Available online at http://scik.org
Adv. Fixed Point Theory, 2021, 11:2
https://doi.org/10.28919/afpt/5249
ISSN: 1927-6303

A NOTE ON THE PHASE RETRIEVAL

MEIMEI SONG, LINGEN ZHU*

College of Science, Tianjin University of Technology, Tianjin 300384, China

Copyright © 2021 the author(s). This is an open access article distributed under the Creative Commons Attribution License, which permits

unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
Abstract. The main conclusion of this paper is to give a special form of frame satisfying phase recovery condition.
The object of discussion is separable Hilbert space, which is constructed by the basis of inner product space and

the definition of frame, and the final result is obtained.
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1. INTRODUCTION

Recovering a signal from the magnitude of its linear samples, commonly known as phase
retrieval or phaseless reconstruction, has gained considerable attention in recent years. It has
important application in X —ray imaging, crystallography, electron microscopy, coherence the-
ory and other applications. In many applications the signals to be reconstructed are sparse. Thus

it is natural to extend compressive sensing to the phase retrieval problem.
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Given a separable Hilbert space H, phase retrieval deals with the problem of recovering
an unknown f € H from a set of intensity measurements (|{f,®,)|.,cr) for some countable
collection ® = {@, },e; C H. Note that if f = ag with || = 1, then |{f, ¢,)| = |(g, @,)| for
every n € I regardless of our choice of ®; we say ® does phase retrieval if the converse of
this statement is true, i.e., if the equalities |{f, ¢,)| = |(g, @x)| for every n imply that there is a
unimodular scalar & so that f = ag. We call the operator Ty : H — ¢%(I) given by Tp(f) =
((f,®,))ner the analysis operator of ®. We denote by Ag : H — ¢*>(I) the nonlinear mapping
given by A (f) = (|{f, ®u)|)ner » so that @ does phase retrieval if and only if Ag is injective
on H/ ~, where f ~ g if f = ag with |@| = 1. We consider the intensity measurement process
defined by AG(f) = (|(f, @a)*)ner -

Frames are redundant systems of vectors in a Hilbert spaces. They satisfy the well-known
property of perfect reconstruction, in that any vector of the Hilbert space can be synthesized
back from its inner products with the frame vectors. More precisely, the linear transformation
from the initial Hilbert space to the space of coefficients obtained by taking the inner product
of a vector with the frame vectors is injective and hence admits a left inverse.

This property has been successfully used in a broad spectrum of applications, including In-
ternet coding, multiple antenna coding, optics, quantum information theory, signal/image pro-
cessing, and much more. The purpose of this paper is to study what kind of reconstruction is
possible if we only have knowledge of the absolute values of the frame coefficients.

We will generally assume that ¢ forms a frame for H, i.e., there are positive constants 0 <

A < B < o0 s0 that

AIfIP < Y I o < BIFI? (1)

nel
forevery f € H.
Consider a Hilbert space H with scalar product (f, @,). A finite or countable set of vectors
F ={fi:iel} of H is called a frame if there are two positive constants A, B > 0 such that for

every vector x € H,

Allx||?* < .GZ,W’MZ < B|lx|?
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The frame is tight when the constants can be chosen equal to one another, A = B. ForA =B =1,
F is called a Parseval frame. The numbers (x, f;) are called frame coefficients.

To a frame F' we associate the analysis and synthesis operators defined by
T:H— *(I),T(x) = {{x, f;) biet,
T*:>(I) > H,T*(c) = EZ}C,-f,-,
which are well defined due to 1, and are adjoint to one another. The range of T in £2(1) is called

the range of coefficients. The frame operator defined by S = T*T : H — H is invertible by 1

and provides the perfect reconstruction formula:

X = El<x,fi>5_1fi~
Definition 1.1. We say a frame ® = { ¢, } ,; for a Hilbert space H has the complement property
if for every subset S C I we have span{ @y }nes = H or span{ @n},¢s = H.
Theorem 1.2. (a) Let H be a separable Hilbert space and let ® be a frame for H. If ® does
phase retrieval, then ® has the complement property.

(b) Let H be a separable Hilbert space over the real numbers and let ® be a frame for H. If
® has the complement, then ® does phase retrieval.

This theorem was originally proved in [2] where it was only stated in the finite dimensional
case, but the proof still holds in infinite dimensions without any modifications. The original
proof of part (a) presented in [2] did not give the correct conclusion in the case where H is a
Hilbert space over the complex numbers. This was observed by the authors of [3] where they
presented a much more complicated proof for this case. It turns out that the proof presented in
[2] does hold in this case with only minor modifications, which is the proof presented above.

Note that the complement property is necessary but not sufficient for injectivity. To see this,
consider measurement vectors (1,0),(0,1) and (1,1). These certainly satisfy the complement
property, but A((1,i)) = (1,1,2) = A((1,—i)), despite the fact that (1,i) # (1,—i) mod T; in
general, real measurement vectors fail to yield injective intensity measurements in the complex
setting since they do not distinguish complex conjugates.

Indeed, we have yet to find a “good” sufficient condition for injectivity in the complex
case. As an analogy for what we really want, consider the notion of full spark: An ensem-

ble {@,}Y_, C RY is said to be full spark if every sub collection of M vectors spans RY. It

n=1
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is easy to see that full spark ensembles with N > 2M — 1 necessarily satisfy the complement
property (thereby implying injectivity in the real case), and furthermore, the notion of full spark
is simple enough to admit deterministic constructions. Deterministic measurement ensembles
are particularly desirable for the complex case, and so finding a good sufficient condition for
injectivity is an important problem that remains open.

One way to quantify the robustness of the phase retrieval process for a given frame ® is in
terms of the lower Lipschitz bound of the map A¢ with respect to some metric on the space

H/ ~. A natural choice of metric is the quotient metric induced by the metric on H given by

d(f,8)= inf IIf - agl.

We would like to find a positive constant C (depending only on ®) so that for every f,g € H,

inf [|f—agll < CllAa(f) —Aa(g)] (2)

=1

2. MAIN RESULTS

Let H be a separable Hilbert space and let ® = {¢, : n € Ny} be a frame for H, where the Ny
will stand for the set {1,2,...,N} if N < oo, and for the set of natural numbers if N = oo. For a

frame ® = {¢, : n € Ny} of a separable Hilbert space H, we denote by T the analysis operator,
T:H— gz(NN)va = Z] <f7 (Pn>€n7
n=

where {e, : n € Ny} is the canonical basis of #>(Ny). Throughout the paper The numbers
fj = (f, ;) are called frame coefficients for f € H. We let W denote the range of the analysis
map T (H). It is a linear subspace of 2(Ny). It is quite easy to see that the set D := {f € H :
(f,@n) #0,Vn € Ny} is dense in H.

It is known that, in the real setting, at least 2n — 1 measurements are needed to recover a
signal x € R" [2]. For the complex case, the minimum number of measurements are proved
to be at least 4n — 4 when n is in the form of n = 2k + 1,k € Z [5]. However, for a general
dimension n, the same question is still open. About the minimum number of observations, more

details can be found in [4,6)].
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Lemma 1.3. Let H be a separable Hilbert space over the complex numbers and let ® = {¢, :
n € Ny} be a frame for H. Then the set ® := PU{Q; — @jr1,0j+ipj 1 1 < j <N} does
phase retrieval for Dg.
Proof: We choose two arbitrary f,g € D¢ such that |(f, )| = |(g, ®)| for every ¢ € ®. Thus,

we have

|fil=1gjl #0,(1 <j<N), (3)
|fi— fiv1l =lgj —gj+1l,1 < j <N, (4)
|fj—ifj1l = lgj —igj+1],1 < j <N. (5)

Multiplying f by a complex number of modulus one, we may assume that f; = g;(# 0) holds.
Suppose that f; = gi(7 0) was proven for a number 1 <k <N. Then (3),(4) and (5) for j =k
gives us fr11 = gr+1(# 0). This verifies that f = ag for some |a| = 1.

Theorem 1.4. Let H be a separable Hilbert space over the complex numbers and let ® = {¢, :
n € I} be a frame for H. Then the set d:=dU {On — Qn, O+ i@, : myn € I} does phase
retrieval for H.

Proof: We choose two nonzero f,g € H such that |(f, )| = |(g, )| for every ¢ € ®. Then we

infer

[(f, @)l =1(g:@n)|,  VneL
Let Ir := {@, € ®: (f,@,) # 0}. Thus I is countable due to the definition of frame. Let K be
the closed subspace in H that is generated by the set ®f := {¢, : n € I1}. It is quite obvious that
K is a separable Hilbert space and f,g € Do, . Since
DrU{Qj— Q1,9+ i1 1 jEL} C D,
we have f = ag for some || = 1 by Lemma 1.3.

We fix an orthonormal base: {e j}jjyzl. Throughout the paper f; := (f,e;) will denote the jth
coordinate of a given vector f € H. It is quite easy to see that the set Dy := {f € H : fj =
(f,ej) #0,Vj € Ny}is dense in H.

We note that @ does not phase retrieval H. An easy counterexample is obtained if we put

f= %(61 +e3) and f = %(61 +ie3).
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Theorem 1.5. Let H be a Hilbert space with an orthonormal base {e; : A € A} and let ® =
{ey, %(e;t —eyr), %(e;t +ieyr) - A,A" € A}. Then ® does phase retrieval for H.
Proof: We choose two nonzero f, g € H such that |(f, @)| = |(g, @)| for every ¢ € ®. Then we

infer

[(fren) =1(g.ea)l,  VAEA
Let Ay :={ey : (f,ex) # 0,A € I'}. Thus Ay is countable by Bessel’s Inequality and write
A= {e;tj : j € N}. Let K be the closed subspace in H that is generated by Ay. It is quite

obvious that K is a separable Hilbert space and f,g € Dg. Since

{en 75(en; —ea, ) 5len, +iep, ) 1 1< j<N}C @,

we have f = ag for some || = 1 by Lemma 1.3.
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