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INTRODUCTION AND PRILIMINARIES

Probabilistic functional analysis has emerged as one of the important mathematical
disciplines in view of its role in analyzing probabilistic models in the applied sciences. The study
of fixed points of random operators forms a central topic in this area. The Prague school of
probabilistic initiated its study in the 1950. However, the research in this area flourished after the
publication of the survey article of Bharucha-Reid [3]. Since then many interesting random fixed
point results and several applications have appeared in the literature; for example the work of

Beg and Shahazad [1,2,]and fixed point results in fuzzy space have been done in [8,9,10].

In recent years, the study of random fixed points have attracted much attention some of

the recent literatures in random fixed points may be noted in [1,2,3,5,6,7].
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17 RESULTS IN RANDOM FUZZY SPACE

In particular ,random iteration schemes leading to random fixed point of random

operators have been discussed in [5,6,7].

Definition 1. A binary operation * : [0,1]x[0,1]—[0,1] is a continuous t-norm if it satisfies the

following conditions

1) * |s associative and commutative,
@) * |s continuous ,
3 a*1 =aforall a€[0,1],

4) a*b < c*d whenevera<cand b <d, foreach a, b, c, d €[0,1].
Two typical examples of continuous t-norm are
a*b =ab and a*b = min (a,b).

Definition 2. Let (€2, Y ) be a measurable space with ) a sigma algebra of subsets of Q and M a
non-empty subset of a metric space X = (X, d). Let 2™ be the family of all non-empty subsets of
M and C(M) the family of all nonempty closed subsets of M. A mapping G: Q — 2™ is called
measurable if, for each open subset U of M,G*(U) X, whereG ' (U)={weQ : G (W)U =¢}.

Definition 3. Amapping ¢ : Q — M is called a measurable selector of a measurable mapping

G:Q—2Mif ¢ is measurable and é(w) € G(w) for each w € Q.

Definition 4. A mapping T : Q xM — X is said to be a random operator if, for each fixed x €
M, T(.,, X) : @ — X is measurable.

Definition 5. A measurable mapping & : @ — M is arandom fixed point of a random operator
T:QxM — X if &(w) =T (w,&(w)) for each w € Q.

Definition 6. Let (Q, > ) be a measurable space with > a sigma algebra of subsets of Q. The 3-
tuple (X,M,*) is called a Random Fuzzy Metric Space (RFM space) if X is an arbitrary (non
empty) set and C is a non empty subset of X = (X,d) also * is a continuous t-norm and M is a
fuzzy set in (QxCx (QxCx (Qx[0,00)) satisfying the following conditions for all x(§), y(§) in
QxC ),

1) MxE©).y(9),08) =0,
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(2 Mx(©).y(©)t(&) =1 forall t(£)>0if and only if x(c) = y(S),
@) Mx(©).y(©).t(&) = M(y(£).x(E).t(S)),
4)  Mx(©).y(©):t(E) * M(x(),2(E),5(8)) < M(x(8),Z(E),t(E)+s(8)),

(5) M(x(&),y(&),a(&):[0, 1] — [0,1] is left continuous.

Note that M(x(&),y(&),t(§)) can be thought as degree of nearness between (x(§) and y(&) with
respect to t(&)

We identify x(&) = y(&) with M (x(&), y(&), t(&)) = 1 for all measurable t(£) >0and M (x(&),
y(&), 1(&)) = 0 with . In the following example, we know that every metric induces a fuzzy

metric.
Example (1) Let (X, d) be a metric space.

Definea+b =ab, ora+b =min {a, b}) and vV x(&), y(£) e QxC and t(§) > 0,

M (X&), Y(E),1(&)) = we) (1)

(&) +d (x(€), ¥(©))

Then (X, M,*) is a fuzzy metric space. We call this fuzzy metric M induced by the metric d the

standard fuzzy metric.

Definition (7): Let (X, M,*) is a random fuzzy metric space.

(1) Asequence {Xn(§)} in X is said to be convergent to a point x € X,
lim M (x, (£), X().1(£)) =1

(i1) A sequence {x,(&)} in X is called a Cauchy sequence if

MM (x,,, (£), X, (£),(£)) =1, ¥4(£) > Oand p -0

(iii) A random fuzzy metric space in which every Cauchy sequence is convergent is said to be

complete.
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Let (X.M,*) is a random fuzzy metric space with the following condition.
(FM-6)  imM (x(£), (£),1(£)) =1 ¥x,y € X
Definition (8): A function M is continuous in random fuzzy metric space iff whenever

%,(8) = X(S), ¥4 (&) = Y(&) =1Im M (x, (), ¥, (£), 1(5)) > M (X(5), ¥(£), 1(S))

Definition (9): Two mappings A and S on random fuzzy metric space X are weakly commuting

iff M (ASu(<), SAU(S). 1(£)) = M (Au($).Su(£).K(<S))
Lemma (i) For all x(&), y(&) € X, M(X(¢£), y(&), t(&)) is non -decreasing.

Lemma (ii) Let {y,}(&) }be a sequence in a random fuzzy metric space (X, M,*) with the

condition

(FM -7) If there exists a number q € (0,1) such that

M (¥,.2(£): ¥ (€), GE(S)) ZM (Y1 (S), ¥, (6). 1(S)) , VE(&) ~0and n=12,3......,

then {y,(£)}isa cauchy sequencein X.

Lemma (iii) If, for all x(&), y(&) € X, t (&) > 0and for a number q € (0,1),

M (x(£), ¥(S), at(¢)) =M (x(S), y(£).t(S)) . thenx(&) =y(<)

Main results

THEOREM (1.1): Let (X, M, *) be a complete random fuzzy metric space with the condition
(FM-6) and let S and T be continuous mappings of X, then S and T have a common fixed point
in X if there exists continuous mappings A of X into S (X) N T (X) which commute weakly with
Sand T and

(11)
M (T, y(£)), A&, Y()),1(E)), M (S(£, X(£)), A, X(§). 1(E)),
M (A(&, X(€)), AL, ¥(£)), & (1)) 2 inf M (S(E,X(E)), T (&, Y(E).1(E)), M (A, X)), T (£, Y(ENt(S)),
M (S(&, x(£)), A&, Y€ t(E))
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for all x(&),y(&)e X, t(£)>0and0<q<1. ThenS, T and A have a uniqgue common fixed

point.

PROOF: We define a sequence {x,( &)} such that A(<& Xan (&) = S(& Xana (&)) and
A(E Xona (&) = T(E Xxon,( &) forn=1, 2,..... .We shall prove that {A(& ,xq( £ ))}is a Cauchy

sequence.

M (A(é:’ X2n (é))! A(f’ X2n+1(§)! qt(é)) 2 Inf

M (A, %0 (), AL, Xp0.1 (£)), GL(E)) Zinf

M (A, X0 (£)), A€, %504 (£)), GL(£) ) > i

M (A(E, X0 (€)), ALE, Xy r (£)), OL(E) ) 2 inf

= M (A(S %, (), AlE, %02 (), 0L(E)) = M (A(é Xan-1(6)): A(E, X0 (S),

M (
M (
M (
M (
M (

M (T (£, Xp0.1(£)), ACE, X1 (E)),2(E)),
M (S(&,%,,(£)), A(E, %0 (D), 1(S)).

M (S(&, %0 (). T (&, Xz0.0 (D)) 1(E)),
M (A(S X0 (D). T (€, %01 (E)) 1(D) ).
M (S(&,%;, () A(E, X0, (), 1))

AE X5 (E)) A(E X2, (€):1(2)),
A Xan1 (€)), AL X0 (6):1(S)),
AE %01 (E)) AS %0 (), 1(S)),
AL X5 (), ALE, X (E)),1(S)),
A Xan 1 (), A X1 (E)),1(E))

M (A(S) %0n,1(€)): A(S, X5, (£)),(S)),

M (A(S: %00 (£)): A(S X201 (£), 1(S)), }
M (A(S: %001 (), A(S, %5, (£)),1(£)), 11

M (A, X 1 (), ACE Xon (E)), %),

M (A, Xon (), A X2 () %),

M (A, x2n(é>),A<§,x2nAf)),%),m

&
q
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By induction

M (ACE X0 (), AE Xy n (E)),0L(E)) =M [A(f Xon (€D, ACE Xy 1 () t(f)j

For every k and m in N, Further if 2m +1 > 2k, then

M (A(E Xy (€)), AL Xo i (£)), 0E(£) )2 M (A(i Xae1(6)), AS, XZm(é))

..................... >M [A(f Ko (N, AE X 2(E) t(‘f)j---- (L1b)

If 2k > 2m+1, then

M (A, X, (). ACE X (€, GH(E)) 2M [A(f oy 1 (ED) A X (E), “’J ............

............ >M [A(f, Xoe_amny () ACE X () qgf{] - (L1¢)

By simple induction with (1.1 b) and (1.1c) we have

t(

)

)

M (A, %, (), A€ %, (£)), At(£) )= M [A(é,xo(é», A(é.xi(f)),%j-*

M (A%, (), A X, (), Bt(E))2M [A(f, X (E)AE X, (9))

Forn =2k, p=2m+1orn=2k+1, p =2m +1 and by (FM-4)

(A(f X(£)), A& X, (&), t@)j _(L1d)

If n=2k, p=2morn=2k+1, p=2m

For every positive integer p and n in N, by nothing that

t(%)

(A(é X (€)), ALS, X, (£)),

j —lasn—
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Thus {Ax,} is a Cauchy sequence. Since the space X is complete 3 z € X, such that

lim A(Z, %, (£)=lim S (&,%,, 4 (£)=imT (£,%,,(&) =2(£) which is measurable

It follows that A(& x(&)) =S(&,2 (£))=T(&E,z(&)) and so

M (
M (S(&,2(£), A(S, (). (L)),

M (A, 2(£)), A, A, 2(£))), at(8)) Zinf I M (S(&, 2(£)), T (S A, (). 1(E)),
M (A, 2(). T (S, A, 2()).1(S)),
M (S(&, 2(£), AE, AS, Z())).1(S))

M(A(S, 2(£)), A(S, A(S, 2(£))), at(S)) = M(S(<, 2(5)). T(S, AlS, 2())). 1(S))

> M(S(E 2()), AT (E 2(E))HE) =M (AE 2(8). A A 2(EN)H(E).n
> M (A 2(8), A, A, 2(2), t(‘5))

sincelim M (A(£, 2(£)), A(¢, A(§,Z(§))),t((q—9:))= 1,50 A(Z,2(8) = A& A 2()

Thus z is common fixed point of A, Sand T.

For uniqueness, let v (£ )(v(&) # z(&)) be another common fixed point of S, T and A.

By (1.1 a) we write

M (T (&, V() A(EV(E)1(S)),
M (S(&,2(5)), A&, 2(5)), 1(£)),
M (A, 2(£)), A(E, V(). qt(£)) Zinf { M (S(&,2(£)), T(E,V(O)),1(E)),
M (A&, 2(£)), T (&, V(). 1(&)),
M (S(&,2(£)), AE V(). H(S))

T(S, A, 2(9)), AlE, AS 2()) 1(E)),

22
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M (V&) V(). 1(E)) M (2(£), 2(8),1(£)), M (2(5),V(§),t(§))}
M (A(&, LA, ,qt(&)) > inf
(e AN )i {M (2(6).v(€).1(8)), M (2(). v(4).42))
M (A, 2(£)), A, V(£)), at(£)) =M (2(8), V(&) 1(£))

This implies that M (z(£),v(£),qt(£))=M (z(£),v(£),1(&))
Therefore by lemma iii, we write z(&) =v(&)..

THEOREM (1.2): Let (X, M, *) be a complete fuzzy metric space with the condition (FM-6)
and let S and T be continuous mappings of X in X, then S and T have a common fixed point in X
if there exists continuous mappings A of X into S (X) n T (X) which commute weakly with S
and T and

1.2(a)

(T(E,Y(E), A, V() (&),
(S(&,X(9)), A& X(E)): (&),
(S(& XN T (&, Y(E).1(&)),
(S(E X)), T (£, y()), 1(&)
(
(

)
A(E X)), T(E, Y(E) 1))
T (&, Y(&)), A&, Y(E),1(E))
)
)

(S(&X(), A, X)) 1(E))
(S(&,x(&), A, x(£)).1(&)
M (T (&, y(&)), AE, Y(£),1(S))

forall x,y € X,t>0,and0<qg<1.ThenS, T and A have a unique common fixed point.

M
M
M
M
M (A(E,x(£), A&, ¥(£),at(&)) = inf y M
M
M
M

PROOF: We define a sequence {xn(&)} such that

A(S Xan (6))=S(& Xan1 (£)) and A(S Xan1 (6)) = T(E Xan( &)) N =1, 2,

We shall prove that {A(& ,xn(&)} is a Cauchy sequence. By (1.2a), we have
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M (T (57 X2n+1(é:))’ A(g’ X2n+1(§)’t(§)))1
M (S(&, %, (£)), A(E, Xy, (E)),1(E)),
M (S(&, %20 (E)), T (£, X200 (E)),1(S)),

- M (8(51 X2n (é:))!T (‘):1 X2n+1(§))7t((§))
M (A(E, %50 (£)), A(E, X211 (£)), AL(E) ) = inf M (A %o G, T (& X G UE))
M (T (£ X202 (£))s AE s Xo2 (E)): 1(E))
M (S("vg! X2n (é))! A(g’ X2n (5))11:(5)) ’
M (S(&: %20 (£)), A(E, %20 (£)). 1(E))
M (T (&) X202 (£))s AE Xz0.1(E)), 1(E))

M (A(E, %50 (£))) AL, Xp0,1 (E)),1(E)),
M (A(E, X501 (), ALE, X5, (£)),1(E)),
M (A(E, X50,1(£)), A(E, X, (£)),1(E)),

M (ACE, X1 (E)), AE, X, (E)),1(E))
M (A6 (6D, Al e (). 01 = Inf 4 S e i)
M (A(E, X, (£)), AE, X, ., (E)),1(E))
M (A(E, X502 (E)), AGE, X (), 1))
M (AE, X1 (E)), ACE, X, (E)),1(E))
M (A(E, X5 (), AE, Xa (), 1))

M (A(S, X3, (), A(S: X40.1()), 1(E)),

I MCAE 3,0 (0, A X (D HED,
M (A(S, Xz,  A(S, Xon ,qt > inf
= M (AL () Al Xana (SN QU ZINEY e ), AE %o (D)),
11,1

= M (A %0 (£)) ALE X0, (6)), GL(E))> M (A@, a2 (S) A0 () %j

By induction

M (A o () A (0, 1(0)2 M ACE s (A 1,
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For every k and m in N, Further if 2m +1 > 2k, then

M (A, %5 (), ALE Xon 1 (£)), OE(E) ) 2 M (A(ff Xor1(E))s AlS s %o (£)), ===

........... > M (A(«: X () AE Kotz (£)) tm} eres (1.2b)

If 2k > 2m+1, then

M (AR, % (), A, X1 (), GE(E) )= M (A(f X1 () ALS X (£)), ===

........... >M [A(é Xoe_ o (), AE % (E)), tSfL] ~(1.20)

By simple induction with (1.2b) and (1.2c)

We have

M (A X, (), AE %, (), 0E) )= M (A(f X (), AE %, (9)), t@j

For n =2k, p=2m+1 or n = 2k+1, p = 2m +1 and by (FM-4)

M (A€, %,(£)), A&, X,.., (£),at(£) )
>M (A(z; % (), A %, (E)), “f’j*M (A(é X(£), AE. X, (), t(‘f)j —(12d)

If n=2k, p=2morn=2k+1, p=2m

For every positive integer p and n in N, by nothing that

M (A(g, % (), AE X, () tf;:)

j.—)lasn—mo

Thus { A(&, x,(£)) } is a Cauchy sequence.

Since the space X is complete there exists z € X, such that
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lim AGZ, X, (£)) =M S(£, %, () = IMT (£, %, (&) =2

It follows that A(&, x(£))= S(&,z(8)) = T(&,z(£)) and so

M (T (&, A 2(8))), ALE A, Z(E)) 1(E)),
M (S(&,2(€)), AE, 2(ED1(E)),

M (S(£,2(&)).T (&, A, 2 1)),
M (S(¢, Z(éf))T ENE 2(E)).1(E
M (
M (

M (AS,2(€), ALS, AE A, 2(£))), at(S) ) 2 inf

£))

A 2(E) T(E AE 2 &)
T(E A, z(é) A AE () HE))
M (S(£2(€) A, Z(ED1(E)

M (S(&,2(£)), AZ,2(&)).1(8))
M (T(E A, 2(8)), A, A, 2(E)).1(E))’

M (A(S, 2(S)), A(S, A(S, 2(£))), qt(£)) =M (S(&, 2(£)), T(S, A(S, 2(£))). 1(S))

> M(S(E 2()), AT (E 2(E))HE) =M (AE 2(8). A A 2(ED)(E).rrn
........... > M (A 2(8), A, AE 2(E), t(‘f))

since lim M (A(Z, 2(2)), A(Z, A(Z, 2(2)), t(5)) -1

= A&, 2()) = AlS, A(S, 2(9)))

Thus z (£) is common fixed point of A, Sand T.
For uniqueness, let v((£)(v(&)= z(£)) be another common fixed point of S, T and A.

By (2.1), we write
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M (A(£,2(£)), A, v(£)). qt(&)) = inf

(T(EV(E), A V() H(E)),
S(&,2(5)), A, 2(6)).1(8)),
S(&,2(5)). T(E V(). U(S)),
S(S,2(E)). T (S, V() 1(S)

A&, Z(E)), TS V(). (S)

S(¢,2()), Alg, 2(5)). 1(S)
S(&,2(5)), Alg, 2(5)), t(S)

M
M
M
M
M
M
M
M
M

(

(

( )
( )
UGG IEA)
( )
( )
( )

T(¢.v(£)), A&, V(). 1(S)

M (A, 2(2), AE,V(£)),at(&))= M (2(S), V(&) 1(&))

This implies that

M (2(&).v($), at(£))=M (z(& V(&) 1(£))

Therefore by lemma iii, we write z(&)=v(¢).

This completes the proof of Theorem .
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