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Abstract. Let I', A be nonempty index sets. For p € (1,00), we prove that every surjective mapping f : Serry =

Ser(a) satisfying the functional equation

{F)+ SO = FOY = eyl e =yl (6 € Serr)s

its positive homogeneous extension is a phase-isometry which is phase equivalent a real linear isometry.
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1. INTRODUCTION

Let X and Y be normed real or complex spaces. A mapping f : X — Y is called an isometry

if it satisfies the equation

1F() =fWIl = lx =yl (x,y €X).
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Since 1987, D. Tingley proposed the following problem in [8]: Let X and Y be real normed
spaces with unit spheres S(X) and S(Y). Suppose that fp : S(X) — S(Y) be a surjective iso-
metric mapping. Does there exist a linear isometry F' from X onto Y which is extension of f;?
What is nowadays the so-called Tingley’s problem. According to this problem which remains
unsolved, more and more researchers have been results about this question in positive. There are
fundamental conclusions to Tingley’s problem for a wide range of Banach spaces includes se-
quence spaces [?(I')-spaces (see[9, 11, 12]), Co(L) spaces [17], finite dimensional C*-algebras
and finite von Neumann algebras (see [18, 19]). The classical Mazur-Ulam theorem [2] state
that every surjective isometry between X and Y with £(0) = 0 is (real) linear isometry, which is
intrinsically linked to Tingley’s problem.

Another significant result is the Wigner’s theorem, which has several equivalen formulations,
and can be observed positive answers in [4, 5]. One of the important conclusions is related to
(real) linear isometries: Let H and K be real inner product spaces, Rétz’s result characterizes
mapping f : H — K that are phase equivalent to a linear isometry(i.e., there exists a function

€:H — {—1,1} such that £ - f is a norm preserving real linear map) by the functional equation

| <f), fO)>]=]<xy>| (xy€eX).

In the paper [1], a real version of Wigner’s theorem was revisited by using the functional equa-

tion

ey {r @)+ DI = fDI = {lx+yll e =y} Gy e H).

Then it fllows that there exists a plus-minus function € : H — {—1, 1} such that € - f is a linear
isometry. In the case of complex inner product spaces, there exists a phase function € : H — T
such that € - f is a linear or conjugate linear isometry, respectively. Here we say that f and € - f
are called phase equivalent, f is called phase-isometry which satisfies the equation (1). At the
end of [1] Maksa and Pales posed the following question: What are the solutions f : H — K of
(1) when H and K are normed but not necessarily inner product spaces? By Wigner’s theorem,
Huang and Tan prove surjective phase-isometries between the real normed sequence spaces
such as ¢P(I") spaces[6] and LP(I")-type spaces[7]. We can easily see that every mapping is

phase equivalent to a linear isometry is a phase-isometry.
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Let X and Y be real or complex normed spaces with unit spheres S(X) and S(Y). It is given

the natural positive homogeneous exstension of f by

el (), ifx#o.
0, if x = 0.

F(x)=

Motivated by Tingley’s problem, Mazur-Ulam theorem and Wigner’s theorem, one of the most

interesting question arised.

Problem 1.1. Let f: S(X) — S(Y) is a surjective phase-isometry. Is it true that F is phase-

isometry from X onto Y, which is the natural positive homogeneous exstension of f?

In the proof of [14], Huang and Jin observed that a surjective phase-isometry between the
unit spheres of two real LP-spaces for p > 0, its positive homogeneous exstension is a phase-
isometry which is phase equivalent to a linear isometry.

In this paper, we answer Problem 1.1 on complex ¢”(I")-type spaces with p > 1. That is to
say, we show that every phase-isometry f between the unit complex ¢7(T')-type spaces with
p > 1 1is a plus-minus real linear isometry. In order to do this, we also give the representation

theorem of surjective phase-isometry between two ¢7 (I")-type spaces with p > 1.

2. RESULTS

Throughout this paper, X will be a Banach space over complex field, S(X) will denote the
unit spheres of X, respectively. We consider use the symbol I" and A to represent nonempty
index set. We shall note T = {a : |a| =1, € C}. For a,b € R, we write a Vb = max{a,b}
and a Ab = min{a,b}.

We mainly concern the standard notation ¢”(T"), where p € (1,e0) and I is a nonempty index

set. It will denote the Banach space of all functions x : I — C such that Y. |xy|P < . That is

=

CPO) ={x=} xyey: |xll = ()} lx")

yell yell

< oo}

where ey is the vector in /P(I") having 1 at the y-th entry and otherwise 0. The unit sphere

of (P(I') is {x € £/(T') : ||x|| = 1} and denoted by Sy»r). For every x € ¢7(I), we denote the
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support of x by I'y, i.e.,
Iy={yel:x,#0}.
Then x can be rewritten in the form x =}, xyey. Let x,y € £P(T'), we say that x is orthogonal

to'y, denoted by x_Ly, if Iy NIy = 0. It has been known that if p € (1,00) \ {2}, equality
[P+ be =117 = 2([xl” +Iv[17)

holds for x,y € ¢P(T') if and only if x_Ly.

Theorem 2.1. Let H and K be complex Hilbert spaces, and let f : S(H) — S(K) be a phase-
isometry. Then the positive homogeneous extension F of f is a phase-isometry, and there exists

a plus-minus function € : H — {—1,1} such that € - F is a real linear isometry.

Proof: Elementary observations show that f : S(H) — S(K) is a phase-isometry if and only if

f is a norm preserving map such that

[Re(f(x), f(¥))| = Re(x,y)|  (x,y € S(H)).

Hence
Re(F (x),F(y))| = !MHXHf(ﬁ),Hny(Hi—H)H
Il Re ), £
= IV IIReC (), £
= X LL = X X .

Itis clearly that ' : H — K is surjective phase-isometry. In order to complete this result, we need
the unpublished paper[?], Theorem 2.1, the following we include their proof for the readers’
convenience.

Letx € H and a € R. Then
jal - ||x||* = [Re{ax,x)| = [Re(F (ax),F (x))| < ||F (ax)| - [|F (x)|| = |a] - |lx[|*.

By the equality condition in the Cauchy-Schwartz inequality, it follows that F (ax) = bF (x) for
some b € R. Since F is norm preserving, we have b = +a, and so F(ax) = +aF (x) for each
x € H and each a € R. By the axiom of choice, there exists a phase function € : H — {—1,1}

such that € - F is a real homogeneous mapping. Indeed, there is a set L C S(H) such that for
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every nonzero vector x € H, there exists uniquely determined y € L and s € R such that x = sy.

Define fo: H — K by

fo(0) =0, fox) = folsy) =sF(y), VYx=syeX\{0}.

Now fj is well defined, real homogeneous and F(x) = 4 fy(x) for each x € H. Without loss of
generality we can assume that F' is real homogeneous.

Let x and y be nonzero vectors such that Re(x,y) = 0. Clearly, we have
[Re(F (x+y),F (x))] = [Re(x+y,x)| = [lx]|?,
[Re(F(x+y), F()| = [Re(x-+y.y)| = [Iy[*

Set o := ||x|| 2(Re(F (x+y),F(x))) and B := ||y||“2(Re(F (x+y),F(y))). It is a routine matter

to show that ¢, € {—1,1} and
IF (x+y) — aF (x) = BF ()|
= e+ 32+ [lxl® + Iy11P — 20Re(F (x+y), F(x)) — 2BRe(F (x+),F (v))
=0.
This means precisely that
F(x+y)=aF(x)+BF(y), a,Be{-1,1}.

Fix a unit vector e € H, and set Z := {z € H : Re(z,e) = 0}. By the above observations, we

immediately obtain that
F(z+e) = a(z)F(2) +B()F(e), a(z),B(z) € {-1,1}
for each z € Z\ {0}. Define a mapping g : H — K as following:
8(0) =0, glae) = aF(e), g(z) = B(2)a(2)F(2), g(z+ae) = g(z) +g(ae)

for each z € Z\ {0} and each a € R. Obviously, the restricted mapping g|z : Z — K is a phase-

isometry. Then

[Re(g(z1),&(22))| = [Re(z1,22)|



6 JIANAN YANG, LINGEN ZHU, YARONG ZHANG

and
|1+ Re(g(z1),8(22))| = [Re(g(z1 +e),8(z2+ €))| = [Re(z1 +e,20+€)| = [1 +Re(z1,22)
for all 71,7z, € Z. Then the restricted mapping g|z : Z — K satisfies the following property:
Re(g(z1),8(z2) =Re(z1,22), (21,22 € Z).
Then, by the above equation and the norm-preserving property of g, we get that
le(zi +22) —g(z1) — 2 (@) = I(z1 +22) =21 — 22> = 0

which yields that g is additive. Given z € Z\ {0} and a € R\ {0}, we get

jallzl + 1] = |Re(z+e,az+¢)| = [Re{g(z +e), g(az +e))]

= [1+Re(g(2). g(az2))| = |1 +-aa(t2) B (1) B (2)x(2) |z,

which implies that ot(az)B(az) = B(z)(z), and thus g|z is real homogeneous. This shows that
glz 1 Z — K is areal linear isometry, and so also is the mapping g: H — K.

It suffices to prove that g(x) = +F(x) for every x € H. Given z € Z\ {0} and a € R\ {0},
F(z4ae) =aF (a 'z+e) = a(a '2)F(z) + B(a"'2)aF (e)
where ot(a~'z),8(a'z) € {—1,1}. Since g and F are real homogeneous, it follows that
a(a'2)B(a""2) = B(z)a(2)

as desired. This completes the proof. U
Lemma 2.2. Let X and Y be complex Banach spaces. Suppose that [ : S(X) — S(Y) is a
surjective mapping satisfying equation (1). Then f(—x) = —f(x) for all x € X.

Proof: Fix 0 # x € S(X) and we can find y € S(X) such that f(y) = —f(x). Since f satisfies

equation (1),

{e+yll, e =yl1} = {ILf )+ F O 17 G) = FOITF = {0,2},

which implies y = +x. In the case y = x, we obtain f(x) = 0, which is impossible.
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Now we can state the result that every phase-isometry between two unit spheres of complex

¢P(I')-type spaces for p € (1,00)\ {2} preserves orthogonal elements in both directions.

Lemma 2.3. Let X = (P(T"), Y = (P(A) with p > 1,p#2, and f: S(X) — S(Y) be a phase-
isometry. Then x Ly € S(X) < f(x)Lf(y) € S(Y).

Proof: Select x,y € S(X). It is known that x_Ly if and only if
e3P+ lloe = 117 = 201l + Iy [17) = 4,
and f(x)Lf(y) if and only if

1FCe) SO A+ (17 Ce) = SO = 20 F N7+ [[FWIP) = 4.

This completes the proof, since f is a phase-isometry. UJ

We continue our study with a specific version of [16, Lemma 2.4] for the behaviour of a sur-
jective phase-isometry between two unit spheres on a complex number who’s model 1 multiple

of some element of the canonical basis.

Lemma 2.4. Let X = (P(T'), Y = (P(A) withp > 1,p #2, and f : S(X) — S(Y) be a surjective
phase-isometry. Then for each Yy € T, we have A floey) = Af(%) is a singleton for each o € T.

Moreover, one the following statements holds:
(@) f(aey,) = Lo f(ey,) for every o € T;
(b) f(aey,) = £af(ey,) for every oo € T.

Proof: Take ¥ € I' and o € T. If there are two distinct points 8,5, € Af(ae,,)» We can find
x1,%2 € S(X) such that f(x;) = e5, and f(x2) = e5,. By Lemma 2.3 we have f(oey,) L f(ey)
forall y € '\ {y}. By applying Lemma 2.3 to £~ we deduce that x1Lxs,x1 Leyand xy Ley for

all y # 9, which is impossible. Therefore, we get A Flaey) is a singleton, and hence Af(a%) =

Afey,)-
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Next, we show that f(aey,) = Bf(ey,) for some B € {+a,+ta}. Let us write f(ctey,) =
B f(ey,) for some |ct| = |B|. Now we get
{1+ ol |1 =} = {lley, + aeyl]; [ley, — cxey I}
= {llf(ex) +f(aey)], [ f(ey) — f(aey )}
= {l1+B[,[1-Bl},

which assures that s € {+a, =} as desired.
Suppose now that f(Bey,) = +£0f(ey,) and f(Ley,) = A f(ey,) for some 0,4 € T\ {+1,+i}.

Then we have
2+42[Re(OA)| = | @ey, +leyOsz |Bey, —leYon
= [If(Bey) + f(Aey)|* V| f(Oey) — f(Aey)|?
= |0+A7V|0—2A]> =2+2|Re(61)|.
It can be easily deduced that
|[Re(0)Re(A) +Im(6)Im(A)| = |Re(6)Re(A) —Im(0)Im(A)]

which is impossible since 6,4 € T\ {£1, £i}. It follows that either f(0ey,) = £0 f(ey,) for all
0 € T or f(Bey,) = =0 f(ey,) forall 6 € T. O

The next result is given the representation theorem of surjective mapping satisfying equation

(1) between two unit spheres of complex ¢”(T")-type spaces.

Proposition 2.5. Let X = (P(T"), Y =(P(A) withp > 1,p#2, and f : S(X) — S(Y) be a surjec-
tive phase-isometry. Then for each x = Y. ,crxyey € S(X), we have f(x) = Yyer, |xy|f( |%ey),

where yy = £xy for each y € I'y.
Proof: According to Lemma 2.4, we note

I :={yel: f(aey) = taf(ey),Va e T}

Iy :={yeTl: f(aey) = +af(ey), Yo € T},
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where ' =T UI'; and 'y NI, = 0. Let us take x € S(X). By Lemma 2.3, we can write

x) = Z )’yf(ey) = Z )’yf(e}/) + Z ny(67)~

yel“x ’}’erﬁrl vel'y\Nl,

Fixed y € I'yNI';. Since f is a phase-isometry, then

= ey l? + (14 5])? = x4 —Loey||PV = ey ||P
|x ?’l |x7|
= |G )+f(mey)H”\/Hf( x) — f(fy, ey
= (1—|yyf? +|)’7/+| ||p) (1= |yyl? + |yy — x ||p)

< L= yyP+ (1 +|yyl)?,

which shows that (1+ |xy|)?” — |xy|” < (14 |yy|)? — |yy|?. Since the function @(¢) = (1+1)? —1”
is strictly increasing on (0,4oc0) for p > 1, it follows that |x,| < |y,| for each y € I, NT7.

Similarly, it is also true for each y € I', NI,

X X
L= [xy? + (1 + [xy])P = [lx + —Loey||P V [Ix — —Leey |l
|x7/| |x7’

— )+ FCLe) PV £ () = (L) ||P
!xﬂ \xﬂ
= (=l + b ‘|P> T ‘|P>

< T Iyl? ()P
The equation || f(x)|| = ||x|| = 1 assures that |xy| = |y,| for each y € T',. This establishes

(¥y+ LDV (lyy+ L)) = 1+ vy,
[y ]

and hence yy = £x, for each y € Iy NI';. A similar argument holds for y € I'y NI, we get
yy = £%y for each y € I', NT,. We deduce from the definition of I'; and I'; that yyf(ey) =
]xy\f(ié—:‘ey) for each y € T,. O

Lemma 2.6. Let X =(P(), Y =P(A) withp > 1,p#2, and f: S(X) — S(Y) be a surjective
phase-isometry. Let x and y be nonzero orthogonal vectors in S(X). Then there exist two real

number ot(Ax,By),B(Ax,By) € {—1,1} such that

f(Ax+By) = Aa(Ax,By) f(x) + BB (Ax,By) f(y)
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where |A|P + |B|P =1,A,B € R.

Proof: Since f(—x) = —f(x) for all x € S(X), we can assume that A,B > 0. By Proposition

2.5, we write

YEF yeF
// //

vel yely
where x7,xy € {xy, —xy} for every y € T’y and y,y}y € {yy,—yy} for every y € ;. Itis easy to

check that

{(1+A)"+B”,(1-A)" +B"}
= {llAx+By+x|”, [[Ax+ By —x[|}

= {Ilf(AX+By)+f( )P, 1f(Ax+By) — f(x)[[7}

i

= | Y InliA( iAf(|x ||+ B},

yel,

This shows that
/

yely,
Suppose that
(14+4)" = || Y x| —I—Af( Il
yely I 7|
< ) IxY|”(1+A)”= (1+A4)7,
yels

which implies that ||f(|§—y€y) +Af(|fc—yey) =2 il 6'}/) |+ [|Af (L o ey) || for all y € T'y. Further-
more, it is not hard to check that f (| ‘ey) f (| ‘ey) for all y € I, since X is strictly convex.
Similarly, we cliam that forall y € Ty, f( o) ey) —f (wey) . Itmeans that ¥ ycr [xy|f (Wey) =
+f(x). Similar conclusion yields ¥.yer, [vy|f (L ] ey) +£(y), which concludes the proof. [
. It means that we can write

Corollary 2.7. Especially, we take A = B =

f(Ax+Ay) = Aa(x,y) f(x) +AB(x,y) f ().

=27
HJH-YH
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As a consequence of the above result, we will show the main conclusion of this paper.

Theorem 2.8. Let X = (P(T"), Y =LP(A) withp > 1,p#2, and f : S(X) — S(Y) be a surjective
phase-isometry. Then its positive homogeneous extension F of f is phase equivalent a real

linear isometry.

Proof: The previous arguments show that when p = 2 by Theorem 2.1, thus we only need
to consider the case p > 0,p # 2. Fixed y € I, as a consequence of Lemma 2.4, we can
assume that f(otey,) = o f(ey,) for each a € T, the other statement’s proof is very similar. Set
Z:={xectP('): xLey} and W := {y € £P(A) : yLf(ey,)}. It is not hard to prove S(X) =
{az+tey, :2€ S(Z),lalP +t|P =1,a c R,t € C}.

By considering the Proposition 2.5 that the restricted mapping f|z : S(Z) — S(W) is a surjec-

tive phase-isometry. By Corollary 2.7 we can therefore write

f(AZ+AeYO) :Aa(z,ey())f(z) +AB(Z7eYo)f(eYo)v a(Z7€70)7B(Z>eYO) € {_17 1}

1
where A = m =27 for each z € S(Z). Define a mapping g : S(Z) — S(W) given by
0

8(z) = a(z,ey)B(z,ey) f(2),

for each z € S(Z). It is easily seen that g(z) = £f(z) for each z € S(Z). Since f is a phase-

isometry, for each z € S(Z),
$(27) = 2+ en) + (et en) |7, e +en) — (~zen)IP)
= {1 (Az-+ Aey) + F(~Az-+ e )", | /(A + Aey) — F(~Az+Acy)|I7}
= S {118() + Flew) +8(-2)+ Flen) 7. 18(2) — ()"}
= (e en)B (e ex) — al—zen) B~z e +2”
|0(z,€9) B (2, €0) + 0 (=2, €90 ) B(—2, €9}

which implies that a(z,ey,)B(z,ey,) = 0t(—z,ey,)B(—2,ey,). This means that g(—z) = —g(z),
and so g : S(Z) — S(W) is a surjective phase-isometry. Next we show that g : S(Z) — S(W) is

a surjective isometry. For z1,2, € S(Z), since g is a phase-isometry, we have

{llg(z1) + ()", llg(z1) — &(22) 1"} = {llz1 + 22[”, [|z1 — 22|}
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and
1
5 Ulzi +22f]7 427, |z — 221}
= {1/ (Az1 +Aey) + f(Aza +Aey) ||, [ f(Az1 +Aey) — f(Az2 +Aey) ||
= {lIB(z1,e9)f (Az1 +Aey,) £ B(22,€y).f (Az2 — Aey ) |7}
= %{Hg(Z1)+g(Zz)|\p+2p7Hg(Zl) —&(2)|}
Hence we obtain that ||g(z1) — g(z2)|| = ||z1 — z2||, which implies g is a surjective isometry.

From Yi’s result[12], the restriction of G to Z is a real linear isometry, where G : Z — W is the
natural positive homogeneous extension of g. It means that for z;,z, € S(Z), and a;,a; € R, we

have

la1g(z1) — a2g(z2)|| = |G(a121) — G(az22) || = |la1z1 — azz2]].

Now we shall fristly show a function f : S(X) — S(Y) is a surjective isometry, which is given

by the following for every z € S(Z), |a|? + [t|’ =1,a€ Rand t € C:

flaz+tey,) = ag(z) +1f(ey),

Choose x1,x; € S(X), where x| = ajz1 +tiey,, X2 = axzs + ey, aj,a, € Rand 11,1, € C, we

can obtain

1FCe) = f)IIP = llarg(z1) +11f(ey,) — (a28(z2) + 121 (e[|

= llaizi —az||’ +[n -] = |xn —x?,
which implies that f is a isometry. Obviously, f(—x) = — f(x) for all x € S(X).
As we commented above, it follows to prove that f(x) = 4 f(x) for every x € S(X). In the
case of a =0 or t = 0, we have f(tey(,) =tf(ey,) or f(az) = ag(z) respectively. So we only
need to consider a € R\ {0},7 € C\ {0}. Given z € S(Z). By the above result and Lemma 2.6,

we can write

f(az+teY0) = aa(zaeYO)B(ZaeYO)f(Z) —|—l‘f(€7/0), a(zve%))?ﬁ(zae?’o) S {_17 1}7

flaz+tey)) = aa(az,tey) f(z) + B(az,tey)tf(ey), a(az,tey),B(az,tey) € {—1,1}.
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It is equivalent to check that
o(az,tey)B(az,tey,) = 0t(z,ey) P (2,€)-
Since f is a phase-isometry,
{la+ AP+t +AP,|la—AlP + |t — AP}
= {llaz+tey, +Az+Aey ", ||az+tey, — (Az+Aey,)||”}
= Allf(az+rey) + f(Az+Aey)||, |f (az+tey,) — f(Az+Aey) |7}

= {llB(az,tey,) f(az+tey) = Bz, ey ) f(Az+Aey )"}

= {|aa(az,teY0)/3(az,teyO) +A(X(Z,ey0)ﬁ(z,ey0)|p + [t +Al?,
laa(z,tey,) B (z,tey,) —Aa(z,ey)) B (2, 9| + |t —A[P}.

If [t +A| # |t —A| ort # ib for some b € R\ {0}, then we get the desired equation

a(az,tey,)B(az,tey,) = o(z,ey,)B(z,ey,).

Now assume that t = ib for some b € R\ {0}. Choose o € T \ {£1,£i}. Following a similar

argument as above, we get
{la+AlP+|t+Aa|P,|a—A|P + |t —Aa|P}
= {llaz+tey, +Az+Aaey |, |[(az+tey) — (Az+Aney)||P}
= Allf(az+1ey) + f(Az+Aaey)||”, || f(az+tey) — f(Az+Aatey,) "}

= {lIB(az,tey) f(az+1tey,) £ B(z, qey ) f(Az+Aaey )|}
= {laa(az,tey,)B(az,tey,) +Aa(z, aey,)B(z,ey) | + |t +A|”,

|Cl(X(dZ,l€y0)B(aZ,l€y0) —Aa(Z, aeYo)ﬁ(Zu ae?’o)|p + |t _Aa|P}
Since |t —Ac| # |t + Ac|, we obtain

a(az,tey,)B(az,tey,) = a(z, aey,)B(z, aey,) = 0z, ey,)B(z,ey,)-

It is clearly that F(x) = +F(x) for all x € X. By Yi’s result [12] again, we show the natural

positive homogeneous extension F of fis a real linear isometry from X onto Y.
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This completes the proof. U
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