nonlinear mappings has at-
tracted the interest of several well known mathematicians (see, for example, Brouwer [3], Chang

[1, 4], Chidume et al. [5] and the references therein). Interest in such studies stems, perhaps,
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mainly from the usefulness of such fixed point theory in real-world applications, such as in
Game Theory and Market Economy and in other areas of mathematics, such as in Non-Smooth
Differential Equations (see e.g.,[6]). Game theory is perhaps the most successful area of ap-
plication of fixed point theory for multi-valued mappings. However, it has been remarked that
the applications of this theory to equilibrium problems in game theory are mostly static in the
sense that while they enhance the understanding of conditions under which equilibrium may be
achieved, they do not indicate how to construct a process starting from a non-equilibrium point
that will converge to an equilibrium solution. Iterative methods for fixed points of multivalued
mappings are designed to address this problem. For more details, one may consult [4, 5].

For a nonempty subset of a real normed linear space, E, let CB(K ) and P(K) denote the families
of nonempty, closed and bounded subsets, and of nonempty, proximinal and bounded subsets

of K, respectively . The Hausdorff metric on CB(K) is defined by

D(A,B) = max{supgcad(a,B),supd(b,A)} for all A,B € CB(K).
beB
Let T : D(T) C E — CB(E) be a multi-valued mapping on E. A point x € D(T) is called a fixed
point of T if x € Tx. The fixed point set of T is denoted by F(T). A multi-valued mapping
T :D(T) C E — CB(E) is called L— Lipschitzian if there exists L > 0 such that

(1) D(Tx,Ty) < L||x—y|| Vx,y € D(T).

When L € (0,1) in (1), we say that T is a contraction, and 7 is called nonexpansive if L = 1.
Several papers dealwith the problem of approximating fixed points of multi-valued nonexpan-
sive mappings (see, for example [1, 7] and the references therein)

Recently, Chidume et al. [5], introduced the class of multi-valued k—strictly pseudocontractive
maps defined on a real Hilbert space H as follows.

Definition 1.1 A multi-valued map 7 : D(T) C H — CB(H) is called k— strictly pseudocon-

tractive if there exists k € [0, 1) such that for all x,y € D(T),

) (D(Tx,Ty))* < []x = y|*+kllx—y— (u—v)| Yu € Tx,v € Ty
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In the case that T is single-valued, definition (1) reduces to the definition introduced and
studied by Browder and Petryshn [2] as an important generalization of the class of nonexpan-
sive mappings. Chidume et al.[4], proved strong convergence theorems for approximating fixed
points of this class of mappings using a Krasnoselskii-type algorithm, [5] which is well known
to be superior to the recursion formula of Mann [14] or Ishikawa [15].
The generalized mixed equilibrium problem includes fixed point problems, optimization prob-
lems, variational inequality problems, Nash equilibrium problems, mixed equilibrium problems
and equilibrium problems as special cases (see e.g., [8, 12, 18]). Numerous problems in Physics,
optimization and economics reduce to find a solution of generalized mixed equilibrium problem.
Several methods have been proposed to solve the fixed point problems, variational inequality
problems , mixed equilibrium problems and generalized mixed equilibrium problems in the lit-
erature. (See e.g., [8, 9, 11, 12, 13, 20] and the refernces therein).
It is known that Manns iterations have only weak convergence even in the Hilbert spaces. To
overcome this problem, Takahash [19] introduced a new method, known as shrinking projection
method, which is a hybrid method of Manns iteration, and the projection method, and obtained
strong convergence results of such method. Using Takahashi’s method, in [7], Bunyawat Suan-
tai used the shrinking projection method to define a new hybrid method for mixed equilibrium
problem (MEP) and fixed point problem for a family of nonexpansive multivalued mappings.
Motivated by the results of Bunyawat and Suantai [7], we introduce and study a new hybrid
method for finding a common element of the set of solutions of generalized mixed equilib-
rium problem and the set of common fixed points of a finite family of multi-valued k;-strictly
pseudo-contractive mappings, k; € (0,1),i = 1,2,...,m in real Hilbert spaces, and proved strong
convergence theorem for the sequence generated by our proposed method. The result obtained
extends the result of Bunyawat and Suantai [7] to the more general class of multivalued k—
strictly pseudocontractive mappings and to generalized mixed equilibrium problem, and many

other interesting results in the literature.

2. PRELIMINARIES

Let ¢ : C C H — R be a real-valued function and A : C — H be a nonlinear mapping. Suppose

that F : C x C — R is an equilibrium bi-function, that is, F(u,u) = 0,Vu € C. The generalized
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mixed equilibrium problem is to find x € C such that

3) F(x,y)+ o) — @)+ (Ax,y—x) >0, Vy € C.

We shall denote the set of solutions of the generalized mixed equilibrium problem by Q. Thus
Q:={xeC:F(x,y)+0()—¢(x)+(Ax,y—x) >0Vy e C}

Lemma 2.1 Let C be a nonempty, closed and convex subset of a real Hilbert space H. Given
x,y,z € H and also given a € R, the set {v € C: ||ly —v||* < ||x—v||* + (z,v) +a} is convex and
closed .

For solving the generalized mixed equilibrium problem, we assume that F, ¢ and the set C
satisfy the following conditions:

(A1) F(x,x) =0 forall x € C,

(A2) F is monotone, that is F (x,y) + F(y,x) <0 for all x,y € C,

(A3) for each x,y,z € C, limsupF (tz+ (1 —t)x,y) < F(x,y).

(A4) F(x,.) is convex and ltg(\)ver semi-continuous for each x € C,

(B1) for each x € H and r > 0. there exists a bounded subset Cy C C and y, € C(\dom@ such
that for any z € C\Cy,

1
“4) F(z,yx)ﬂo(yx)+;<yx—z,z—X> < 9(z),

(B2) C is a bounded set.

Then, we have the following lemma.

Lemma 2.2(Wangkeeree and Wangkeeree [22]) Let C be a nonempty closed and convex
subset of a real Hilbert spaces H. Let F' : C x C — R be a bifunction satisfying conditions
(Al)- (A4) and ¢ : C — R|J{+e=} be a proper semicontinuous and convex function such that
CNdome # 0. For r > 0 and x € C define a mapping Tr(F’(P) : H — C as follows:

L5 () = {z€C: Flz.y) +9(y) — 9(0) + Ly —2,2-x) >0, ye C}

for all x € H. Assume that either (B1) or (B2) holds. Then the following conclusions hold:

(1) foreachx € H, Tr(F’(p) (x) # 0,

) Tr(F’(P) is single- valued,

3) Tr(F’(P> is firmly nonexpansive, i.e. ||Tr(F’(P)x - Tr(F’(P)yH < (Tr(F’(p)x — Tr(F’(p)y,x —y)
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@ F(1,"%)) = GMEP(F, 9),
(5) GMEP(F, @) is closed and convex.

Lemma 2.3([17]) Let D be a nonempty closed convex subset of a real Hilbert space H and
Pp : H — D be the metric projection form. Then the following inequality holds:

ly = Pox||* + [lx — Pox|* < [lx—y|[* Vx € H,y € D.

Lemma 2.4 Let H be a normed space and 7 : C — P(C) be a multivalued mapping. Let Pr(x) =
{y€Tx:||x—y| =d(x,Tx)}. Then the following are equivalent:
(1) x € Tx,
(2) Prx = {x},
3)x e F(Pr).
Moreover, F(T) = F(Pr).
Lemma 2.5([10]) Let H be a real Hilbert space and {x;,i = 1,2,....,m} C H. For o; € (0,1),i =
1,2,---,m, such that }7" ; o; = 1,the following identity holds:
X" ol = ¥ "aillxill> = L "ogellxi — x>
i=1 i=1 Lj=1iF]

3. MAIN RESULTS

Theorem 3.1 Let H be a real Hilbert space and C be a nonempty, closed and subset of
H. Let T; : C — P(C) be finite family of multi-valued k;-strictly pseudo-contractive mappings,
ki€ (0,1),i=1,2,...,m. Let F : C x C — R satisfying (A1)-(A4) and let ¢ : C — RU{+} be a
proper lower semi-continuous and convex function such that C(dom¢ # 0, and y : C — H be a

B inverse strongly monotone mapping . Assume that ' := ("'F(T;) [ Q # 0 and the sequence
i=1

{x,} be generated by

p
F(”I’lvy) + <Wxn7y_un> _I_(p(y) - (P(un) + é()/—l/tn,l/tn _xn> Z Oa Vy € C7

Yn = Oy 0Up + Z man,iwin
) =
Cor1 ={2€ Gt [lyn —2ll < [lxn —2[},

Xn+1 = PC,,HXO,”L Z O,
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where r, € (0,28] with liminfr, > 0 and W', € Pru,, Pru, := {w!, € Tu, : |W), — u,|| =
1ty Tity)). v

with conditions

(i) k € (0,1), where k := max{k;,i=1,2,--- ,m}

(i) o0 € (k,1),06,; € (0,1),i =0,1,2,...,m, such that Yoy =1.

Then the sequence {x,} converges strongly tox € T. -

Proof. We divide the proof into 7 steps.

Step 1: We show that ¢, xo is well defined for xp € C.

It follows from Lemma 2.1 and Lemma 2.2 that I" is a closed and convex subset of C. Also, by
Lemma 2.1 , we obtain that C,, 1| is closed and convex for n > 0.

Let x* € T', then by Lemma 2.4, we have that Pr(x*) = {x*},i = 1,2,...,m. Since u, =

TrElF’(P) (xp — raWx,) € dom@, we have

(©6) i — x| = 1T O = rwna) = T2 (0 — ) | < o —2°]-

From Lemma 2.5 and the fact that T; is k;-strictly pseudocontractive mapping, we have

m
lyw =" = llooun + Y o iw), — x|

i=1
= [l 0(un —x*) + Y " 0t (W, —x)|1?
i=1

m

m
= Oollun —x"|*+ ) amillwy, =37 = Y o0 illuen —wilI* = Y i o jllwy —will?

i=1 i=1 i,j=L1,i#j
2 i 2 il [ 112
< Oo[un —x*|*+ Y 0 T (T, Tex*) = Y o Ot |t — W |
i=1 i=1
2 a 2 [ 112 u [ 112
< Oollun — x|+ Y O il[[tn — X7+ Killun — W [[7] = Y O 0O il [0 — |
i=1 i=1
m .
= [fup — x>+ (k= &n0) Y O il 1t — W} ||?
i=1
<y — x|
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which implies that x* € C,41. Hence, I' C C,,41, thus Fc, .%o 18 well defined.
Step 2: We show that lim ||x, —xo|| exist.
n—seo

Since x,, = Pc,xp and x,,41 € Cr1 CC, V' n > 0. We have

[l = xo[| < [la+1 —xo 3.4)

Forx* € I' C C,11 C Cy, we have

[0 = 0] < fl* = xoll. (3.5)

From (3.4) and (3.5), we have that {x, } is a non-decreasing and bounded sequence.
Therefore, lim ||x, — xp|| exists.
n—oo
Step 3: We show that the sequence {x,} converges strongly to X € C. Since x,, = Pc, xo € Cy, C

C,, for m > n we obtain from Lemma 2.3, we have that
[ =26l |* < [l — %0 = [l —x0]|>. (3.6)
Since ,}glgo ||lx, — xo]| exist, we have from (3.6)that
Jim [, — 3, =0

Thus {x,} is a Cauchy sequence. By the completeness of H and the closeness of C there exists
X € C such that {x,} converges to X.

Step 4: We show that lim ||w!, —x,|| =0,i=1,2,...,N. From (3.1), we have
n—oo

[0 =yl < [l = X1 [| 4 21 =y (3.7)

< 2||xp —xp+1]] = 0, as n — oo.
From (3.3), we have

m
(01,0 = k) Y Ot it — wpl|* < flun — 2|1 — Ly — 27|
i=1

< o =27 =y =272 (3-8)

and for eachi=1,2,...,m , we have
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(0,0 = k) @t llttn = wil|* < [ — x| = [l — 2|2
< M|xy—yu|| =0, asn — oo, (3.9)

Where M = sup{||x, —x*[| + [lyn —x"||}.
n>0

Using condition (1) and (i1) in (3.9), we have
lim ||u, —w.|>=0,i=1,2,. (3.10)
n—oo

From Lemma 2.2 (3), we have

ot =2 = 1T (= ryo) — T (6 = ) |2

< (up — X" x, — X5)
e A P ! (3.11)
which implies
ln —x*|2 < [0 — 5|2 = |0 — wa|* i, (3.12)
lyn =12 <l =22 = e — |- (3.13)

< Mllxy=yul =0, asn— oo

From (3.10) and (3.13), we have
lim [|wi —x,|| =0,i=1,2,....m. (3.14)
n—yoo

Step 5 : We show that x € GMEP(F, ¢).

From (3.13) and by condition liminfr, > 0, we have
n—soo

lim || = 0 (3.15)

n—oo
Since {x,} is bounded, we have that there exists a subsequence, {x,;} of {x,} such that {x,, }

converges weakly to . From (3.15), we get that {u,, -} also converges weakly to x. Since u, =

T5" ) (50 — rayixa) € dome, we have F (g, y) + @(3) — @(1tn) + (Wotn,y — thr) + Ly — e, 15 —

xn) >0, VyeC.
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Furthermore, replacing n by n; in the last inequality and using (A2), we obtain:

@) ?(y) — @(un;) + <wxnj,y— unj> + %<y— unj,unjxnj>
> F(y,un;).
Letz :=ty+ (1 —¢)xforallz € (0,1] and y € C. This implies that z; € C. Then, by (7), we have
<Zt — Uy, II/Zt> > @(un;) — @(z) + <Zt — Uy, l/fzt>

Up, —

Xn
- <Zt_unj7wxnj>_<Zt_unj7]r—nj>+F(Zt7unj)

nj
= (p<unj> - (P(Z;) + <Zt —Un; Y — lI/unj>

I/tnj — .an
+ z,—unj,l//unj—lllxnj - Zt_unj;—

Inj

Since ||xn; — un;|| — 0, j — oo, we obtain ||Wx,, — Wuy,|| — 0, j — oo. Furthermore, by the

monotonicity of ¥, we obtain (z; —un;, Wz — Yup,) > 0. Then, by (A4) we obtain as j — oo,
®) (o =% wz) 2 (X) — 0(z) + F (2, %).
Using (A1), (A4) and (8) we also obtain
0 = F(z,z)+0z)—0(z) <tF(z,y)+ (1 —1)F(z,%) +to(y)
+ (1=0)0() —0(z) +1ez — 19z

< t[F(z,9)+0() = 0(z)] + (1 —1){z — X, wz)

and hence

0<F(z,y)+ o) —@(z)+ (1 -1){y— X yz).
Letting t — 0, we obtain, for each y € C,
) 0<F(u,y) +@(y) — ¢(X) + (y —u, yx).

This implies that x € GMEP.
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Step 6: We show that X € DlmF(T,)

1

From (3.14), we have

limd(u,, Tyuy) = lim||u, —wi|| = 0,i=1,2,...,m. (3.16)

n—reo n—yoo

Since {x,} converges to X, then by (3.13), we have that {u, } converges to X.

Hence, by (3.16), we have that
xe N"F(T).
Step 7: We finally show that X = Prx.

Since x,, = Pc,xo, we have

(2= xn,%0 —Xn) <0, VzECy.
Since I' C C,,, we have
(X" —xp,x0 —xy) <OVX €l (3.17)
Letting n — o in (3.17), we obtain
(x* =X,x0—x) <OVx*eTl.

which implies that X = Prxy.

Setting ¢ = 0,A = 0 in Theorem 3.1, we have the following result.

Corollary 3.2

Let H be a real Hilbert space and C be a nonempty, closed and convex subset of H.
Let 7; : C — P(C) be finite family of multi-valued k;-strictly pseudo-contractive map-
pings, k; € (0,1),i = 1,2,....m. Let F : C x C — R satisfying (A] —A4). Assume that
= iQI’"F (T;) NEP(F) # 0 and the sequence {x, } be generated by

( 1
F(”nay)+_<y_unaun_xn> Z O,VyeC

I'n

Yn = Oy oltp + Z man,iW;n
i=1

Crp1 ={z€ G llyn — 2|l < loen —2l[},

\xn+1 = PCn+1x07n Z 0,
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Where r,, € (0,0) with y{l_}f;}orn > 0 and w!, € Pruy, Pru, = {w!, € Tiuy, : ||, —u, | = d(un, Tiun)},
with conditions

(i) k € (0,1), where k = max{k;,i =1,2,...,m},

(i) oo € (k,1),06,; € (0,1),i =0,1,2,...,m, such that Yo =1

Then the sequence {x,} converges strongly to Prxg. 0

Remark 3.1 (a) Setting F = 0 in Theorem 3.1, we obtain immediately corresponding result
for I' = leF (T;) NCMP(¢@) # 0, where CMP(¢) stands for convex minimization problem
with respect to ¢@.

(b) If the mappings 7; are single valued for each i in Theorem 3.1, we easily get a corresponding
result for such mappings which have been studied by many researchers.

Remark 3.2
(i) Let {0, } be double sequence in (0, 1]. Let (a) and (b) be the following conditions:

(@) liminf o4, ;0,0 >0V ieN

(b)lfinz;n./,- exist and lie in(0,1] foralli=0,1,2,....,m

(c) So Theorem 3.1 and Corollary 3.2 hold true when the control double sequence o, ; satisfies
the condition (a).

(i1) The following double sequences are examples of the control sequences in Theorem 3.1 and

Corollaries 3.2.

(D

(1 n

— | —— >k

3k <n+2>’ "

n 1

Onk=91— "— ) n=k—1
" n+2<k§1 3k) "

0, n<k—1
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That is,
1 8
18 0 0 0 0 0
1 1 7
O A 0 0 0 0
1 1 1 32
5 15 o 5 0 0 0
2 2 2 2 163
10 a.—| ° 37 5 303 3 0 0
nk =
n n n n n n n
3(n2) 9nt2) 27n+2) 81(nt2) 243(ni2) 729(n+2) 7 Fni2

We see that ,fi”}oa”vk = 3—1,6 and liminf o, 00, = 3,%, for some k=1,2,3,...

n—yoo
()
1 n .
3 T n>kandnisodd
n )
n>kand n is even
3k+l _|_
Ok = == =k—1andnis odd
1 3
— 3k+1 ,n=k—1andnis even
1
\0, n<k—1
That is,
1 8
i g 0 0 0 0 0
1 1 25
& & . 0 0 0 0
1 1 1 32
! = X 2 0 0 0
2 2 2 2 649
55 31 13 759 9 0 0
A1) o=
2n—1 2n—1 2n—1 2n—1 2n—1 2n—1 2n—1
32n+1)  9(2n+1)  27(2n+1)  81(2n+1)  243(2nF1)  729(2n+1) " 3F(2n+0)
2n 2n 2n 2n 2n 2n 2n
92n+2) 27(2n+2) 81(2n+2) 243(2n+2) 729(2n+2) 2187(2n+2) T 3F(2nt2)

The lim ay, ;. does not exist and Limin f 04,00 = i fork=1,2,3,...
o n—oo
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Remark 4.1 (1) The main result of our work Theorem 3.1 extends the main result of Bun-
yawat and Suantai [7] from multivalued nonexpansive mappings to multivalued strictly pseudo
contractive mappings. Furthermore, while Bunyawat and Suantai solved the problem of ap-
proximating solution of mixed equilibrium problem, our result is applicable to the more general
problem of approximating solution of generalized mixed equilibrium problem .

(2) Also, we gave an example which satisfies the conditions imposed on our itertative parameter.

CONFLICT OF INTERESTS

The author(s) declare that there is no conflict of interests.

REFERENCES

[1] Abbas M, Khan S.H, Khan A.R, Agarwal R.P: Common fixed points of two multivalued nonexpansive map-
pings by one-step iterative scheme. Appl. Math. Lett. 24 (2011), 97-102.

[2] Browder F. E., Petryshyn, W. V. ; Construction of fixed points of nonlinear mappings in Hilbert spaces. J.
Math. Anal. Appl. 20 (1967), 197-228.

[3] Brouwer, LEJ: ber Abbildung von Mannigfaltigkeiten. Math. Ann. 71(4) (1912), 598.

[4] Chang, K. C: Convergence theorems for some multi-valued generalized nonexpansive mappings. Fixed Point
Theory Appl. 2014 (2014), 33.

[5] Chidume, C. E, : Krasnoselskii-type algorithm for fixed points of multivalued strictly pseudo-contractive
mappings. Fixed Point Theory Appl. 2013 (2013), 58.

[6] Erbe, L, Krawcewicz, W: Existence of solutions to boundary value problems for impulsive second order
differential inclusions. Rocky Mt. J. Math. 22 (1992), 1-20.

[7] Bunyawat A. and Suantai S: Hybrid methods for a fixed equilibrium problem and fixed points of a countable
family of multivalued nonexpansive mappings. Fixed point theory Appl. 2013 (2013), 236.

[8] Cai G, Bu S: Hybrid algorithm for generalized mixed equilibrium problems and variational inequality prob-
lems and fixed point problems. Comput. Math. Appl. 62 (2011), 4772-4782.

[9] Chang S.S, Chan C. K, Lee HWJ, Yang L: A system of mixed equilibrium problems, fixed point problems of
strictly pseudo-contractive mappings and nonexpansive semi-groups. Appl. Math. Comput. 216 (1) (2010),
51-60.

[10] Chidume C. E., Bello A. U. and Onyido M. A.; Convergence Theorem for a Countable family of multivalued
strictly Pseudo-contractive mappings in Hilbert spaces, Int J. Math. Anal. 9 (2015), 1331-1340.
[11] Cholamjiak P, Suantai S, Cho Y.J: Strong convergence to solutions of generalized mixed equilibrium problems

with applications. J. Appl. Math. 2012 (2012), Article ID 308791.



14 U. A. OSISIOGU, J. N. EZEORA, R. C. OGBONNA

[12] Ezeora J. N. Iterative Solution of Fixed Points Problem, System of Generalized Mixed Equilibrium Problems
and Variational Inclusion Problems. Thai J. Math. 12 (1) (2014), 223-244.

[13] Liu Q. Y, Zeng W. Y , Huang N. J: An iterative method for generalized equilibrium problems, fixed point
problems and variational inequality problems. Fixed Point Theory Appl. 2009 (2009), Article ID 531308.

[14] Mann, W.R: Mean value methods in iterations. Proc. Amer. Math. Soc. 4 (1953), 506-510.

[15] Ishikawa, S: Fixed points by a new iteration method. Proc. Amer. Math. Soc. 44 (1974), 147-150.

[16] Marino G, Xu H. K: Weak and strong convergence theorems for strict pseudo-contractions in Hilbert spaces.
J. Math. Anal. Appl. 329 (2007), 336-346.

[17] Nakajo K, Takahashi W: Strongly convergence theorems for nonexpansive mappings and nonexpansive semi-
groups. J. Math. Anal. Appl. 279 (2003), 372-379.

[18] Peng J .W, Yao J. C: A new hybrid-extragradient method for generalized mixed equilibrium problems and
variational inequality problems. Taiwan. J. Math. 12 (6) (2008), 1401-1432.

[19] Takahashi W, Takeuchi Y, Kubota R: Strong convergence theorems by hybrid methods for families of nonex-
pansive mappings in Hilbert spaces. J. Math. Anal. Appl. 341 (2008), 276-286.

[20] Rodjanadid B: Iterative algorithms for finding common solutions of generalized mixed equilibrium problems
and common fixed point problems for a countable family of nonexpansive mappings in Hilbert spaces. Int. J.
Math. Anal. 5 (39) (2011), 1943-1960.

[21] Wangkeeree R, Wangkeeree R: Strong convergence of the iterative scheme based on the extragradient method
for mixed equilibrium problems and fixed point problems of an infinite family of nonexpansive mappings.
Nonlinear Anal. Hybrid Syst. 3 (2009), 719-733.

[22] R. Wangkeeree, R. Wangkeeree, A general iterative method for variational inequality problems, mixed equi-
librium problems and fixed point problems of strictly pseudocontractive mappings in Hilbert spaces, Fixed

Point Theory Appl. 2009 (2009), Article ID 519065.



