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Abstract. In this paper, some common fixed point theorems of four maps on b-metric spaces with wz-distance are

proved, which extend some results in the literature.
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1. INTRODUCTION AND PRELIMINARIES

Since the concept of b-metric space as a generalization of metric space was given by Czerwik
[1], many fixed point results in metric spaces were generalized in b-metric spaces (see [9, 10],
etc.). In 2014, the concept of wr-distance on b-metric spaces was given by N. Hussain et al. [2],
we shall use wz-distance on b-metric spaces to extend some results by others.

In the section 1, we give some elementary definitions and lemmas. In the section 2, inspired
by J. R. Roshan et al. [7], Nawab Hussain et al. [8], Mirko Jovanovic et al. [9] and Liya Liu and
Feng Gu [10], we prove the main theorem on b-metric spaces with wz-distance and get some
related fixed point results.
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Throughout, we denote all natural number by N.

Definition 1.1[1] Let X be a nonempty set and constant s > 1 be a fixed real number. Suppose
that the mapping d : X x X — [0, 00) satisfies the following conditions:
(1) d(x,y) = 0if and only if x = y;
(2) d(x,y) =d(y,x) forall x,y € X;
(3) d(x,y) <s[d(x,z) +d(z,y)] for all x,y,z € X.
Then (X,d) is called a b-metric space with coefficient s.

Definition 1.2[2, 3] Let (X,d) be a b-metric space with constant s > 1, then a function p :
X x X — [0,00) is called a wr-distance on X if the following conditions are satisfied:

(1) p(x,z) <s[p(x,y) + p(y,z)] for any x,y,z € X;

(2) p(x,-) : X — [0,00) is s-lower semi-continuous for any x € X, if
liminf p(x,x,) = oo, or p(x,xp) < liminfsp(x,x,),
n—yoo n—o0

where ,}El;d(xmxn) =0;
(3) for any € > 0, there exists 6 > 0 such that p(z,x) < & and p(z,y) < 6 imply d(x,y) < €.
The we-distance p is called symmetric if p(x,y) = p(y,x) for any x,y € X.

We say that
(a) The sequence {x,} converges to x € X if and only if ’}grolo d(xp,x) =0, i.e., x, = x;

(b) The sequence {x,} is Cauchy if and only if n},iilwd (Xp,xm) = 0
(¢) (X,d) is complete if and only if any Cauchy sequence in X is convergent.

Lemma 1.3[2, 3] Let (X,d) be a b-metric space with constant s > 1 and p be a wr-distance
on X. Let {x,} and {y,} be sequences in X, {a,} and {f,} be sequences in [0,0) converging
to zero. Then for any x,y,z € X, the following properties hold:

(D) If p(xn,y) < @, and p(x,,z) < B, for any n € N, then y = z. In particular, if p(x,y) =0 and
p(x,z) =0, theny = z;
2) If p(x4,yn) < a, and p(x,,z) < B, for any n € N, then ’}ijlgod(yn,z) =0;
(3) If p(xn,xm) < a, for any n,m € N with m > n, then {x, } is a Cauchy sequence;
4) If p(y,x,) < a, for any n € N, then {x,} is a Cauchy sequence.
Definition 1.4[4, 5] We say that f and g are b-compatible on b-metric space (X,d) with

constant s > 1, and p be a wt-distance on X if
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limy—e0 p(f8Xn,8f%n) =0,

when {x,} is a sequence such that lim fx, = lim gx, = ¢, for some 7 in X.
n—roo n—oo

2. MAIN RESULTS

In this part, we will show our main results.

Lemma 2.1[6] Let (X,d) be a b-metric space with constant s > 1 and p be a wr-distance on
X, {x,} be sequence in X, we say the {x,} is a Cauchy sequence if there exists ¢ € [0, 1), such
that p(xn,xp+1) < cp(xp—1,x,) for every n € N.

Theorem 2.2 Let (X,d) be a complete b-metric space with s > 1 and p be a wr-distance on
X, p(x,x) = 0 for any x € X, the pairs (S,/) and (7,J) be b-compatible defined on (X,d) and

satisfying

1
Q2.1 p(Sx,Ty) < Amax{p(Ix,Jy), p(Ix,Sx), p(Jy,Ty), g[p(Sx,Jy) +p(Ix,Ty)|}

for any x,y € X, where 2 € [0,1) and As* < 1, if S(x) C J(x), T(x) CI(x) and 1,J,S and T are
continuous maps, then /,J, S and 7 have a unique common fixed point in X.
Proof. If A =0, then p(Sx,Ty) =0, p(Sx,Ix) = 0 and p(Ty,Jy) = 0, we have that Ty =
Ix =Sx=Jy.
Now, we construct {x,} C X. Let Vxg € X, Sxg € J(X), there is any x; € X, such that
Jx; = Sxo. Tx; € I(X), then there is x, € X, such that Tx; = Ix;. In general, we chosen
Xon+1 € X, such that Jxo,41 = Sx2,,, and x2,,12 € X, such that Ixy,4 9 = Txp, 41, forn=0,1,2,---.

Denote a sequence {y, } with

Yan = JXont1 = Sx2n, Yont1 = IXopt2 = Toxop41.
We show that {y, } is a Cauchy sequence. If not, we suppose that there is a constant ng, such

that p(y2,,y2n+1) > 0 for any 2n > ny, then for some constant &, by (2.1),

P2k, Y2u+1) = P(Sx2k, TX2k41)

IN

1
Amax{p(Ixpk,Jx2i11), p(Ixok, Sx2k), p(Ix2k11, TX041) 5 Z[P(Sx2k7]x2k+l) + p(Ixok, Txoi41)]}

1
= Amax{p(yax—1,y2x)> P(V2r—1,Y2k)» P(Y2k> Y2k+1), % [P(2r,y21) + P(V2k—15Y2k+1)] }
1

Amax{p(yok—1,y2k), P (Y2ksY2k+1) ZP()’ZIH] JVoukt1) }-
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Since 3 p(yoe—1,¥2u+1) < P(ar—1,¥2%) OF 3-P(¥2r—1,¥2%+1) < P(VakY2k+1), we only need

to think about the following two cases.

For the first case, if

Pk yok+1) < Ap(yak—1,Y2k),

which A € (0,1), then by Lemma 2.1, we have that limy_,c.p(yax,y2r+1) = 0, it is a contradic-
tion.

For the second case, if

P2 yu+1) < Ap(asya+1) < P(VoksYau+1),

which A € (0,1), it is a contradiction.
Thus, {y,} is a Cauchy sequence, by Cauchy sequence, we have that lim,, n—eop(Ym,yn) =0,
then for any € > 0, there exists an > Ne — 1, such that p(yn,,yn) < £.

Since X is complete, there exists u € X, such that
2.2) u = limy_soolX2y+2 = limy e TX2p 11 = limp_—seod X211 = limy_00Sx2y,.
p(x,+) is s-lower semi-continuous, thus we have
P(YNes ) < limpsoin fSp(YNg; yn) < €.
When n — oo we have,
(2.3) p(yan,u) < €.
Since T and J are continuous and b-compatible, we have

p(Tu,Ju) < sp(Tu,TIxzns1)+sp(TIxops1,Ju)
2 2
< sp(Tu, TIxont1) + 5" p(TIxoni1,dTx2041) + 5" p(JTX2041,J1t).
There are limyop(Tu,TJxop+1) = 0, limyep(TIx2p41,JTx20+1) = 0 and

limp—soop(JTx2p+1,Ju) = 0, thus we have p(Tu,Ju) = 0 and p(Ju,Tu) = 0. Similarly,
we have p(lu,Su) = 0.



COMMON FIXED POINT THEOREMS ON »-METRIC SPACES 5

Since / and S are continuous and b-compatible, we have

p(Iu,Su) < sp(Iu,ISxp,) + sp(ISxz,,Su)

< sp(lu,ISxp,) + szp(Iszn, SIxy,) + szp(SIxzn7 Su).

There are limy,—scop(Iu,1Sx2,) = 0, limy_yeo p(ISx2, SIx2,) = 0 and liny,—cop(SIxzy,, Su) = 0,
thus we have p(Iu,Su) = 0.
We shall prove that p(Su, Tu) = 0, if not, we suppose that p(Su, Tu) > 0,

p(Su,Tu) < Amax{p(iu,Ju), p(lu,Su), e, Tu) 5 [p(Su,Ju) + pllu Tu)]}
)

= Amax{p(lu,Ju),0,0, 3-[p(Su,Ju) + p(lu, Tu)]}

= lmax{p(lu,]u),zis[p(Su,Ju)—I—p(lu,Tu)]}.
If max{p(Iu,Ju), - p(Su,Ju) + p(Iu, Tu)|} = 5-[p(Su,Ju) + p(Iu, Tu)), then

p(Su,Tu) < %[p(Su,Ju)+p(Iu,Tu)]

A

< g[sp(Su, Tu)+sp(Tu,Ju) + sp(Iu,Su) + sp(Su, Tu)]

= Ap(Su,Tu)

< p(Su,Tu),

which A € (0,1), it is a contradiction.
If max{p(Iu,Ju), »-[p(Su,Ju) + p(Iu, Tu)|} = p(Iu,Ju), then
p(Su,Tu) < Ap(lu,Ju)

< Alsp(Iu,Su) +sp(Su,Ju)]
< Alsp(Iu,Su) + s*p(Su, Tu) + s> p(Tu, Ju)]
= (A-5%)p(Su, Tu),

by As? < 1, we have p(Su,Tu) < (As*)p(Su,Tu) < p(Su,Tu), it is a contradiction. Then we
have Ju = Su = Tu = Iu.
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Next, we shall prove that lim,—eop(yon,Ty2,) = O. If not, we suppose that

limy—oop(Y2n, Ty2,) > 0, when n — oo, we have

P2n, Tyan) = p(Sx20, Ty2n) < Amax{p(Ixan, Jy2n), p(Ix20, SX21),
(Y20, Ty2n), %[p(SXZn;]yZn) + p(Lxan, Ty2n)] }
= Amax{p(Ix,,Jy2,),0,0, zis[p(szn,Jyzn) + p(Ix2, Ty2n)]}
= lmax{p(lxszyzn)»%S[P(szn,fyzn)+P(1X2n,Ty2n)]}-
If max{p(Ixan,Jy2n), %[p(szn,Jyzn) + p(Ix2, Ty2n)]} = p(Ixon,Jy2n), then
p(Sx2n, Tyon) < Ap(Ixan,Jyon)
< As[p(Ixon,Sxon) + p(Sx20,Jy20)]
< As[p(Ixon, Sxan) + sp(Sxan, Ty2n) +5p(Ty2n, Jy2n)]
= As?p(Sxam, Tyan)
< p(Sx2n, Ty2n),

which As? < 1, it is a contradiction, then we have lin, s p(yan, Ty2,) = 0.

If max{p(IXZmJyZn)a zis[p(S)QmJyZn) + p(IXZnuTyZn)]} = zis[p(S)Qn,JyZn) + p(IXZnaTyZn)]a
then

1
p(SXZmTyZn) < A%[P(S)CZ}'nJyZn)_'_P(ImeTyZn)]

A
< %[SP(SXZm TyZn) +SP(Ty2n>Jy2n> + Sp<1x2n75x2n) + Sp<Sx2n> Ty2n)]
= lp(Sx2na TyZn)
< p(sznuTy2n)7

which A < 1, it is a contradiction, then we have lim,_eop(v2n, Tv2,) = 0.

Thus, we have limy,_,ep(y2n, Ty2,) = 0. For any € > 0, we have

(24) p(yZmTyZn) < E.

where n — oo.

By (2.3), (2.4) and Lemma 1.3, we have lim,_,ced (Ty2,,u) = 0.



COMMON FIXED POINT THEOREMS ON /-METRIC SPACES 7
By the continuity of 7', we have u = lim,_,.Ty2, = Tu, thus we have u = Tu, We get that
u = Tu = Ju = Su = Iu. Then we have u is a common fixed point of S, /, T and J. Now, we
shall prove the uniqueness of the common fixed point.
If not, there is another common fixed point w of S, I, T and J, and p(Sw, Tu) # 0,

p(Sw.Tw) < Amax{p(iw,Ju), p(Iw,Sw), p(u,Tu), 3 [p(Sw,Ju) + p(iw: Tu)]}

= Amax{p(Iw,Ju),0,0, %S[p(SwJu) + p(Iw,Tu)|}

= Amax{p(Iw,Ju), %s[p(Sw,]u) +p(Iw,Tu))}.

If max{p(Iw,Ju), »-[p(Sw,Ju) + p(Iw, Tu)]} = p(Iw,Ju), then

p(Sw, Tu) < Ap(Iw,Ju) < As[p(Iw,Sw)+ p(Sw,Ju)]
< As[p(Iw,Sw) +sp(Sw, Tu) + sp(Tu,Ju)]
= As’p(Sw,Tu)

< p(Sw,Tu),

which As? < 1, it is a contradiction, then we have p(Sw, Tu) = 0.
If max{p(Iw,Ju), 215 [p(Sw,Ju) + p(Iw,Tu)|} = %S[p(Sw, Ju) + p(Iw, Tu)], then

p(Sw,Tu) < %[p(SW,Ju)—f—p(Iw,Tu)]

A
= Z—S[Sp(Sw, Tu) + sp(Tu,Ju)+ sp(Iw,Sw) + sp(Sw, Tu)]

= Ap(Sw,Tu)

< p(Sw,Tu),

which A € (0,1), it is a contradiction, then we have p(Sw,Tu) = 0. Thus we have Sw = Tu and
w=8Sw=Tu=u,thenw=u. S, I, T and J have a unique common fixed point.
By Theorem 2.2, we have the following result.
Theorem 2.3 Let (X,d) be a complete b-metric space with s > 1 and p be a wr-distance on

X, p(x,x) = 0 for any x € X, the pairs (S,/) and (7,J) be b-compatible defined on (X,d) and
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satisfying
(2.5) p(Sx,Ty) < Ap(Ix,Jy)

for any x,y € X, where A € [0,1), As®> < 1, if S(x) C J(x), T(x) C I(x) and I,J,S and T are
continuous maps, then /,J,S and 7 have a unique common fixed point in X.
We can get two corollaries if wt-distance p is symmetric.
Corollary 2.4 Let (X,d) be a complete b-metric space with s > 1 and p be a symmetric wt-
distance on X, p(x,x) = 0 for any x € X, the pairs (S,/) and (7,J) be b-compatible defined on
(X,d) and satisfying

1
(2.6)  p(Sx,Ty) < Amax{p(Ix,Jy), p(Ix,Sx), p(Jy,Ty) 3 [p(Sx,Jy) + p(Ix,Ty)]}

25
for any x,y € X, where A € [0,1) and A5 < 1, if S(x) C J(x), T(x) C I(x), then the four maps
I,J,S and T have a unique common fixed point in X.

Proof. = By observing the proof of Theorem 2.2, we only need to prove the existence of
common fixed point. We continue using the similar notations in Corollary 2.4.

We have that {y,} is a Cauchy sequence, by Cauchy sequence, we have that
LM p—s00p(Ym»yn) = 0. For any € > 0, there exists a n > N — 1, such that p(yy,,y.) < £.

Since X is complete, there exists u € X, such that
2.7) u = limy_soolx2y12 = limy e Tx2p 11 = limy_—seod X211 = limy—00Sx2y,.
p(x,-) is s-lower semi-continuous, thus we have

P(INg» 1) < limy sooinfsp(yn,,yn) < €.

When n — oo we have,

2.8) p(yan ) < €.

By the symmetry of wt-distance p, we have

(2.9 limp_yeop(u,y2,) < E.
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Since T and J are b-compatible, by (2.7), we have

p(Tu,Ju) < sp(Tu,TIxzp+1)+sp(TIx2p41,Ju)

< sp(Tu,TJx2+1) + szp(TsznH JTx041) + szp(JsznH Ju).

Since limy—yeop(Tu, TIx2y11) = limy—scop(TIx2n11,I T X2 41) = limy—eep(JT X201, Ju) =0,
thus we have p(Tu,Ju) =0 and p(Ju,Tu) = 0. Similarly, we have p(lu,Su) = 0.
Since / and S are b-compatible, by (2.7), we have

p(Iu,Su) < sp(lu,ISxp,) + sp(ISxz,,Su)

< sp(lu,ISxy,) + szp(Iszn, SIxy,) + szp(SIxzn7 Su).

There are limy,—cop(Iu, 1Sx2,) = 0, limy,—cop(I1Sx2y,, SIx2,) = 0 and liny, o p(SIxay,, Su) = 0,
thus we have p(Iu,Su) = 0.
We shall prove that p(Su, Tu) = 0, if not, we suppose that p(Su,Tu) > 0.

p(Su,Tu) < Amax{p(iu,Ju), p(lu,Su), pliu, Tu) 5 [p(Su,Ju) + pllu Tw)]}
)

= Amax{p(lu,Ju),0,0, 3-[p(Su,Ju) + p(lu, Tu)]}

\)

= ﬂ,max{p(lu,]u),zis[p(Su,Ju)—I—p(lu,Tu)]}.
If max{p(Iu,Ju), - [p(Su,Ju) + p(Iu, Tu)|} = 5-[p(Su,Ju) + p(Iu, Tu)), then

p(Su,Tu) < %[p(Su,Ju)—i—p(Iu,Tu)]

< zi[sp(Su, Tu) +sp(Tu,Ju) + sp(lu,Su) + sp(Su, Tu)]
s
= Ap(Su,Tu)

< p(Su,Tu),

which 4 € (0,1), it is a contradiction.



10 MEIMEI SONG, FEIRI AZI

If max{p(Iu,Ju), zls[p(Su,Ju) + p(Iu,Tu)} = p(Iu,Ju), then

p(Su,Tu) < Ap(Iu,Ju)
< Alsp(Iu,Su) +sp(Su,Ju)]
< Alsp(Tu,Su) + s*p(Su, Tu) + s> p(Tu, Ju)]

= (4 -sz)p(Su, Tu),

by As? < 1, we have p(Su, Tu) < (As?)p(Su,Tu) < p(Su,Tu), it is a contradiction. Then we
have Ju = Su = Tu = Iu.

Next, we shall prove that p(u, Tu) = 0. If not, we suppose that p(u,Tu) > 0, when n — oo,
by (2.9), we have

p(ua TM) < S[P(”,)’Zn) +p(YZn7 TM)] = S[P(”v)’Zn) +p(Sx2n7 TM)]
= sp(Sxon, Tu)
< (As)max{p(Ixay,Ju), p(Ixzn, Sx2p),

1
pUu, Tu), 5 [P(Sxan, Jut) + p(Ixan, Tu)l}

= (hsymax{p(xsn,Ju),0,0, 3-[p(Sva, ) + p(1, Tu)])

1
= (As)max{p(Ixzn, Ju), 5-|p(Sx2n,Ju) + p(Lxzn, Tu)l}-
Since s > 1, if max{p(Ix,Ju), 5= [p(Sx2n,Jut) + p(Ix2n, Tu)|} = p(Ix2y,Ju), then

p(Sx2,, Tu) < Ap(Ixp,,Ju)

IN

As[p(Ixan, Sxon) + p(Sxop,Ju)]

IN

As[p(Ixan, Sxon) + sp(Sxon, Tu) + sp(Tu,Ju)]
= )LSZP(SXZna Tu)

< p(Sxay,Tu),

which As? < 1, it is a contradiction, then we have p(u, Tu) = 0.
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If max{p(Ixz,,Ju), 215 [p(Sxop,Ju) + p(Ixz,, Tu)|} = %S[p(szn,Ju) + p(Ixp,, Tu)], then

1
p(Sx2,, Tu) < lg[p(szn,Ju)—i—p(Ixzn,Tu)]

A
< g[sp(szn, Tu) +sp(Tu,Ju) + sp(Ixz,,Sx2,) + sp(Sxa,, Tu)]

= Ap(Sxzn, Tu)

< p(Sxay,Tu),

which A < 1, it is a contradiction, then we have p(u,Tu) = 0. Thus, we have p(u,Tu) = 0, then
u = Tu. We get that u = Tu = Ju = Su = Iu. Then we have u is a common fixed point of S, I,
T and J.

Corollary 2.5 Let (X,d) be a complete b-metric space with s > 1 and p be a symmetric wt-
distance on X, p(x,x) = 0 for any x € X, the pairs (S,/) and (7,J) be b-compatible defined on
(X,d) and satisfying

(2.10) p(Sx,Ty) < Ap(Ix,Jy)

for any x,y € X, where A € [0,1), As?> < 1,if S(x) C J(x), T (x) C I(x), then the four maps I,J,S
and 7T have a unique common fixed point in X.

Since b-metric d is also a wr-distance on (X,d), let p =d in (2.6) of corollary 2.4 and p = d
in (2.10) of corollary 2.5. We obtain the Theorem 2.1 by given by J. R. Roshan et al. [7] and
the Theorem 2.3 by given by Nawab Hussain et al. [8].

Corollary 2.6[7] Let (X,d) be a complete b-metric space with s > 1, the pairs (S,/) and
(T,J) be b-compatible defined on (X,d) and satisfying

A(S%Ty) < Amax{d(Ix,1y), d(1x,53),d(Jy, Ty), 3-d($x.Jy) +d(Ix,T)]}

for any x,y € X, where A € [0,1) and As* < 1, if S(x) C J(x), T(x) C I(x), then the four maps
1,J,S and T have a unique common fixed point in X.

Corollary 2.7[8] Let (X,d) be a complete b-metric space with s > 1, the pairs (S,/) and
(T,J) be b-compatible defined on (X,d) and satisfying

d(Sx,Ty) < Ad(Ix,Jy)



12 MEIMEI SONG, FEIRI AZI
for any x,y € X, where A € [0,1), As?> < 1,if S(x) C J(x), T(x) C I(x), then the four maps I,J,S

and 7 have a unique common fixed point in X.
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