
Available online at http://scik.org

Adv. Fixed Point Theory, 2021, 11:12

https://doi.org/10.28919/afpt/5665

ISSN: 1927-6303

CONVERGENCE OF AN INERTIAL-TYPE KRASNOSEL’SKII-MANN-TYPE
ITERATIVE SEQUENCE TO FIXED POINTS OF NONEXPANSIVE MAPPINGS IN

HILBERT SPACES

B. G. AKUCHU∗

Department of Mathematics, University of Nigeria, Nsukka, Nigeria

Copyright © 2021 the author(s). This is an open access article distributed under the Creative Commons Attribution License, which permits

unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Abstract. Let H be a real Hilbert space and C a nonempty closed convex subset of H. Let T : C → C be a

nonexpansive self mapping. We introduce a new inertial-type iterative sequence which converges to a fixed point

of T. Our results are new and complement several important existing results in the literature.
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1. INTRODUCTION

Let C be a nonempty subset of a real Hilbert space H and T : C→C, be a self map of C. We

denote by F(T ) := {x ∈C : T x = x}, the set of fixed points of T. Then T is called:

(i) Nonexpansive(see eg [1]) if ||T x−Ty|| ≤ ||x− y|| for all x,y ∈ H.

(ii) Lipschitzian if there exists a real constant L > 0 such ||T x−Ty|| ≤ L||x−y|| for all x,y∈H.

It is clear that every nonexpansive mapping is an L−Lipschitzian (and hence continuous) map-

ping with L = 1 .
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The construction of fixed points of nonexpansive mappings and their generalizations has gener-

ated much interest among researchers in the past seventy years. This is because fixed points of

nonexpansive mappings find so many applications in practice in several areas including image

recovery, computer tomography and again largely to its intimate connection with the class of

accretive operators.

The accretive operators were introduced independently in 1967 by Browder [2] and Kato [3].

An early fundamental result in the theory of accretive operators, due to Browder [2], states that

the initial value problem du
dt +Au = 0, u(0) = u0 is solvable if A is Lipschitzian and accretive.

It is also well known (see e.g [4]) that if A : C→ C is an accretive operator, then for any real

constant λ > 0, the resolvent of A denoted by Jλ
A and given by Jλ

A := (I +λA)−1, is a nonex-

pansive operator. It is easily verifiable that the fixed points of Jλ
A are the zeros of A. Therefore,

the study of fixed points of nonexpansive mappings brings together several areas of application

unified by the theory of accretive operators.

In [5], W. R. Mann introduced an iteration scheme for construction of fixed points of nonexpan-

sive mappings. The Mann’s sequence is generated from an arbitrary x0 ∈C by

xn+1 = (1−αn)xn +αnT xn, (1)

where {αn} ⊂ (0,1) is a real sequence. Under the condition ∑αn(1−αn) = ∞, the author

proved that the sequence {xn} converges weakly to a fixed point of T.

In the recent past, many authors (see eg [6], [7], [8]) have studied iteration schemes known as

the ’inertial iteration schemes’. These schemes are characterized by the addition of a certain

term known as the inertial term to well known convergent iteration schemes with the purpose of

speeding them up. The inertial term usually takes the form αn(xn− xn−1), and satisfies certain

conditions. Some of the inertial schemes can be found in [6],[7], where the authors stated and

proved the following theorems:
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Theorem 1 [Alvarez and Attouch][6]: Let {xn} ⊂ H be a sequence such that

xn+1 = JA
λn
(xn +αn(xn− xn−1)), n = 1,2,

where A : H→ P(H) is a maximal monotone operator with S := A−1(0) 6= /0, and the parameters

αn and λn satisfy

(i) there exists λ > 0 such that ∀n ∈ N, λn ≥ λ .

(ii) there exists α ∈ [0,1] such that ∀n ∈ N, 0≤ αn ≤ α.

If the following condition holds

∞

∑
n=1

αn‖xn− xn−1‖2 < ∞,

then there exists x∗ ∈ S such that {xn} converges weakly to x∗ in H as n→ ∞.

In [7], Mainge introduced the classical inertial Mann algorithm yn = xn +αn(xn− xn−1)

xn+1 = (1−λn)yn +λnTyn

for each n ∈ N. He proved that under the conditions:

(i) αn ∈ [0,α] for each n≥ 1, where α ∈ [0,1);

(ii) ∑αn‖xn− xn−1‖2 < ∞

(iii) in fn≥1λn > 0 and supn≥1λn < 1,

{xn} converges weakly to a fixed point of T.

More recently in 2015, Bot and Csetnek (see [8]) replaced conditions (i) and (iii) by the condi-

tions:

(i′) δ > α2(1+α)+ασ

1−α2 (iii′) 0 < λ ≤ λn ≤ θ := δ−α[α(1+α)+αδ+σ ]
δ [1+α(1+α)+αδ+σ ]

Although the authors did not explicitly list condition (ii) as one of the hypotheses, it was im-

plicitly used in the convergence results. The authors explained that condition (ii) is easily

implementable since at each stage, xn and xn−1 are known, so that αn can be chosen in such a

manner that it is dominated by 1
‖xn−xn−1‖2 multiple of a summable sequence.
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Remark 1: The inertial algorithms above are either defined on the whole Hilbert space H or on

closed affine subsets of H. It is worth noting that many important results in Analysis hold on

closed convex subsets of H. Moreover, the class of convex subsets of a Hilbert spaces is larger

than the class of affine subsets. For example in H=R(reals), all the subsets [c,d], for any c,d ∈ R

are convex but not affine. However, all affine subsets are convex.

Motivated by the above results and remark 1, we introduce an inertial-type Krasnosel’skii-Mann

type algorithm on a convex subset of a real Hilbert space as follows:

Let C be a convex subset of a real Hilbert space, H. From arbitrary x0,x1 ∈C generate a sequence

{xn} by rule yn = xn + tn(xn−1− xn)

xn+1 = (1−αn)yn +αnTyn (2)

Observe that our algorithm is well defined in C. We shall prove that our algorithm converges

weakly to fixed points of nonexpansive mappings in C under mild conditions.

2. PRELIMINARIES

Before we state and prove our main results, we give a definition and some lemmas which will

be useful in the sequel:

Definition: Let E be a Banach space. A mapping T : D(T ) ⊆ E → E is said to be demiclosed

at a point u ∈D(T ) if whenever {xn} is a sequence in D(T ) such that {xn} converges weakly to

x ∈ D(T ) and {T xn} converges strongly to u, then T x = u (see for example [9]).

Lemma 1 (see[10]): Let H be a real Hilbert space and C ⊆ H be a nonempty closed convex

subset of H. If T : C→C is a nonexpansive mapping, then I−T is demiclosed at zero.

Lemma 2 (see[11]): Let H be a real Hilbert space. Then for all x,y ∈ H, and for any real

number, λ , the following well-known identity holds:
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||(1−λ )x+λy||2 = (1−λ )||x||2 +λ ||y||2−λ (1−λ )||x− y||2

3. MAIN RESULTS

We now state and prove our main results.

Theorem 2: Let C be a nonempty closed convex subset of a real Hilbert space H and let

T : C→C be a nonexpansive mapping with a nonempty fixed points set, F(T). Then the inertial-

type Krasnosel’skii-Mann-type sequence {xn} generated from arbitrary x0, x1 ∈C by yn = xn + tn(xn−1− xn)

xn+1 = (1−αn)yn +αnTyn

where {αn} and {tn} are real sequences in (0,1) satisfying:

(a) 0 < r ≤ αn ≤ t < 1 for some real constants r, t ∈ (0,1),

(b) tn ≤ d for some real constant d ∈ (0,1),

converges weakly to an element of F(T).

Proof: Let p ∈ F(T ). Using (2) and lemma 2, we have

||xn+1− p||2 = ||(1−αn)yn +αnTyn− p||2

= ||(1−αn)(yn− p)+αn(Tyn− p)||2

= (1−αn)||(yn− p)||2 +αn||(Tyn− p)||2−αn(1−αn)||Tyn− yn||2

≤ (1−αn)||(yn− p)||2 +αn||yn− p||2−αn(1−αn)||Tyn− yn||2

= ||yn− p||2−αn(1−αn)||Tyn− yn||2

= ‖xn + tn(xn−1− xn)− p‖2−αn(1−αn)||Tyn− yn||2

= ‖(1− tn)(xn− p)+ tn(xn−1− p)‖2−αn(1−αn)||Tyn− yn||2

= (1− tn)‖xn− p‖2 + tn‖xn−1− p‖2− tn(1− tn)‖xn− xn−1‖2

−αn(1−αn)||Tyn− yn||2
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= ‖xn− p‖2 + tn[‖xn−1− p‖2−‖xn− p‖2]− tn(1− tn)‖xn− xn−1‖2

−αn(1−αn)||Tyn− yn||2 (3)

We can estimate ||xn−1− p||2−||xn− p||2 in two ways, viz: (i) ||xn−1− p||2−||xn− p||2 < 0 or

(ii) ||xn−1− p||2−||xn− p||2 ≥ 0. If (i) holds (i.e ||xn−1− p||2 < ||xn− p||2), then substituting

this is (3), we get ||xn+1− p||2 < ||xn− p||2. This is an absurdity. Hence (ii) holds. This implies

||xn+1− p||2 ≤ ||xn− p||2. Therefore {||xn− p||2} is a monotone decreasing sequence so that

lim ||xn− p||2 exists. From this, we have that ||xn− p|| and hence ||xn|| are bounded. Therefore,

{xn} has a subsequence {xnk} which converges weakly to z ∈ H. Since H is an Opial space, a

standard argument (see eg [12]) yields that {xn} converges weakly to z.

Since (ii) holds, lim ||xn− p||2 exists, we have from (3) and (a) that

r(1− t) lim ||Tyn− yn||2 ≤ limαn(1−αn)||Tyn− yn||2

≤ lim[[||xn− p||2−||xn+1− p||2]+ [||xn−1− p||2−||xn− p||2]]→ 0

This implies

lim ||Tyn− yn||= 0 (4)

Again, from (3), since (ii) holds and lim ||xn− p||2 exists, we have

lim tn(1− tn)‖xn− xn−1‖2 ≤ lim[[||xn− p||2−||xn+1− p||2]

+[||xn−1− p||2−||xn− p||2]]→ 0 (5)

Using (b) and (5), we have

||yn− xn|| = tn‖xn− xn−1‖

= [[
tn(1− tn)

1− tn
‖xn− xn−1‖]2]

1
2
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≤ [[
tn(1− tn)

1−d
]2‖xn− xn−1‖2]

1
2

= [
[tn(1− tn)]2

[1−d]2
‖xn− xn−1‖2]

1
2

≤ [
tn(1− tn)
[1−d]2

‖xn− xn−1‖2]
1
2 → 0 (6)

Using the nonexpansiveness of T, (4) and (6), we have

||xn−T xn|| = ||xn−Tyn +Tyn− yn + yn−T xn||

≤ ||xn− yn||+‖yn−Tyn‖+‖Tyn−T xn‖

≤ 2||xn− yn||+‖yn−Tyn‖→ 0

Using this and the fact that I−T is demiclosed at 0, we have that z∈ F(T ). Setting z = p above,

our proof is complete.

Remark 2: The conditions imposed on our iteration parameters are simpler than those in the

existing inertial algorithms in the literature. Moreover, our results hold in closed convex subsets

(rather than in closed affine subsets as is obtainable in the literature).

CONFLICT OF INTERESTS

The author(s) declare that there is no conflict of interests.

REFERENCES

[1] B. G. Akuchu, Convergence to Minimum-norm Fixed Points of Nonexpansive Mappings in Hilbert Spaces

Via Path Algorithms, PanAmer. Math. J. 24(4) (2014), 56-65.

[2] F. E. Browder, Nonlinear Accretive Operators in Banach Spaces, Bull. Amer. Math. Soc. 73 (1967), 470-476.

[3] T. Kato, Nonlinear Semigroups and Evolution Equations, J. Math. Soc. Japan, 19 (1967), 508-520.

[4] B. Martinet, Algorithmes pour la resolution de problemes d’optimisation et de minimax, PhD Thesis, Univ.

Grenoble, 1972.

[5] W. R. Mann, Mean Value Methods in Iteration, Proc. Amer. Math. Soc. 4 (1953), 506-510.

[6] F. Alvarez and H. Attouch, An Inertial Proximal Method for Maximal Monotone Operators Via Discretization

of a Nonlinear Oscillator With Damping, Set Value Anal. 9 (2001), 3-11.



8 B. G. AKUCHU

[7] P. Mainge, Convergence Theorems for Inertial KM-type Algorithms, J. Comp. Anal. and Appl. 219 (2008),

223-236.

[8] R. I. Bot, E. R. Csetnek and C. Hendrich, Inertial Douglas–Rachford splitting for monotone inclusion prob-

lems, Appl. Math. Comput. 256 (2015), 472-487.

[9] M. O. Osilike, A. Udomene, D. I Igbokwe and B. G. Akuchu, Demiclosedness Principle and Convergence

Theorems for k-Strictly Asymptotically Pseudocontractive Maps, J. Math. Anal. Appl. 326 (2007), 1334-

1345.

[10] J. Gornicki, Weak Convergence Theorems for Asymptotically Nonexpansive Mappings in Uniformly Convex

Banach Spaces, Comment. Math. Univ. Carolin. 30 (1989), 249-252.

[11] H. K. Xu, Inequalities in Banach Spaces with Applications, Nonlinear Anal. 16 (2) (1991), 1127-1138.

[12] Z. Opial, Weak Convergence of Successive Approximations for Nonexpansive Mappings, Bull. Amer. Math.

Soc. 73 (1967), 591-597.


