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Abstract. In this paper, we study the form of Hammerstein integral equations

u(x) = v(x) + A [ip k(x,y)f (v, u(y))dy, (A €R)

and Volterra Hammerstein integral equations in the condition of two-variables. Show the definition of (A;,Az)
bounded variation, write as (A1, A2)BV (I2). If v, k are (A, A®))BV (I2;R) functions and f is a locally Lipschitz
function, there exists a number p > 0 such that when |A| < p, Hammerstein integral equations has a unique

solution. Give the proof and extend.

Keywords: Hammerstein integral equation; Volterra Hammerstein integral equations; (A}, Az)-bounded variation;
(A, A@HBV (1%, R)-solution.
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1. INTRODUCTION

The concept of bounded variation was first proposed by Jordon in [1] and applied it to the
theory of Fourier series. Since then, bounded variation has come into view, and related research

has begun. Solutions of many integral equations which describe concrete physical phenomena
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from the real world are often functions of bounded variation. Recall that some superposition op-
erator in the space of functions of bounded variation was investigated in [2], [3], [4]. Waterman
introduced the notion of A-variation in [5] in 1972. In 1986, Sahakian extended A-variation
from the case of one variable to that of two variables[6].

The problem of solving Hammerstein integral equations has a long history and is always
popular. In [7], the author gave the condition of existence and uniqueness of bounded variation

(shortly: BV) solutions and continuous BV-solutions of the following Hammerstein

x(1) :g(t)+l/]K(t,s)f(x(s))ds,t el=o,B],A R

and Volterra-Hammerstein

(1) = g(1) +/IK(t,s)f(x(s))ds,t el=[a,Bl,A €R

integral equations, where g : I — R is a BV (I)-function, f : R — R is a locally Lipschitz function
and K : I x I — R. It is the first to combine the theorem of bounded variation with the integral
equation. The authors prove under some conditions on A, K and f, this equation have only one
solution in the space BV (I) for each g € BV (I). Then in the paper [8], [9], the integral space is
extended from bounded variation space to ABV space, ¢ BV space, and theorems in [6] are also
extended.

Particularly in [10], the authors study the existence conditions of solutions for the Ham-
merstein equations firstly in a two variables space, that is, the space of two-variables bounded

variation functions BV(IS ). The form of two-variable Hammerstein integral equation

(1.1 ) =v(x) 52 [ K(xy)faly))dy, ( € B)

and Volterra-Hammerstein

(12 u(x) =v(x)+ [ key)f (), (2 €B)

can be seen in [11], where a = (a1,a2),b = (by,b2) € R?, I2 = [a1,b1] X [a2, b2], x = (x1,X2),y =
(vi,y2) €12, v:I2 - R, k: 12 xI’ - Rand f: I’ x R — R. Under some conditions on A, k
and f, we prove that this equation admits only one solution in the space ABV (Ifl’ ) for each

vEABV(IY).
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In this paper, we will give the general conditions for the existence of unique solutions and
continuous unique solutions of the Hammerstein and Volterra-Hammerstein integral equation

in the space of two-variables (A1, A;)bounded variation functions (A, Az)BV (I2), then proof.

2. PRELIMINARIES

Let 1Y = [a1,b1] x [a2,b3] be the basic rectangle with a = (a1,a3),b = (by,b3) € R? such
that a; < ap and b; < b. With the sequence of positive numbers A = {?L,E,l) .1 A? =
{A,&z)};;l such that ) ﬁ and Y ? are divergent separately. We denote Iy = {#;}",, IT, =
{Sj}7:0 be partitions of [ay,b;] and [az,by](m,n € N, ay =19 <t; < -+ <ty < t,, = by and
ay =59 <81 <---<S8,-1<$s, = by), for the two-dimensional function f : Ié’ — R. Referring

to [10] and [12],

AV, (F218) = supsup 3. L)1)

S Hl i=1 ki(l)
AOV(£:1) = supsup 3. L) =G5l
’ I j=1 /1](2)
m n
AVARYY. 10) = fis i) —f(tim1,8i) —f{tisj—1)Hf (tim1,8-1)]
( ) 1,2(f’ a) rflbfgzl-; j§1 )Li“)A}Z)

DEFINITION 1 We define the (A1), A®)-variation of f : I” — R by
(AW ACHV(f317) = AOVI(f315) + APV (£110) + (AVAR V1o (£317)
and the bounded (AV), A?))-variation on I” space by
(A AP)BV(I5;R) = {f - 12 = RI(AW, ACHV (f315) < oo}

with the norm

1f lar.a) = [ (ar,a2) |+ (A APV (£:17)

for each f € (AY), A@)BV (I’;R). For all x € I, we have(A!), A@)V (£, I¥) is a completely
monotone function. According to Helly’s selection principle in the 2-dimensional case[13][14],
we can say the space in definitionl is a Banach space.

LEMMA 1 If ||-||1 and || -||2 are seminorms on a given linear space X such that for each
sequence {x,} of elements from X, we have ||x,||; — 0 implies ||x,||» — 0(n — 0), then there

exists a constant M such that ||x||, < M||x|| for each x € X.[8]
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Proof. Assuming that for all M € N, there exist x; € {x,} such that ||x,||2 > M||x,||;. Let’s
define y, = ”;f# while [[ya[|2 = 1. Then we have 0 < [y, ||| < 5 for all M € N. If |[y,||; — 0
when n — 0, according to ||x,|[; — O can imply ||x,|[2 — 0, we can get ||y,||> — 0. There’s a

contradiction. L]

Applying Lemma 1 one can prove the following

LEMMA 2 There exists a constant ¢ such that

sup | f(t1,22)] <<l a0
(t1,n)el

forany f € (A(l),A(z))BV(lg;R).

Proof. Let {f;} be a sequence of elements of the space (A", A®)BV (I2;R) such that we have
[Fillarag) = 1filar,a2)| + (A APV (£:17), then (AW, ALYV (f17) = 0

1£ill (Ar,80) = O
and |fi(a1,a2)| = 0. So we have sup |fi(t1,12)] — 0 as n — oo. By lemma 1, there exists a

(t1,12)€el
constant ¢ such that

sup | f(t1,0)] <<l flla;,a0)
(t1,12)€l

for any f € (A(D, A®)BV (I2;R). O

3. MAIN RESULTS

Consider the Hammerstein integral equation (1.1) where ” [ stands for the Lebesgue integral.
Assume the following hypothesis:

Hlv:I’ 5 Risa (AY, A®)BV(I’;R) function;

H2 f: Iab x R — R is a locally Lipschitz function[15];

H3K: 12 xI? = Risa (A, A®)BV(I2;R) function such that

(AD AV (K(-,a);12) < M(e) for ae.o = (0, 00) € I2,

where M : I” — R, is integrable in the Lebesgue sense(briefly: L-integrable) and K (B, (-,-)) is
L-integrable for every B = (B1,B2) € IL.

THEOREM 3.1 Under H, H2, H3, there exists a number p > 0 such that for every A with
IA| < p, equation (1.1) has a unique (A1), A))BV (I2;R)-solution, defined on I”.
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Proof. Let r > 0 be such that ||v||( A A@y < r and denote by L, the Lipschitz constant of f
corresponding to the cube Ié’ X [—r,r]. Choose a number p > 0 such that the following two

inequalities true:

3.1) IVl v ey P suplf (7 |/ ¥)+ K (a,y))dy < r
yel

which established a link between p and r, and

(3.2) cpL, / y)+|K(a,y)|)ds < 1

where ¢ is the smallest number satisfying the inequality in LEMMA 2.
Denote by B, the closed ball of center zero and radius r in the space (A, A@)BV (IZ;R).
Fix |A| < p. Define

G(u)(x) = v(x) + AF (u)(x),

where

F(u)(x) = [ip K(x,3)f(y,u(y))dy,x = (x1,x2) € By

Since the mapping x — f(x,u(x)) is bounded and its discontinuities are at most denumerable,
thus it is L-measurable. Therefore the mappings F and G are well defined.

Firstly, we verify that G(B,) C B,. Indeed, for any x € B,, we have

AV AW (fous1h) = AVV (fouws 1) + APV (Fous 1) + (ADAPYY 5 (fous I2)

_supsupz [(fou)(ti,s) — (fou)(ti—1,s)|

s I j=1 )Li(l)
t t,s;_
HMWPZ ott) = oesson)
t I, j= A‘

J

+ sup Zi | fOu tl,Sj) <fou)(ti_1’sj)_<fou)(ti75j—l)+(fobt)(ti_l,sj_l)|

HI:HZl ]j 1 AZ(I)A’J(Z)
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| i [K((ti5),9) = K((ti-1,5),3)]f (v, u(y))dy]
_szpSII:Ilf?IZI l(l)

1

| [K((2,57),y) = K((2,5)-1),3)]f (v, u(y))dy]

+supsup + sup

t I JZ’I l]@) I szz}]z:

K ((ti5)),) — K((ti=1,57),) — K((ti;5j-1),3) + K((ti=1,57-1),0)1f (3, u(y))dy|
1 A

l J

b i»S),y K i—1+5), d
< sup 5,5 upsup 3, K 90) = K1, )

1
yelb s T j=1 iLi()

| K((t,5)),y) = K(({t,5-1),y)dy|

+sup|f(3,u(y))| supsup Z

el tIh j= ;ngz)
n

+sup | f(,u sup Z

yeib T, I ;= 1j
/|K ti,57),y) —K((ti=1,8;),y) —K((ti,5j-1),y) + K((ti=1,8j-1),y)dy|

(1), (2)
<sup|f(y,u( \/M )dy < oo
yeib

Hence F(u) € (A1), A@)BV (I2;R), we have

16 a0 Ay < Il a0 a@) + IAIE @) p0) p2)
= [Vl a0y + IAIF ) (@) + (AD, AV (Fo )

< Wl a0 + Rlsup £5.5)) J K@)+ MGy <
yelb i

so G(B,) C B,.

Then we show that G is a contraction. For any uy,u, € B,, we have
1G(11 = G(2) | g ) = |G(u1)(@) = G(uz) (@) |+ (A, APV (fouy — fou )
= [A[[F (u1)(a) = F () (@)]| + Ay (four — foun I2) + APVa(fouy — foup 1))
+(AVAPYV 5 (four — foup: 1)

<1 [ K@y)lfn() - Formm)ld
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/|fy,l/l1 )>_f(y,142(y))
2D

1

+lsupsup 3 [ LD OB k(15— Kt )l
I, = A

+[alsupsup Y, K ((11,5),9) — K((ti-1,5),3)ldy

s Iy j=1

+|A| sup ZZ |f (v, u1(y)) — f(y,u2(y))]

ML 5 /= 20

\K((ti,57),y) — K((ti1,87),y) — K((ti,sj-1),y) + K((ti—1,5;-1),y)|dy

< A lsup G0 (5)) = S5 [, K (@.y)ldy

yeib

((,8),y) — K((ti-1,5),y)|dy

K(
+ supsup Z |

s I JIb S Ai(l)
+supsup/ Z [K((2,57),y) — Kz(t ,Sj=1),)|dy

r I a] 1 A’]( )

K (s 5j),y) = K((ti-1,55),5) = K((#,5-1),5) + K((ti-1,5j-1), ) |dy
toup [y )
11,11, IalZ]jZ li(l)l]@)
< AL (3) = (3)] [ (K@) |+ M(3))dy
13
< AL~ wla, a0 [ (K (@) + M)y
I

< lur — uall(a, a0)

In view of the fixed point principle we infer that G has a unique fixed point in B,. It is clear

that equation (1) has a unique (A"), A®)BV (I?;R)-solution, defined on 1. O
We shall consider the nonlinear integral equation(1.2). We assume the additional conditions
HAT ={(¢,s"):1' €I¢,s' €I} and K : T — R is a function such that

K(s',s) [+ (AW APV (K (') < m(s)

for a.e. s’ € Ié’ , where m : If{ — R is L-integrable and K(¢',-) is L-integrable on I(’)/ for every

t'elb.



8 MEIMEI SONG, JINPENG LIU

THEOREM 4.1 Under HI, H2, H4, there exists a rectangle % C Ié’ such that equation (1.2)
has an unique (A1), A@)BV (I%)-solution, defined on %.

Proof. Let r, L, denote the numbers defined in the proof of Theorem 3.1. Withoutloss of gen-
erality, we assume that a = (ay,ay) = (0,0). Choose a number d = (d,d>) with di,d, > 0 in

such a way that

4.1 ||v||( )+sup|f y,u |/m Yds' <r
yEI
and
4.2) ELr/m(s’)ds' <1
Ig
Put

and Z = [0,d,] x [0,d,]. Define

where

F(u)(t') = [ K(t',s")f(s',u(s"))ds',u € By,t' € 2,

and B, denotes the closed ball of center zero and radius r in the space (A("), A?))BV (%). Now,

we verify that G maps B, into itself. Indeed, we have

1G]l A a@y < IVl A 4@y + IF @) a0

= Vil am @) + 1F (@(0))] + (A, APV (fou)

= [Vl a0 a2y +ADVI(S312) +A(2)Vz(f;lf,’) + (AVACYV L (£:18)

2 |(Fou)(tiys) — (Fou)(ti—y,s)]|
)+supSILIl{),§1 }L-(l)

1

= [Vl (am a0
s
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[(Fou)(t Fou)(t,s;
-I—supsupz (Fou)(t,s)) (g) ou)(t,sj-1)|

r 11
2 j= )uj

+ sup Z i |(Fou)(ti,s;) — (Fou)(ti—1,s;) — (Fou)(ti,sj—1) + (Fou)(ti-1,5;-1)|

0,1, /=] j=1 /1,'(1)75(2)
| i (K ((11,5),7) = K ((ti-1,), )1 f (0, u(3)) |
= [Vl A Ay +Sb;pslb1tfvl; 20
| Ji [K((,5),7) = K((2,57-1), 9)1f (v, u())dy| m n
+SLttpsIzg)JZ l}z) +ff1ugzz§1]—211
[[K((7i,57),y) — K((ti-1,5;),y) — K((t;,5j-1),%) + K((ti-1,5j-1),9)|f (y,u(y))dy|
1 PIVIS
| [ (K ((11,9),y) = K((ti-1.5),9)1f (v u(y) )by
= [IVll a0 A )Hupsrbff?lz; 20
| i TR ((1,57),5) = K((t.57-1),2)1f (v ()| m
“i‘psﬁ‘szl /1;2) +ﬁv1u§2§i]_21
K ((tir5),y) — K((ti-1,5,),5) = K((t1,57-1),5) + K((ti-1,5;-1), )] f O, u(y))dy]
ih l(l)l(z)

< il am ) +sup |/ (5, |/ $)ds < r
yEI

for uy,us € B,. Thus G(B,) C B,, for any uy,u; € B,, we obtain

1G (1) = G(w2) || gy a2y = (AN, APV (F (1) = F ()
= ADVI(F(u1) = F(u2); 1) + APVa(F (uy) — F (up); 1)

+ (ADADYW 5 (F (uy) — F (w2):12)

< supsup [, Y LOOD = SO0 e oy )~ k((11-1,5),9)ldy

sy I i li(l)

roupsup [ 3 TR ).) K150 )l

t lj
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+ sup /11’ Z Z |f<y7u1(yl).()l_f()@u2(y))|

2
.1/l i=1 j=1 ; )XJ( )

K ((11,5),5) = K((ti-1,57),y) = K((t1,55-1),5) + K((ti-1,8j-1),5)|dy

< supl o ()~ 1G5 supsp [ 3 K20 =KLl 2)1d>

ez Iy i=1 Al
n oK t,s;), —K t,s;i-1),y)|d
+SupsMp/dZ| ((t,57),) (2()( j-1),5)dy
t 1L Y = )Lj
O |E((ti,S'),y>—E((li,I,S'),y)—E((l‘i,S‘,l),y)+E(<tl‘,1,S',1),y)|dy
+~W/dZZ : T, : }
I I Iy =1 j=1 )’i )“j

< Ly|uy — us) /(M(y))dy

< Lyelus = wllia, gy [ On(3))d

I3

< luy — ual(a, a0)

In view of the Banach fixed point principle we infer that G has a unique fixed point in B;,
which is obviously a (A1, A2)BV (I%)-solution of (1.2), defined on %. The proof is complete.
0J

We shall study the existence of solutions of Hammerstein and the Volterra Hammerstein
integral equations in the space of two-variables continuous (A1, A2)BV functions. We denote
the Banach space of all continuous functions f : I — R by C(I2,R) with the norm

Iflle="sup [lf(z,s)].
(t.9)ely

We assume the following hypothesis:

H5v: I — Ris a continuous (A, A)BV (I2;R) function.

H6 For each & > 0 there exists § > 0 such that for all t,s,7 € I’ : t = (¢',¢""), s = (s',s") and

T= (T/,T”),

lt—t|| <6 =|K(t,s) —K(t,s) < €.
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THEOREM 5.1 Under the assumptions H2, H3, HS, H6, there exists a number p > 0 such
that for every A with |A| < p, equation (1.1) has a unique continuous (A1), A@)BV (I;R)-

solution, defined on I(Z; .

Proof. Consider the space (A, AC)BV-(12:R) = (A, AP)BV (I2;R) N C(12;R) with the
norm || - [| a0 A@)pypr)- et {untnen be a sequence in (A, A@HBV(I2;R) such that
[n — ull A A8y (o) — 0» Tor some u € (AW, A@HBV (I’;R). Then it’s clear that ||u, —
ullepry = 0, 50 u € C(IJ;R). Hence (A1), A@HBV(IP;R) is clear a Banach space. Denote
the closed ball of center zero and radius r in the space (A("), A®)BV(I%;R) by B,. Define the
mappings F and G the same as in the proof of Theroem 3.1. Since
G)(r) = Gu)(T)] < [v(t) —v(s)| +[A|sup |f (uls))| Jyp [K (1, 5) — K (7, 5)lds
sely
for u € B,, t,7 € I’. By H5 and H6, we infer that G(u) is a continuous function. The next

process of proof is similar to Theorem 3.1. U

Further more,

H7 For each € > 0 there exists 6 > 0 such that for all t,7 € 15 and every s € 16 NIt
lt—1]| < 6 = |K(7,s) — K(t,s)| < €.
THEOREM 5.2 Under the assumptions H2, H4, HS5, H7, there exists a rectangle# C If,’ such

that the equation (1.2) has a unique continuous (A", A®)BV (I?;R)-solution, defined on 1.
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