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Abstract. We propose a two-step iteration Scheme of hybrid-type for a-hemicontractive mappings and establish
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1.0 INTRODUCTION
Let H be a real Hilbert space with inner product (.,.) and induced norm ||.||. Let K be a
nonempty closed convex subset of H. Let T: K — K be a mapping. We use F(T) to denote the set
of fixed points of T and x,, — x (respectively, x,, = x ), the strong (respectively weak)
convergence of the sequence {x,,} to x.
T is said to be L-Lipshitzian if there exists L > 0 such that

ITx — Ty|l < L|lx — y|l,vx,y € K. (1.1)

T is nonexpansive if
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ITx —Tyll < llx — yll, vx,y € K. (1.2)
and quasi-nonexpansive if
ITx — pll < |lx —pll, Vx € K and p € F(T). (1.3)
From the definition, it easy to see that every nonexpansive mapping is Lipchistizian with L = 1.
Recall that a nonexpansive mapping with a nonempty fixed point set is quasi-nonexpansive.
T is said to be k-strictly pseudocontraction (see, for example [9]) if there exists k € [0,1) such
that
ITx = Tyll* < llx = ylI? + kIl = T)x — (I = Tyll*,Vx,y € K. (1.4)

If k = 1in (1.4), then T is a pseudocontraction. It is well known that in real Hilbert spaces, the
class of nonexpansive maps is a proper subclass of the class of k-strictly pseudocontractions.
Furthermore, the class of k-strictly pseudocontractions is a proper subclass of the class of
pseudocontractive maps.
T is said to be demicontractive (see, for example [13]) if F(T) = {x € K:Tx = x} # @ and
there exists k € [0,1) such that

ITx — pll? < |Ix — pl|? + kllx — Tx||?,Vx € K and p € F(T). (1.5)
T is said to satisfy Condition A (see, for example [11]) if F(T) = {x € K:Tx = x} # @ and
there exists 4 > 0 such that

(x —Tx,x —p) = A||x — Tx||?,vx € K and p € F(T). (1.6)
The class of k-strictly pseudocontraction with a nonempty fixed point set is a proper subclass of
the class of demicontractive maps.
T is said to be hemicontraction (see, for example [17]) if k = 1 in (1.5). The class of
pseudocontractive maps with a nonempty fixed point set is a proper subclass of the class of
hemicontractive maps.
The class of demicontractive maps is a proper subclass of the class of hemicontractive maps
(see, for example [8]). These two classes of mappings have been studied extensively by many
researches (see, for example [8],[13], [17]).
T is said to be a-demicontraction (see, for example [11]) if F(T) = {x € K:Tx = x} # @ and
there exists A > 0, « > 1 such that

(x —Tx,x —ap) = A||x — Tx||?,vx € K and p € F(T). (1.7)
Clearly, (1.7) is equivalent to

ITx — apl|? < ||x — ap||® + k||x — Tx||?>,Vx € K and p € F(T), (1.8)
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where k = 1 — 21 € [0,1). The following proposition shows that a-demicontractive map is a
Lipschitizian map.
Proposition 1.1. Let K be a nonempty subset of a real Hilbert space H and let T: K - K be a-
demicontractive mapping. Assume that x € K and a > 1. Then, T is Lipschitizian.
Proof. Using the fact that T is a-demicontractive, we obtain the following estimates:
ITx — apll? < llx — apll® + kllx — Tx||?
< (llx = apll + VEllx = Tx|))?,
so that
ITx — apll < |lx — apll + Vk|lx — ap + ap — Tx||

< llx = apll + Vkllx — apll + Vkllap — Tx|l.
Hence,

1+Vk
ITx — apll < (%) lx — apl|

_ (1+Vk)
(1K)

T is said to be a-hemicontraction (see, for example [8]) if F(T) = {x € K:Tx = x} # @ and

Therefore, T is L-Lipschitizian with L

there exists ¢ > 1 such that

ITx — ap||? < ||x — apl|® + ||x — Tx||?,Vx € K and p € F(T). (1.9
Observe that (1.7) is equivalent to

(x —Tx,x —ap) = 0,Vx € Kand p € F(T). (1.10)
In [17], an example of an a-hemicontractive mapping with « > 1 which is not hemicontrative
(see ([17], Example 2.2) is given and observe that there are hemicontractive (1-hemicontractive)
maps which are not a-hemicontraction for & > 1 (see, for example ([17], Example 2.1)). Also,
in [17] an example of a mapping which is hemicontractive (1-hemicontractive) and a-
hemicontractive for @ > 1 but neither demicontractive (1-demicontraive) nor a-demicontractive
for « > 1 (see, for example ([17], Example 2.3) is given.
In addition, if k = 1 in (1.8), we get (1.9). Thus, the class of a-demicontractive mapping with
a > 1 is asubclass of the class a-hemicontractive mapping. For other properties of a-
hemicontractive mappings, the reader may consult [17].
A mapping T: H — H is said to be n-strongly monotone if there exists n > 0 such that

(Tx —Ty,x —y) <nllx - yll>,vx,y €H (1.11)
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Iterative techniques for approximating fixed points of nonexpansive mappings have been
extensively studied based on the Mann’s or Mann-type scheme by several authors (see, for
example, [1],[5],[6],[ 16])- Recently, Wang [18] and Ighokwe and Jim [9] introduced the
hybrid iteration method which has been used in solving variational inequalities.

Let H be a Hilbert space, T: H — H a nonexpansive mapping with F(T) = {x e K:Tx = x} # @
and F: H —» H an n-strongly monotone and Lipschiz mapping. Let {a,}y=1 < (0,1) and {4, }5=1
be real sequences in [0,1), 4 > 0. The sequence {x, },—1 iS generated from an arbitrary x; € H
by

Xpi1 = Xy + (1 — a,)Tr4ix,,n > 1, (1.12)

where TAn+1x = Tx — A, uF (Tx), 1 > 0.

Observe that if either 4, = 0,¥vn > 1 or F = 0, then (1.10) reduces to the well known Mann
iteration method

Xps1 = ApXpn + (1 —a )T x,,n=>1, (1.13)
which has been used by several authors to approximate the fixed points of operators or operator
equations.

In 2007, Wang [18] obtained weak and strong convergence of (1.12) to the fixed point of T as
follows:

Theorem W [18]. Let H be a Hilbert space, T : H = H a nonexpansive mapping. If for any
given x, € H,{x,} is defined by

X1 = ApXy + (1 — a)Th+1x,,n > 1
where {a,} and {1,,} < [0,1) satisfy the following conditions
()] a<a, <pforsomea,p € (0,1)

am YAy <o
(my 0<u<,
then,
() Tlli_r)gollxn — q|| exists for each q € F(T);
(1) lim [lx, — T, || = 0.
Motivated by the work of Wang [18], Igbokwe and Jim [9] and the results of Osilike and Onah

[17], itis our purpose in this paper to extend the results of Wang [18] and other related results

currently in literature from nonexpansive mapping to the more general a-hemicontractive
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mapping. Our results are much more general and also more applicable than the results of Wang

[18] because the strong monotonicity condition imposed on F is not required in our results.

2.0 PRELIMINARIES.
For the sake of convenience, we restate the following concepts and results.
Let E be a real Banach space. A mapping T with domain D(T) in E is said to be demiclosed at 0,
if for any sequence x,, c E, x,, =~ p € D(T) and ||x,, — Tx,|| = 0, then Tp = p.
A Banach space E is said to have Opial property, if for any sequence {x,, ¢ E} with x,, = p, we
have
lim infl[x, —pll < lim infl|x, — qll,

for all g € E with g # p. Itis well known [19] that a Hilbert space H satisfies Opial’s condition.
Let H and K maintain their usual meaning. For each point x € H, there exists a unique nearest
point of K, denoted by Py x, such that ||x — Pxx|| < ||x — y||,Vy € K. Such a Pk is called metric
projection from H onto K. It is well known that Py is a firmly nonexpansive mapping from H
onto K, i.e,

|Pxx — Pgyll* < (Pgx — Pgy,x —y),Vx,y € H.
Furthermore, for any x € H and z € K,z = Pgx if and only if

(x—z,z—y)=0,Vy €EK.
Lemma 2.1 (See [17]). In a real Hilbert space H, the following inequalities hold:

litx + (1 = Oyll* = tllxlI? + (1 = Ollyll* — t(1 = Ollx — ylI*, vt € [0,1], Vx,y € H.

Lemma 2.2 (See [18]). Let {a,}o1, {br}n=1 = 0,Vn = 1. Let

ane1 < (1 +6,)a, + b,,Vn = 1.

If Yooy 8, < 0 and Yo, b, < oo, then lim a,, exists.

n—00
Lemma 2.3 (see [ 9]). Let E be an arbitrary normed space and let {t,,},;~—; be a sequence
satisfying the following conditions:

(i) 0<t, <t <1, forsomet € (0,1),

(i) Xp=y ty = +00.
Let {U,}m=; and {V},};r—, be two sequences such that

(iif) Unsr = (1= t)Up + toVpn > 1,

(iv) lim |U,| = d, forsome d € [0,0) andn > 1,
n—->oo
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) lim sup|V,| <d,n>1,
n—-oo
(vi) Yn=1t;V; is bounded.
Then, d = 0.

Theorem 2.1 [4]. A Banach space E is reflexive if and only if every (normed) bounded

sequence in E has a subsequence which converges weakly to an element of E.

3.0 MAIN RESULTS.
Theorem 3.1. Let H be a real Hilbert space and K be a nonempty closed convex subset of H.
Let T: K - K be a Lipschitz a-hemicontractive self map with Lipschitz constant L, L > 0.
Suppose F: H — H is an L,-Lipschizian mapping. For any x; € H, let {x,} be generated by
Xns1 = Bun + (1= BTy, "+

5 (3.1)
Yn = Pk [ann + (1= y)Tx, n+1]

where
Tt = Tx = dyyy pF (TX), > 0¥x € H, {1}, 4, < (0,1) and {B,} < |0,5] satisfy the
following conditions:
(i) O<ﬁ<ﬁn<yn<1forsomeﬁe(0,§)
(i)  Xnma(1—=p) =+
(i) o=l —Bp)? < +oo
(iv)  Ypoid, < 4o
Then,
@ ,lil?o”xn — ap|| exists for each p € F(T)
(b) lim |lx, = Tyl = 0
(c) {x,} converges strongly to a fixed point of T if and only if Tlll_rgo infd(xn, F(T)) =0

Proof:

Using the well known identity

1Bx + (1 = Byll> < Blixl* + (1 = Olyll> — BA = B)llx — ylI? (3.2)
which holds Vx,y € H, 8 € (0,1), (3.1), and the fact that T and F are L-lipschizian, we estimate
as follows: Since F(T) is nonempty, let ap € F(T). Let x € K be arbitrary, then we have:
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2
”xn+1 - apllz = ”ﬁn(xn - ap) + (1 - Bn)(TAnHyn - ap)”

= Ballxy —apll®> + (1 = B,)||TAn+1y, — aP”Z — Bn(1 = B ||xn — T"l”"l}’n”2
Using Tx*n+1 = Tx — A, uF (Tx), we obtain
lxns1 — apll? < Bullxn —apll® + (1 = BTy — apll? + A au(ITy, — apll?
HIF(TyII?) + A5 2 IF Ty )IIP] = Br(1 = Bl — Tynll?
Fhns1tt(lxn = Tyl + IF(Ty)NI?) + A% IF (Ty)II7],
and which on simplification gives
xn+1 — apll® < Bnllxn —apll* + (1 = B)(A + ATy, — apll®
+(1 = ) A1t (1 + A IF Ty NI
—Bn(1 = Br) (1 + Ay ) |G, — ap) + (ap — Ty)|I?
—Bn(1 = B (1 + Ay ) A1 plIF (Ty) I
< Ballxn —apll> + (1 = B) (A + Ay I Ty — apll?
+(1 = B (1 + A1) A1 bl F Ty )12 = B (1 = Br) (1 + Anyapt)
X [llxn — apll? + llxp, — apll® + 1Ty, — apll® + Ty, — apll?]
—Bn(1 = B) (X + Ay ) An el F (Ty) NI
< Bn = 2Bn(1 + Ay llxn — apll? + (1 = B)*(1 + Apy ) LP|lyp — apll®

+(1 = B)* (1 + A1) A1 tllF (Ty) 12, (3.3)
since =28, < —fB,.

From
IF(Ty)ll < IF(Tyn) = F(Tap)ll + [IF(Tap)ll
< LiLlly — apll + [[F(Tap)ll, (3.4a)
it follows that
IF(Ty)II? < LiL(1 + LL)Ilyn — apll? + (1 + Ly DIIF (Tap) || . (3.4b)

Also, from (3.1), we get
Iy = apll? < [|yan + (1 = y) T2 — ap||”
= [¥aCen = ap) + (1 = y) (T = ap) ||2

= Yallxy —apll> + (1 = v) ||Tx,f”“ - ap||2 — ¥n(1 = 7n) ||xn e

n

Using Tx*n+1 = Tx — A, uF (Tx), we obtain
Iy — apll? = allxn — apll®> + (1 = v lllap — Tx,lI?
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+22n1tllap — Txa IF (Tl + 221 2 1IF (To) 117
~¥n (1 = vy — TxullI? + 22011 pllxn — ToxnlIF (Tl
+ A% P IF (Txn) 117
< Yallxn — apll* + (1 = v lllap — Tx, |I?
11t (ITx, — apll? + IF(Tx)1?) + A2 010 IF (Tx) 117
—¥u(1 = y)lllxn = Txnll? + Apgapelllxn — Taull? + IF (Tx,)11%)
+ A% 1P I F (Txn) |1
= Yallxn — apll> + (1 = y)[(1 + Anpa)ITx, — apll?
A1l (1 + A IIF (Tx)I12] = v (1 = ) [ + A llxn — Txpll?
+Ans1 (1 + Apaa D IF (T |17] (3.5)
Since T is @ -hemicontractive, we obtain (from (3.5)
lyn — apll? < vallxn — apll® + (1 = v [(lxn — apll? + llx, — Tx,l1%)
HAn110(1 + Ay IIF (Txn) 1]
~¥n(1 = )1 + Al — Txpl?
+An+11(1 + Apsa WIIF (Txn) [17]
= [1n + 1 = ) (A + Ayl — apll?
H[(1 =) (1 = (1 + Ly 1))l — T |1
+(1 = y) (1 + Anpa i) A1 (1 — y)IF (Tx) NI (3.6)
Putting (3.4b) into (3.6), with y,, replaced by x,,, we have:
lyn — apll? < [yn + (1 = ) (1 + A1 ]llxy — apll?
H[(1 =) (1 = ¥ (1 + Ay 1))l — T |1
+(1 = 1)? (1 + A1) A1 [ L1 L(1 + Ly L) ||, — apll?
+(1 + LiD)IIF (ap) 1]
=[yn+ (1 =¥+ Appa) + 1 = )21 + Apya)
X (14 L1L)Apy1pla L]y — apll® + [(1 = y2)? (A + Ay 1i0)]llxn — Tocy ||
+(1 = y)2 (1 + A1) (X + L1 L) A1 plIF (ap) |12, (3.7)
Putting (3.4b) into (3.3) we get:
lxn41 = apll* < [Bn = 2Bn(1 + Ansa]llixn — apll? + (1 = B)* (1 + A1) L2 |lyn — apll?
+(1 = ) (1 + A1) g1 tlLLy (1 + LLy) |y, — apll?
+(1+ LL)IIF (ap)lI?]
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= [Bn — 2Bn(1 + Apya)lllx, — apll® + (1 — B)*(1 + Apy1pt)
X [L? + Apy (1 + LLy)LLy [y — apll?
+(1 = B (1 + A1) An 101 + LD |IF (ap)|I? (3.8)
Putting (3.7) into (3.8), we obtain
xn+1 — apll? < [Bn — 280 (1 + Anr1]lixn — apll?
+(1 = B (1 + A1) [L? + Ay (L + Ly D)Ly L[y + (1 = 72)
X (14 Ans1i) + (1= y)? (A + Ay ) (X + Ly L) Ay 1 pLy L]llxn — apll?
+[(1 = y)? (A + A 1]llxn — Ty lI?
+(1 = y)? (1 + Ay ) (X + Ly L) A1 plIF (ap) 17}
+(1 = ) (1 + A1) (1 + L1 L) A1 pIF (ap) 1|2
< {1+ 1 =B + Apsa)[L? + (1 + LLy)LLy
X (Yo + 1=y A+ L) +(1 = 10)?
X (14 Apgat) (X + LyL)An gLy D) Bixn — apll?
+(1 = ) (1 + A1) [(1 = ¥)* (1 + Ay i)]lln — T, |12
+(1 = )2 (1 + LiL)(A + A1) Ansa 1+ (1 = y)?1IF (@p)II? (3.9)
Since,
X0 = Txull < |l — apll + [ITx, — apll,
it follows that
1% = Txall2 < (1 + L)?]Ix, — apll® (3.10)
Putting (3.10) into (3.9) imply that
%41 — apll* < {1+ (1 = B)*(1 + At i) [L? + A1t (1 + Ay ) (1 + Ly L)Ly L
X (Yo + 1=y A+ Angap) + (1 — ¥)?
X (1+ Appqu)(X+ Ly L) A quly L)
+H(A = y)?(A + A (A + L?Ix, — apll?
+(1 = )21+ LiL) (1 + Ayt Anga 1+ (1 = v 21 F (ep) 1%
Let
6n = (1= ) (1 + Ayt L% + Ayapt(1 + Ay ) (1 + Ly L) L4 L
X (O + (1= ¥) (L + Apgat) + (1 = 1) ? (1 + A ) (X + L1 L) Agya Ly L]
+(1 = )2 (1 + App 1) (1 — y2)?(1 + L)?
and
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prn= (1= B)?(A + LiL)(A + Ayl + (1 = y) ?1lIF (ap) 1.
Then,

xn11 — apll® < (1 + 8p)llx, — apll® + pp - (3.11)
From conditions (iii) and (iv), Yip=1 0, < o0 and Y02 py < .

Thus, using Lemma 2.2, it follows that lim ||x,, — ap|| exists. Hence, {x,}n=, is bounded and
n—-oo

this completes the proof of (a).
Since Tx*n+1 = Tx — A, uF (Tx), using (3.1), we obtain
I%n+1 — Txnsall < Bullxn — Txpll + BullToxn — Txnaall + (1 = BTy — Tl
+(1 = Br) AnsatllF (Tx )l
< Bullxn = Txnll + BnLllxn — xn4all + (1 = B Lllyn — xn4all
+(1 = Br) AnsapllF (Tx) | (3.12)
Now, we estimate ||x,, — x4+l
Again, using (3.1) and the fact that Tx*n+1 = Tx — A,,,,uF (Tx), we obtain
I = Xn4all < (1 = Bllxn = Tynll + (1 = Br) Ansa pllF (Tyu)l (3.13)
Observe that
X, = Tynll < llxn — apll + Ly, — apll,
which, using Tx*n+1 = Tx — A,,,,uF(Tx) and (3.1), gives
10 = Tynll < llxn, — apll + Lllyn (e — ap) + (1 — v) (Tx, — ap)l
+(1 = ) Aps 1 HLITF (T |
< llxn — apll + vaLllxy — apll + (1 = y,) L?|lx, — apl|
+(1 = ¥n) An 1 uLIF (Txn) |l
= [1+y,L + (1 =y L?llxn — apll + (1 = ) Ans 1 uLIF (T |
< (14 L)?llxg — apll + ApyauLIIF (Txn) (3.14)
Putting (3.14) into (3.13), we get
1% = Xn4all < (1= B[ + L)?lxn — apll + Any 1 uLIIF (Tx)]I]
+(1 = Br) Ana tllF (Tyn) .
Substituting for ||F (Tx,) || and ||F (Ty,)|| using (3.4a), we get
%n = Xneall < (1 + L)1 = Bl — apll + (1 = Bu)Ans1bL(LyLllxn — apll + [IF (Tap)ll)
+(1 = ) Ana (L Lllyn — apll + [[F (Tap)ll)
= (1= B[+ L)? + Anyapls LYl — apll + 2(1 = Br)An i1l F (Tap)l
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+(1 = Bu)Ans1uLi Ly, — apl. (3.15)
Furthermore, since Tx*n+1 = Tx — A,,,uF (Tx), we get (from (3.1)) that
lyn —apll < (1 = vidllxn — Txpll + llxn — apll + (1 = ) Al F (T ||
< (A =yllxy — apll + (1 = y)lITx, — apll + ¥allxn — apll
+(1 = ¥ dns 1l F(Tx)|l,
which, using (3.4a), gives
lyn — apll < [(1 + L) + Apyapli L]llxn, — apll + Apiq pll F (Tap)l. (3.16)
Putting (3.16) into (3.15) and simplifying, we get
lxn = Xn4all < (1= B[ + L)? + Ay ptLy L2]llxn — apll + 2(1 = ) Ans 1 klIF (Tap) |l
+(1 = B Ans 1Ly L{[1 + (1 + Apya L) L]lIxn — apll + A1 pl| F(Tap)|[}
< 2(1 = B)*{[(1 + L)? + Ap41uly L2 (2 + (1 + ALy L]y — apl|
st X (2 + A pLi L) |IF (Tap)|l}, (3.17)
since (1= Bn)? = (1= Bp) = Bu(1 = Brn). = (1 = Bn) = 2(1 — B)*.
Next, we estimate ||y — x,44]I:

From (3.1) and the fact that Tx*n+1 = Tx — A, uF (Tx), we obtain

“y - xn+1” < ”yn - Tyn” + ﬁn”xn - Tyn” + (1 - ﬁn)/ln+1.u”F(Tyn)” (3-18)
But,
“yn - Tyn” < ”ann + (1 - Vn)(Txn - An+1.uF(Txn)) - Tyn”
< (1 - Yn)”xn - Txn” + ”xn - Tyn” + (1 - Yn)/ln+1.u”F(Txn)” (319)

Putting (3.14) into (3.19), we get
1¥n = Tynll < (1 = ydllxty — Txull + (1 + L)?llxn — apll + Ay 1 pLIIF (T |l
+(1 = v AnsapllF (Txp) I

< (1= Bllxy — Txpll + (1 + L)?llxn — apll + (1 + L = B) Ay a pullF (Txn) |l
Using (3.4a), the last inequality becomes
1y = Tynll < (1 = B)llxn — Txpll + (1 + L)?[lxn, — apll

+(1+ L = B)Ans1pt(LyLlixy — pll + IF (Tap)l)

< (@ = Bllxn = Txpll + [(X + L)% + (1 + L = Br)AnsapLa L]llx, — apll

+(1+ L = Br)dns1pl|F(Tap)|| (3.20)

Putting (3.20) and (3.14) into (3.18), we get

Iy = Xnaall < (@ = Bllxn — Txull + [(1 + L) + (1 + L — Bu) Anga Ly L]l — apl
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+(1+ L = Bu) A1 plIF (Tap)ll + Bn[(1 + L)?lx, — apll
A1 HLIF (Tx) 1] + (1 = B Apsa el F (Ty)
< (1= Bllxy = Toepll + [21 + L)? + (1 + L — Bp)Anpatly L] llx, — apl|
+(1+ L — Bu) A1l F(Tap)ll + Ansq uLlIF (Txn) I
+(1 = Bu) A1kl F(Ty)l,
which, using (3.4a) and simplifying, gives
Iyn = el < (1 = Bllxn — Tapll + [2(1 + L) + (1 + L — Br) Anga Ly L]llxn — apll
+(1 4 L = B)AnsaptllF(Tap)ll + AnyapL (L1 Lllxn — apll + [|F (Tap)l))
+(1 = ) Ans1i (L Lllyn — apll + [[F (Tap)|)
< (1= Bllxn — Tl + [2(1 + L)? + (1 — B + 2L) Ay qptls Lllx, — apll
+[2(1 + L) = BulAnsaptllF(Tap) | + AnapliLllyn — apll
Substituting for ||y, — ap]|| using (3.16), we have:
lyn = Xl < (1 = Bllxn — Topll + [2(1 + L)? + (1 — By + 2L) Any 1Ly LIy, — apll
+2(1 + L) = Bl AnsapllF (Tap)|l
+ AL L{(1 + L) + Apyqulq L] X |2, — apll + App1ullF (Tap) |1}
< (1= Bllxn — Txnll + [2(1 + L)?
+ Ans1tLli L(3 + 3L + A gy puls L]llxn — apl|
+ Ansapt[2(1 + L) + Ay puLs LY F (Tap) |l (3.21)
Putting (3.4a), (3.17) and (3.21) into (3.12), we get:
%n41 = Txnsall < Bullxn = Txnll + 28,L(1 = B)HI(1 + L)? + Apyqpuly L2
X (24 (1 + Apyapuly)L]lIxn — apll
+An+1 (2 + Ay uL DIF (Tap) |1} + (1 — ) L{(1 — B llxn, — Tyl
+[2(1 + L) + AppaptLiL(2 + 3L + ApiqpuliL)]lIx, — apl|
+An11[2(1 + L) + ApapLy LYIF (Tap) |} + (1 = Br) Ana sl F (Txn) -
= xns1 = Txnaall < (B + (1= Br)?L) Iy — Txnll + 28, L(1 — B)*{[(1 + L)?
A1 utLy L2 (2 + (1 4 Ay puLy)L]lIxn — apll] + Anyapt
X (2 + AnsabLa IF (Tap)ll} + (1 — B)L[2(1 + L)? + ApyiplyL
X (24 3L+ AppapulyD]llxn — apll + (1 = Br)Ansapu[2(1 + L)
+An1 b1 LIIIF (Tap) |l + (1 = Bn) ApsaptlLaLllxy, — apll + [IF (Tap)ll]
< (1+ Q=B DlIxn — Txnll + 2(1 = B)*{[LAn(1 + L)?
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+ Anrabla 2B (2 + (1 + Apyapulo) L] + (1 = B)?L[2(1 + L)?
+ A1l  L(2 + 3L + AppqpliL)] + (1 — Bp)? A1l LIM
+22n 414 (1 = B)*{LBn (2 + Apyiul L) + L[2(1 + L)

+ An+1uli L] + BHIF (Tap)|l.

”xn+1 - Txn+1” < (1 + 6n)”xn - Txn” + Pn, (322)
where

O = (1 - ﬁn)zL

and

P = 2(1 = B)H{[LBn(1 + L)?+ Anyy Ly L2 B (2 + (1 + Apyypily)L]]
+(1 = B)2L[2(1 + L)?+ Apga Ly L(2 + 3L + ApyqpliL)] + (1 = Br)? Apiauly LIM
+22n 114 (1 = B)H{LPn(2 + Ans1pls L) + L[2(1 + L)+ Apyapuli L] + BIIF (Tap)||
From conditions (iii) and (iv), it follows that }. &, < oo and ), p, < . Also, it follows from

Lemma 2.2 that lim ||x,, — Tx,|| exists. Let lim ||x,, — Tx,|| = d, and set
n—-oo n—-oo

U, = (x, — Tx,). It follows (3.11%) that:
Upsr = (1 — t)Up + t,V, (3.23)
where t, =1 — S, and

tnVn = Bn(Txn — Txni1) + (1 = Bp) (Tyn — Txn41)+(1 = B Ansatt F(Tyn)
= tyVp < BTy — Tng1) + 2(1 = B)* (Tyn — Txns 1) +2(1 = Br)? Ayt F(Tyn)

2 (Tt = T 1) + 2(1 = ) (TY = Tonsn)

+2(1 - :Bn)/ln+1.u F(Tyn)) - (xn - Txn)

Bn Bn
< (n = T2) + 525 (Tt = Txne) + (1= ) (1 + G2a5) (Tyn = Ttsn)

+2(1 - :Bn)/ln+1.u F(Tyn))

=V, =0, —Tx,) +

= IVl <l = Toxpll + 5255 1T = Tl + 21 = BTy = T
+2(1 = B Ansat IF (Ty) |
<l = Txall + G2as5 12 = Xnall 4+ 21 = B)LlIYn = Xpaa
+2(1 = B Ansa it [IF(Ty)| (3:24)

Putting (3.17), (3.21) and (3.4a) into (3.24), we get:

L n
Vol < llxn, — Txpll + ﬁ{z(l — B[+ L) + AL L (2 + (1 + Apyqpily)L]
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X ||xp — apll + Any 12 + ApgquLy D||IF (Tap)ll} + 2L(1 — By)
X {(1 - ﬁn)”xn - Txn” + [2(1 + L)Z + /1n+1.uL1L(2 + 3L + /1n+1.uL1L)]”xn - 0{p||
+ Anratt[2(1 + L) + Ay LYIF (Tap) 1} + 2(1 = By)

X Anpat{LiLllyn — apll + |F (Tap)|l},
which using (3.16), gives

IVall < llxn — Txpll + (1 = B LA + L)? + Anya Ly L2 (2 + (1 + Apgqptly) L]lln, — apl|
g1 (2 + A1l DIF (Tap) 1} + 2L(1 = Br) Ml — Tyl
+2L(1 = B)[2(1 + L)? + A1ty L(2 + 3L + (2 + (1 + Ayl L)) ]llx, — apll
4101 = ) (4 + Ay pLy D|IF (Tap) |l + A1 u1(1 — Br)
XA{[2 + (1 + Anp1ul)L]llxn, — apll + Apiq pllF (Tap) I}

< (1+2L(1 = B)®)lxn — Tagll + 2(1 = B){LI(A + L)?+ 241 uly L
X (24 (A + A quL )L+ L[2(1 + L)? + ApyqpuLlyL(2 + 3L + Ayyqpuly)L]
F At L L1+ L) + (1 + Ay uL)LIM + 2241 p(1 = B)?
X [3(1 + ApyapulqL) +2(1 + LIF (Tap)ll.
It follows from the last inequality that:
IVall < (1 + 2L(1 = B)®)lxy — Tyl + ¥, (3.25)
where
Yn =21 = B)*{L[(1 + L)? + Apyqptly L2 (2 + (1 + Apyqply)L] + L[2(1 + L)?
+ a1 UL1 LP (2 + 3L + Ay L) L] + Apga il L(1 + L) + (1 + Ay puLy)LIM
+22p 141 = B)?[3(1 + Apyquls L) + 2(1 + D]|IF (Tap)]l.

From condition (iii) and (iv), Yo1 Y5 < o0, hence lim ,, exists.
n—oo
Since lim ||x,, — Tx,|| exists, ||V, < (1 + L(1 = B,)H)llx, — Tx,ll + Q,Q > 0.
n—-oo

Therefore, lim sup||V;,|| < d. Observe that:
n—-oo

IX™, eVill = |2 (LG — xi41) + L = B (v — xi41) + A uF (Ty))||
< LI G = X DI+ LI (1 = B (i — x| + pll X521 (A D F (Ty) ||
< Lllxy = xpall + Lllys — Xpeq |l + uD 2Pz Aigq
=L|lx; —ap + ap — xp1ll + Lllys —ap + ap — xp |l + 4D iy i
< Lllxy — apll + Lllxn41 — apll + Lllys — apll + Lllxp1 — apll + pD Xiq Aigy
= Lllx; — apll + 2L||xp41 — apll + Llly, — apll + uD Xioq Aipq < K7,

14
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for all n = 1 and for some K* > 0. Hence, {}.iL, t;V;};—1 is bounded. It now follows that, from
Lemma 2.3,
lim [lac, — T || = 0. This completes the proof of (b).
Furthermore, from (3.11), we have:
lxps1 —apll® < (1 +8)llx, — apll® + py
< llxn — apll® + 6,M? + py.
= |lxp41 — apll® < llx, — apll® + by, (3.27)
where b,, = 6,M? + p,. Hence,
[dCen 1, FAODP < [d(xn, FD)] + by,
Since Y b, < oo, it follows from Lemma 2.2 that Tlll_r)lgo d(x,, F(T)) exists. If {x,}y=, converges
strongly to a fixed point ap of T, then 7liﬁr{}ollxn —ap|l = 0.
Since 0 < d(x,, F(T)) < ||x,, — ap||, we have 7113}10 infd(x,, F(T)) = 0.
Conversely, suppose 711_)11010 infd(x,, F(T)) = 0, then we have Tlll_r)?o d(x,, F(T)) = 0. Thus, for
arbitrary e > 0,3aN; >0 3 d(x,, F(T)) < Z, V.= Nj.
Also, ¥, b, < oo implies that there existsan N, > 0 3 X772, b; < Z'Vn > N,.
Choose N = max(N,; N;), then d(xy, F(T)) < Zande?‘;lbj < Z It follows, from (3.27), that
vn,m > N and Vp € F(T),we have
10 = xmll < llxn — apll + llxy, — apll
< llxy — apll + Xj=1 by + llxy — apll + X2, b;
< 2|lxy — apll + 2 X5y b)-
Taking the infimum over all ap € F(T), we obtain:
I, — x|l < Zd(xN,F(T)) +2¥55, b <2 (Z) +2 G) = g + g =g, Vn,m=> N.
Thus, {x,}>-,is Cauchy. Suppose lim x, =, then since 7lli_r)£10||xn — Tx,|l =0, wehaveu €
F(T).This completes the proof of (c).
Theorem 3.2. Let T:K — K be a Lipschitz a -h emicontractive mapping, with Lipschiz
constant L, L > 0, where K is a closed convex subset of a real Hilbert space H. Let the
conditions of Theorem 3.1 be satisfied. If (I — T) is demiclosed at zero, then for any arbitrary

x; € K, the sequence {x, };—, converges weakly to the fixed point of T.
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Proof:

From Theorem 3.1, lim||x,, — Tx,|| = 0. The closedness of the subspace K guarantees its
n—-oo

completeness, and K is a Hilbert space which is reflexive. Therefore, from the boundedness of

{xn}5-1, and reflexivity of K, Theorem 2.1 guarantees the existence of a subsequence {x,, i};:l
of {x,}_4, such that {xnj};o_lconverges weakly to g € K. Since lim ||x, — Tx,|| = 0.and I —
- n—-oo

T is demiclosed at zero, then Tq = q.

Hence, g € F(T). To prove uniqueness of g, we consider a subsequence {x,;}r=1 Of {xp}n=1,
which converges weakly to q' € K. As before, q' € F(T).

Since q,q' € F(T), for each x,y € K, if {x,};=, iS a sequence in K € H which converges
weakly to z, by Marino and Xu [12],

lim supllx, — apl? = lim supllx, — z1* + ||z - ap|?

Hence,

lim ||, — aql|? = lim||x,; — aq|* = lim |lx; — aq'||” + llag’ — aq|l?

= lim||xn; — aq'||” + llag’ — aqll?
j—oo

Therefore, aq = aq’ proving the uniqueness of aqg which implies that {x,},—; converges to
aq, completing the proof of Theorem 3.2.

Corollary

Let H be a real Hilbert space and K be a nonempty closed convex subset of H. Let T: K — K be

a-demicontractive self map. Suppose F: H — H is an L,-Lipschizian mapping. For any x; € H,

let {x,} be generated by

Xn41 = BnXn + (1 - ﬁn)Tynlln+1

Yn = PK[ann +(1- Vn)TannH]

where

Tx*n+1 = Tx — A, uF(Tx), u>0Vx € H, {8,},{y,} € (0,1) and ,, c (0,1) satisfy the
following conditions:

(v) 0<pB <Pn<y,<1forsomep e (0,1)

(Vi)  Xnma(1—p) =+

(Vi) Xpoi(1 = Bp)? < +oo
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(vill) Yo A, < 4o
Then,

(d) lim [|x,, — ap]|| exists for each p € F(T)
n—-oo

(e) lim [|x, — Tx,ll = 0
n—-oo

(f) {x,} converges strongly to a fixed point of T if and only if lim infd(x,, F(T)) = 0.
n—-oo

Remark: The proof follows since an a-demicontractive map is Lipschitizian and a-

hemicontractive.

CONFLICT OF INTERESTS

The authors declare that there is no conflict of interests.

REFERENCES

[1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

Browder, F. E. Nonlinear mappings of nonexpansive and accretive-type in Banach spaces. Bull. Amer. Math.
Soc. 73(1967), 875 — 882.

Browder, F. E. and Petryshyn, W. V., Cconstruction of fixed points of nonlinear mappings in Hilbert spaces, J.
Math. Anal. Appl. 20(1967), 197 -228.

Chidume, C. E., Picards Iteration for nonlinear Lipschitz strong pseudocontractions in uniformly strong Banach
spaces, ICTP Preprint, 1C/951, (1995), 88.

Chidume, C. E., Geometric properties of banach spaces and nonlinear iterations, Springer — Verlag London
Limited. (2009).

Chidume, C. E. and Moore, C., Fixed point iteration for pseudocontractive maps, Proc. Amer. Math. Soc.
127(1999), 1163 — 1170.

Chidume, C. E. and Mutangadura, S. A., An example of the mann iterative method for lipschitz
pseudocontractions, Proc. Amer. Math. Soc. 13(1974), 2359 — 2363.

Hicks, T. L. and Kubicek, J. R., On the Mann iteration process in Hilbert space, J. Math. Anal. Appl. 59(1979),
498 — 504.

Hussain, N., Rafig, A. and Kang, M. S., Iteration schemes for two hemicontractive mappings in arbitrary
Banach spaces, Int. J. Math. Anal. 7(18) (2013), 863 — 871.

Igbokwe D. I., Construction of fixed points of strictly pseudocontractive mappings of Browder-Petryshn-type in
arbitrary Banach spaces, J. Fixed Point Theory Appl. 4(2004), 137 - 147.

[10]Epuke, E. E., Approximation of fixed points and solutions of variational inequalities for certain classes of

mappings using hybrid iteration scheme. M.Sc. Thesis, University of Nigeria, Nsukka, (2010).

[11]Liu, Q., On Naimpally Singh’s open question, J. Math. Anal. Appl. 124 (1987), 157 — 164.



HYBRID-TYPE ITERATION SCHEME °

[12]Marino G. and Xu, H., Weak and Strong Convergence Theorems for Strictly Pseudocontrative Mappings in
Hibert spaces, J. Math. Anal. Appl. 329(1)(2007), 336-346.

[13] Maruster, L. and Maruster, S., Strong convergence of a-demicontractive mappings, Math. Computer Model. 54
(2011), 2486 — 2492.

[14]Noor, M. A. and Noor, K. I., Some aspects of variational inequalities, J. Comput. Appl. Math. 47(1993), 285 —
312.

[15] Osilike, M. O., Strong and weak convergence of Ishikawa iteration methods for a class of nonlinear equations,
Bull. Korean Math. Soc. 37(1) (2000), 11 — 127.

[16] Osilike, M. O. and Isiogugu, F. O. Weak and strong convergence theorems for nonspreading-type mappings in
Hilbert spaces, J. Math. Anal. 74 (2011), 1814 — 1822.

[17] Osilike, M. O. and Onah, A. C., Strong convergence of the Ishikawa iteration for Lipschitz a-hemicontractive
mappings. Seria Mat. Inform. LI11(1) (2015), 151 — 161.

[18]Wang, L., An iteration method for nonexpansive mappings in Hilbert spaces, J. Nonlinear Anal. 74(2007), 80 -
38.

[19] Xu, H. K. and Tan K. K., Approximating fixed points of nonexpansive mappings by the Ishikawa iteration
process. J. Math. Anal. Appl. 43(3)(1993), 301 - 308.

[20] Yao, Y. H., Liou, Y. C. and Marino, G., A hybrid algorithm for pseudocontractive mappings, J. Nonlinear Anal.
17(2009), 4997 — 5002.

[21] Zhou, H., Convergence theorems of fixed points for lipschitz-pseudocontractions in Hilbert spaces, J. Math.
Anal. Appl. 343(2008), 546 — 556.

[22] Zhou, H., Convergence theorems for A-strict pseudo-contractions in smooth Banach spaces, J. Nonlinear Anal.
(2009), 3140 — 3145.

[23] Akuchu B., Weak and Strong convergence of the Ishikawa iteractive sequence to fixed points of Lipschitz
pseudocontractive maps in Hilbert spaces. Adv. Fixed Point Theory, 5(2015), 147-157.

[24] Veluhan, E. I., Weak and Strong Convergence Algorithm for Lipschitz Pseudocontractive Maps in Hilbert
Spaces. Unpublished M.Sc. Thesis, Department of Mathematics, University of Nigeria, Nsukka, (2014).

[25] Owojori, O. O., Some convergence results for fixed point of hemicontractive operators in some Banach spaces,
Kragujevac J. Math. 31(1974), 111 — 129.

[26] Morales, C. H. and Jung, J. S., Convergence of paths for pseudocontractive mappings in Banach spaces, Proc.
Amer. Math. Soc. 128(2000), 3411 — 3419.



